0 
. 
3 
* . * 5 
2 8 E 
L 7 4. * 3 
1 AF" 
1 * 


THE 


| DOCTRINE 


APPLICATION 


| FLUX1ONS. 
| CONTAINING | 
(Beſides what is common on the Subject) 
A Number of NE IMPROVEMENTS 
in the THEORY. 
- AND | | 
The Sol uriox of a Variety of New, and very 


: * Intereſting, Problems in different Branches of 
the MATHEMATICKS. | 

= " PART. IL 3 

By THOMAS STMPSON, F. R. 8. 


THE SECOND EDITION. 
Reviſed and ee corrected. 


LONDON: 


"Orland for Jonn Nouxs E, in the Strand, 
Bo ZIT IIK To His MAJESTY. 


' 1 MDCCLXXVI. 


e 4 


DoerRNE and APPLICATION | 


Te 


or. 


FLUXIONS. 


— — , 2 


P y 'R T the Second. 1 


lh. _ Arbe FY 
1 —— 
_ 
* 
U A 5 


1 SECTION . 


Kos”, - Manner of inveſtigating the FLUXtoN 8 
onentials, wirh Thoſe of the Sides 
2 A of Hauber rical Triangles. 


2530. CHE Method of deriving the Fluxian of 
any 1282 x", of a flowing Quantity, 


when =o Expotient ( (v) is given or in- 

variable, has been already ſhewn : But, 
if the — be W that Method fails; in which 
Caſe the Quantity * is called an n * 
Fluxion is thus determined. 


Put z, and let the hyperbolic Lagsrübm of x be 


denoted by y; then that of x (2) will, by the Nature 
of Logarithms, be = i; and therefore its Fluxion = 


wy +2: But the Fluxion 152 the Logarithm of 2 1. 
: 10 


— 
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Of the Fruxioxs 


# Art, 126, Is alſo expreſſed by — e; whence we have _ =05 +yv, 
andeonſequendy5 = +296 Which Equation, by ſub- 


—_ 


I Art, 126. ſtituting for its Equal 5 t, becomes z=zyv+ — 


N = N + web Ex 5 


x} Art. 99. 


| * v * ber 4A 4 & byp.. 1 


. 
Tur X. 


The ſaine otherwiſe wither introducin the Properti ies 
"© | 1 of Logarithms. y 


251. Let 1+2=x, and Oy fuppoſing » con- | 
Rant — 10 variable: Then x” = IF * = 1172 


— 


20 2—1 W——2 | 
11 * * + Sc. = ITZ x 


* Tua Tu. NL Tc — 110*+3w 2 + &c, 


whoſe F luxion, found the common Way, is nz X 


1+z) * 1 i to c 2 I — + too 
7 We. +1 T2 * 102 þ tows 1 NK Ic 


R222 T4 Tb T N 25. 395 — 2 *+ 320 X 322 R 
c. which, by ſubſtituting #4 ns * for their Equals z 


and ab, . nx X 1 Fa © x 1+wz+ 55 To 


N 2 ＋ We 4 0 * 2 er ＋ Ec. 
But, ii w- 3 now, ſuppoſed to vaniſh, we ſhall have 
the true Value of the Fluxion when vu; reg in 


that e appears to be nN 7 88 


ey Pp wg by A __ 


4 


of Exponential. 5 2. 


5 1 . —1 
4172 * ze - - c. v R K 


＋r X * — 2 2 + 1 2 — 1 2 Nc. 2. E. 2. 
It is plain, becauſe the Series, z — 22 + 4 2 &c. 
here brought out, is known to expreſs the Fluent of 


b 1A or the hyperbolic Logarithm of 1+2 , that the . 4. 126. 
| two Concluſions agree exactly with each other: Fron 
either of which the following Rule, for the Fluxionꝭ of 
Exponentials, is dedu cem. 


252. To the Fluxion found by the common Rule (Art. 14.) 
conſidering the Exponent as conſtant, add the Quantity 
a ariſing by - multiplying the Fluxion of the' Exponent, the 
« hyperbolic Logarithm of the Noot, and the propoſed Duan- 
tity itſelf, continually, together : The Sum will be the 

Fluxion when the Exponent is variable. „ 


Thus, for Example, let the Quantity propoled be- 
4 +21), then the Fluxion thereof will be 2 x 2zz K 
F $_- 2 5 
Je. TI +2x@+27) p. Ta- . 


* But, if the Root is conſtant, and only the Exponent 2 
2 variable, the Exponential will be more ſimple; and its 
wy PFluxion will then be had by barely multiplying the Duan- 
Ito tity itſelf by the Product under the Logarithm of the Root 
ee and the Fluxion of the Exponent. e 
L - Thus, the Fluxion of 4 will be expreſſed by a* x 4 
== | . Log. a; and that of 7 NN bya Fl vas 
8 x hyp. Log. a*+b*. Theſe Kind of Exponentials oftener 
Se. occur, in Practice, than any other; but, as it is very 
nave rare that we meet with any, I ſhall therefore pore 
„ in now to the other Conſideration propoſed in the Head of 


this Section; namely, the Method of determining the 

Fluxions of the Sides and Angles of ſpherical Triangles 

(a Thing very uſeful in practical Aftronomy) which 
ſhall deliver in the following Propoſitions, 


3 


Of the Fivxions 


PROPOSITION I 


he Td determine the Ratio of the Fluxions of the [coal | 


Ag a right-angled ſpherical Triangh ;' ſuppoſin 
typothenufe,” one Leg, or one Angle, 10 veel 0 
Jon, while oe other Parts vary. 


Let A, F 2 an G be the 
Poles of the Pert 
Circles bie ABD 


tinue invariable, while 3 
ther Great-Cirele HFCB is 
conceived. to revolve about 


Fe be 5 perpendieular to 
H, three variable right- 
angle 'T'rian mangle. FC 
and ABC, will be 
formed; in the firſt whereof, the Hypothenufe FG. wilt 


remain conſtant; in the ſecond, the Leg EF; and in 


the third, the Angle A. 
Let Bb-(g) be the Fluxion (or indefinitely mall "of 


* Art, 134. crement ®) of the Baſe AB, or the Angle F; and let 
Ca meet the Great-Circle Fs, at „ anos, | in.d, 


then it will be (per Spherics) as B (Rad.) : Sin, 
FC G- = 3D 
FC * B. 7 2 Cd = —55 ＋ 1 wy * 7 


And, | Teng. ©: Red. : Ce- 0 58 


* 7 ＋ the Fluxion of BC. 


Gi BC 
Moreover, Sin. C. Rad. :: Ca ( Ha * * 


SE: * 20. Fluxion of AC. 


8 IEEED * 


ACE; whereof the 2 — ö 
of each i is ſuppaſed to con- 


the Pole F: Whenee, if GI 


Di as ed. ad 6d Ae os 


Laftly, Sine of FB (Rad): Sin FH (BC) :: Bb (): 


BC 
EE | eiten n or i 


bat | Complement C, .. 
2 Now, if the ſeveral antitien; ir theſe three 
tions for the Tung A de expounded by ern ad ; 

= ſpective Equals in the other two —_ * and | 
he | GH, we ſhall alſo have | 
at Sin CE 8 
nd Tang. C 2 85 . © | | 
Z Sin, CF © N 
is | | 
to i 
i- K 7 =. Flax, FH. 
— 3 
be 1 2 5 
in 1 d — lux C | 
* Sin, BH. 1 
e == Plan Git, oe 9: E. I. 
ply | ” Conottant F. 
5 254. 8 if, in any right-angled Spherical-Tri- 
: angle, the Hypothenufe denoted by þ, the two Legs 
12 by L and , the Angles, 2 adjacent to them 
A and a, we fall, hy ſubſtituting above, have three 
= by 4s ons N of tlie three Caſes. From the Com- 


3 — aud Compoſitton of which, the 1 following 
) RS, Tables are 2 — all the different Varieties 
1 2 


that can F am Angle, * or 
- the bree be ele invariable. | r | 
FM 3 s 4 4 e TAB LE 


ly; : ' «41nfþ 
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Of the Fl uxlons 


TABLE I. | _— 


When one Angle A is invariable, 


; W 1 Sin. a : Rad. 


— 0. „ Co-. a Co- tang .. 
fas / hs 
Tang. a b= FR * i a | et, 
. Co-fet XR «© Co-tang. 25 oj 
_ Fin. a _ -. a Roche Sin. a wa 7 
"TY Sin. I 5 Talg. 2 * i Sin. a WT” 5 
e 
TABLE BB 


| When one Leg L is invariable, : | 
Tang. a x þ — Sin._a n fm=p 1 


4 Sin. h —-: ＋. b . 
© C05. /. h 2 Sin. a Tang. a = 
co x 
» Sin. b Co. ſ. 4 > Tang. 5 
a; 7 es R. NEW — 
BIG Sin. b - R. 7 3 Tang. h 
2 33 4 Fs. 
TABLE III. 


| When the Hyp. is n 


J —  Co-tang. I, -* Co-ſ. 1 x 7 
1 8 Le 

; Co-. ſe 2 „ Sin. ! . zg. I, = 
| Ging. 12 4 AS Fang. T 


Where, and alſo i in the two precedi 2 the Leg z 
g to the —_ 4. 


is adjacent to the Angle A, and the 


re 


TY 


ſeribed by the Extreme C of 
the given Side AC, in its 


Pole is the given Point B; let 


of Spherical Triangles. 


|  - ConoLLary II. 7 

255. From the third original Equation, expreſſing 
the Fluxion of the Angle C (Vid. Art. 253.) it appears 
that the Superficies of any Spherical-Triangle A 
proportional to-the Exceſs of its «three Angles above 


two-Right-Angles. For (BCas) the Fluxion of the 
Triangle ABC, is = Sine BC x Bb, by Art. 161.) which 


« 1 Sn; BO: „ Ed rac 
being to, = X Bb, the Fluxion of the Angle C, 
above ſpecified, in the conftant Ratio of Radius to 
Unity, the Fluents themſelves (properly corrected) muſt 
therefore be in that Ratio; that is, the Superficies of 


the Triangle ABC will always be proportional to the - 


Increaſe of the Angle C, from its coinciding with A. 


or as the Exceſs of A and C above two Right-Angles. 


PROPOSITION IL 


256. To determine the Ratio of the Fluxions, or the in- 


definitely" ſmall Increments, of the different Parts of 


an oblique Spherical-Triangle ABC; two Sides thereof 


AB, AC being invariable, in Length. 


Let Ce be an indefinitely 
ſmall Part of the Parallel de- 


otion about the given Point 
A; moreover, let Cd be Part 
of another Parallel, whoſe 


the Great-Circle Bc meet C4 
in d; and let the three Sides, 
AB, AC, and BC, of the 
Triangle be denoted by D, E, 
and F reſpectively. 8 

— P 


„ is 


2812 


Of the Foxtons | 
Then (per Spherics) we ſhall have 
R. S. Es c- (4): 6. 4 


And, K. 5. : CBd(B) : c . 95 


ale, R: 8. 4c (AOB) +: / Cer þ £1 X 


But S. C; S. D: 8. B: S. E; therefore. E K 


2 Du B, and dconfequenty . ae _— 2 
x 4, 5 4.283 
Again, A. cee. dcm. ( 0 
„ r 557 
Whence B K J. 
Lally cri: (c) bc a by. 15 
= x. | „ „ 


Whence, by the very ſame 1 (ſubRituting 
D for E, and C for B in the two laſt Equations). we 


„ 8. D x Gel 
1 N e 

S. F RN F 288 

Co- t. C * NB 


New, from the Equations tfius bun, it 8 aue, 


1. J: F R=: S. Dx & B (.: Cofute DB), 


2% A: Bi Rx S. P: S. E e b 
7. A: C RNS. F: S. N cu. ? 
| 4% B: Þ:: Cot. . pn 
Fe. G: F:: Co- t. B: S. F 

6% B : C:: Co- t. C: Co- t. B (:: T. B: T. C) Q. E.. 


ES We OY 
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25357: Theſe Proportions, for the Fluxions of the Parts 
_ of a Sph&rical-Friangle, ate very uſeful in various Caſes 
in Pravticat Aftottoly; whereof I fal! here put down 
one bf n nes. 
The firſt is 3 Fo r the annual Alteration of 
the Dechnation and 1 of a fixt Star, 
throng the Preoeffion of the Equinox, © 
Here A muſt denote the Pole of the Eeliptic, Y that 
of the Equinoctial, and C the Place of the Stat; and 
then (by the firſt and fourth Proportions) we have 
Co- ſeca. D: Sin. Br: 4: I; and « 1. * 


wie? S. F: Co-i. C:: F: J; . . 
) ad That is, 1 As the Co-ſecant of the Obliquity of 
7 the Ecliptic is to the Sine of the Star's Right-Aſcenſion 
6 7154 from the /olftttial Colure, fo is the Prrceſſiau of the Equi- 
CE 17 nox, or Alteration of Longitude, to the Alteration of 
Decſination. | 


2. As the:Co-ſine of the Star's Declination is to the 
Co- tangens of its Angle of Poſition, ſo is the Alteration 
87 of Declinatian (found at above) to the Alteration of 
F = he Afenſion correſponding.  —- © i 
. - Fhe ſecond Baample is to find how much the Am- 
plitude; and the Fime of the apparent Riſing and Setting 
of the: Sim, or a Star, are affetted by Refraction. 


uting In i! Cal 2 

we In this Caſe 4 muſt de- | 

18 nate the Pale of the Equa- BB D 

(= tor, and Þ the Zenith, and 

So the Side BC muſt be an 

* Arch of go Degrees, ſo 

that the Star C may co- F 

titel? incide with the Horizon 

1 E: Then, from the very - : 
| ſame Proportion, we have, & | © 


| fir. Y: Coen, Df F: J, | 
222 5: 5 = 1 
at, R: Co- f. C (T. DCA) :: Sin. B (CP) : Ce-tane. D 
E.]. (Tang. A. 1 Y: Co- lang 


% 7 4 
Hence 
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of the Foxtons 


Hence it appears, 

1. That, as the Co-ſine of the true © is 
(conſidered independent of Refraction) i is to the Tan ie 
of the Pole's Elevation, ſo is the given horizontal 
fraction to the Difference of Amplitudes thence — ca 

2. And, that, as the Co-ſine of the true w 
is to the Secant of the Pole's Elevation, ſo is the ſaid 
horizontal Refraction to the Effect thereof in the Time 
of Riſing, or Setting of the Sun, or Star. 


But this laſt Proportion may be otherwiſe expreſſed, 


without the Amplitude : Thus, 
S. AB x S. 405 x S. A: Rs: : the horizontal Refraction, 
to the ſame Effect. | 


PROPOSITION III. 
2 58. To determine the ſame as in the preceding Problein ; 


"0 


Suppoſing one Side AB and one of its — 9 85 | 


B, to continue invariable, | 


given Side, - oppoſite to the 
AD be let fall, that Perpen- 


ment BD cut off thereby, 
will be a conſtant Quantity, 
while the other Parts of the 


Motion of @ along the Arch 


- aBD, Therefore the Problem is reſolved by Caſe 2. of 


right- angled Yn, Vid. Art. 254. 
259. It ma e amiſs * one Example of the 
Uſe of this la Propoſition: ich ſhall be, in finding 


the Parallax of a Planet in Longitude and Latitude; that 


of Altitude being given. 
Here 4 muſt ſtand for the Pole of the Ecliptic, B 


the Zenith, and a the Planet: Then, if the Hypo- 


thenuſe Aa be denoted by h, the Leg. Da by 1, and the 


w W in — by h it t will appear, 


If from- the End of the 
given Angle, dy erpendicular 


dicular, as well as the Seg- 


Triangle AaD vary, by the | 


above, we ſhall, in this Caſe, have = ZE . 


| fine of the Altitude of the nonageſimal 


. Sin = 
we ſhall geth = __- x M, and 4 


of Spherical Ti riangles. 


the Place above quoted, that 4 (the Parallax i in 155 | 


= = x |, and þ ( the 


If the Planet be in (or vi near) the Ecliptic, and 
. «Q be ſuppoſed a Portion of the Ecliptic, meeting AB, 


Sin, BaA © 


at Right-Angles, i in Q, thin ( er Spherics) =o == Was. 


Co-ſ. Ba Cr. Ba) Tang. . 9 N BaA { Sin. Ba 
"Radius / © Tang. Bat Rad. Rad. 
_ = 2B 


in. Ba 3 whence, by ſubſtituting theſe Values 


-- 
ang. Ba 
I and b = = . x ]; that is, in Works, 


As, the Tangent of the Planet's Zenith Diſtance, i is 


= the Tangent of its Longitude from the nonageſimal 


ree of the Ecliptic, ſo is the Parallax in Altitude to 
privy Sc in Longitude. 


And, as the Sine of the Zenith Diſtance to the Co- 


Degree, ſo is 
the Parallax in Altitude to the Parallax in Latitude. 
Becauſe the Parallax in Altitude, the horizontal Pa- 


rallax (A being given, is nearly 58 A. if 
this Value be ſubſtituted for I in the two laſt Equations, 
Tang. Qa x Sin. Ba 
Rad, x Tang. Ba 


x M= ee 


Whence, 
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- 886 


Parallax. 


* Art,134- and -right-angled at A and N., it 


e Frpxtons 


„Whence, we baye theſe two other Theorems, for 
hoing the be uired Perall⸗ xes immediate] yu the ho- 
rizontal Parallax, without ejther the Akitude or its 
I. As. Radius to the Co-ſige of the Altitude of the 
nonagefimal Degree of the Ecliptic, ſo- is the horizontal 
Feral 575 rz 2 „„ 
2. And as the Square of Radius to the Rectangle un- 
der the Sines of the Altitude of the nonage/imal 3 
and the Planet's Longitude from thenee, ſo is the hori- 
zoneal Parallax to the Parallax in Lopgitude, . : 


"PROPOSITION Iv. 
260. Still, to determine the ſame Thing; ſuppoſe, 


| one. 
Angle A, and the Length of its oppoſite Si ( or 


| BD) to remain conflants 


| Let BD (equal to 
BD) interſect BD in an 
| indefinitely fm 55 

| 2 AD 883 D; 
alſo in BD produced 
let there be taken PN 


=PÞ and PM =P, 


A 0; | „ 3 4 2 

and let N, D, and M, B be joined. 
Since, by Hypotheſis, DB = DB = MN, if from the 

frit and laſt of theſe equal Quantities DM, commo 

be talen away, there will remain BM'= DN, * 
Moreover, fince the Triangles BMB and DND, in 

their ultimate State, may be conſidered as reQiligeal, 

will therefore be, as 


a ,.. a PW . 


- "Sa 


BM :BB :: Co-ſ. B: Radius 
l . | | 
And DN: DD:: Co-. D:: Radius. | e 
8 | From 


Whence, by calleQu 
'we have the fo owing Tabs, for all the dif- 


of Spherical Triongle. 
Fam hanse. the Exzzerngs i in both Proportions be- 
: DD: 0, P: Cg B. 
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he ſame, we have BB:: | 
W's rhetefote, if AB be denoted by Hand AP by KF, | 


it appears that H: K: Co. D: Co. ſ. B. 


„ Hund, Sim, A + Sin. BD (CG) :: Sin. 


Þ: f. H: « Flux. Sin. D: Flux. Sin. H; hecayſe, 
the — chemſelyes being in 8 conſtant Rztio, their 


uxions muſt be in the ſame Ratio: But the Fluxien 
of the Sine af any Arc, 0 Az le, is to the Fluxion of 
the Arc or Angle it 


Therefore the Flux. Sin. D Mn = 


CI D 
"Rat 


Hus. Sin, 173 8 = x A, it follows that, ban. 4 


xD, and 


= 


: Sin. G:: Cosſ. Dx P: Co. H x A; or B: H: : . 


Sim Ax Ce-. H: Sin. G C D: And, by the very 


ſame . B:K:: Sin Ax Cosſe K. Sin. G X 
Co-ſ, B. Now, by compoundi 
two Proportions with the firſt above given, we get, 
5: E:: Kin. Ax ci. H Sin. & x Co-ſ. B. And, by 
compounding this laſt with K: B:: Sin. G x Cv. ſ. B: 
Sin. A x Corſe X (that immediately preceding it) we alſo 
obtain B: B:: Co-ſ. H: Co- ſ. K. 
; theſe ſeveral Pr 


at Cala · 
E. Ku d, GB 
5 : B:: C.. H: Co-. K 
: : Tang, D: Tang. A 
K: : Tang. B: Tang. X 
1 : Sin. G x Co-ſ. B: Sim I cu H 
1 : Gin, GX Cf, Di hin Ax. K | 


* * by 8 


the former of theſe 


RTE: 


the Co-fine to Radius ® ; Art. 162. 


* N a" of Wee * 
— * * 5 7 
. e e og. --> 
. 92 28 4 


2 Rn ce... 


— — — — 
oh R 
- ö 
P n 


8 rout rams 
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Tue Reſolution 


It may be obſerved, that the fourth and the laſt are no 


C 


Co-. H 7” 
E, it follows that D : H: 


Tang. D: Tang. H. 


new Caſes, but only the third and fifth repeated: And 


* 


that, though the former of the two, laſt e Gore 
from that found above; yet it is very eaſil) _— 
h Sin. 4 


m it: For, ſince it appears that H: H:: 5 
2 | any ee: e A Co-f. A. 
Sin. G and becauſe Sin, 4: Sin. & 2: Sin. D: Sin. 
Sin. In Sin. H * > 
GD. GT 
. Q: E. I. 


There is yet another problem, when two Angles re- 


main conſtant; but this, by taking the Triangle formed 
by the Poles of the three given Cireles, is reduced to 


« — 


Problem 2. 


* 1 . 1 bl % 


s ECTIO N IL 


Of the Reſolution of fluxional Equations, or 


the Manner of finding the Relation of the 
flowing Quantities from that of the Fluxions. 


lation of the Fluxions of the two va- 


2561. WI EN an Equation, exprefling the Re- 


riable- Quantities, contains only one of thoſe Fluxions 


with its reſpective flowing Quantity in each Term, the 


Relation of the Quantities will be obtained by finding 


the Fluent of every Term; as has been already taught, 


in Sea, VI. Part I. 


- f 3 - 4 
Thus, if a2, then will 75 = - 


— — 


And, if x y Ki; by reducing it firſt to ry += 


9 | 5 (ſo chat its variable Quamities may be ſeparated) 


nx ayI—=" 
3 2 


we have 141 1— * 


y deduced | 


: 7 But; 


ty e u. 


„ Of 


vions. 


e Re- 
70 Va- 
uxions 
n, the 

finding 
aught, 


Caſe we have xy = === 
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But, if the given Equation bas its,indeterminate Quan- 
titles and their Fluxions ſo complicated together, that 
it cannot'be brought under - the Form there preſcribed, 
the Taſk will become much more difficult; nor is there 
any general Method to be given for ſuch Kinds of Equa- 
tions, whereof there are an infinite Variety. „ 
The Method of Infinite Serieſes (in fore meaſure ex- 
plained already, and more fully conſidered hereafter) is 
indeed very comprehenſive, and may be applied to good 
Purpoſe in various Caſes j but, being tedious and at- 
tended with a Number of Inconyeniencies, it is a Me- 
thod we ought never to have Recourſe to till we haye. 


particular 
to collect. a | 

Accordingly, I ſhall, here, firſt point out ſome of 
the. moſt proper Ways to be tried, in. order, if poflible, 
to bring out the Solution without an Infinite Series. 

262. The firſt Method is, by multiplying, or dividing, 
the given Equation by ſome Power or Produft of the 
Quantities concerned; - ſo as to bring it, if poſſible, under 


tried what may be, otherways, effected, by help of ſuch „ 
ules „ 


and Obſervations as we have been able 


the Form of ſuch Fluxions, as, we know,. do ariſe, if not 
From the firſt; yet from the ſecond, or third, of the three 
general in the direct Met.. 3 


Thus, if the given Equation be = + * =E*, 


then, the whole being multipliod by 2), fo that the two 
firſt Terms, yz + H, may become the (known) F luxion of 


oY | 5 1 Xx. 
the Rectangle wy *, there ariſes yi +35 = : But Art. 10. 


5 2 = | 3 

ſtill we are at a Loſs for the Fluent of the laſt Term, 
unleſs n be taken = 1 (ſo that y may vaniſh). In that 
r as hes a2 gf . pig 5-5, 


” 


8 * wh expreſſing the Relation 
of the Flucnts when that of the Fluxions is © + 7 = 


— : Which appears to be the only Caſe, of the given 
i | 


Equation, where this — is of Lie. 


= 


Again, 


1 


Art. The 


| hereafter). Lety + 222=Z 2 2 
CI 


5 Again, ks the Equation "= 47 be pro- 


of the Fluents may be found, and will be ex 


The Reſolution 


ps 2 


Here, multiplying by * y (where the Exponents 
5 our 24d 
"PHO 

in which the 


3 


off; 


br AM "+ of ** 
a 
farmer Part of the Equation is known to expreſs the 


Fluxion of x? y £2 Therefore, when , the Relation 


preſſed by 


3 
oy = r Wbich, if no Correddion by 2 
F 
conſtant Quantity be neceſlary, may be reduced to 
882 
F — mi+p+ixa 


Te ſame Method may alſo be — to Fluxians 
of the higher Orders: Let æ— 2 =fs* (which Equa- 
tion occurs hereafter, in the Reſolution of a Problem 
of ſome Difficulty),, Then, multiplying by &, it be- 
cames xx—xxz*= fz*x; where, æ being conſtant, each 
Term admits, now, of a perfect Fluent, and we therefore 


have = _ = fox": From whence, fuppoſing ne 


far MO 
ol . 
Log. TOI” IT (by An. 126.) lde 
263. It may bappen that the. Solution of an Equation 
will become more eaſy by fir 1 the Fluxion thireof 2 
when by that means, ſame of the Terms deſtroy each other. 


The following is an Inſtance of it ( 1 alſo, occur 
— : : 3; WhoſeFlux, | 


| jon, 


and = =byp. 


2 


* ſaid aſſumed 


and „ ( = 


| — X W* — I — — 


22 


— —— ; 22; Thexefore 


by expunging 3, &c. we get jy e * „ 


conſequently 27 — =—2 Xa— A* + ſome conflant Quan 


tity. 


264. Another Method, c cable do Equations, of the 
fir ff Order of Flaxions, Ee one 9 


| riable Duanttties (x er y) 'emers, is, to ſubſtitute for the 


Ratio of the tave Fluxions (4 and 5) : From whence the 
Value of that ity will be had, Tnmediacch, in Terms 
Ratio - And thin, by taking its Fluxion, 


the oth and ke: the 
ry der] er a from f : Quantity 


Thus, let 225 N AF (being the Equatien of 
the Curve that 1232 the Solid of the lea Ra- 
ſflance, when the * and greateſt Diameter are given). 


Then, by putting — Su, and ſubſtituting above, we 


get an FA =y*x * + 2 I and con- 
av z» 


V.- 


iF 
=, 2 Whoſe 


Fluent may be found, from Art. 84. or, otherwiſe, 
thus: Put w == +1; then vi =w*—1, and tip = 
v, by ſubſtituting w which Values there ariſes & = 


; and 


ow | 24 266 
= © | there- 


Which, by reaſn of the Terms deſtroying : 


291 


292 


| a2uuꝰ 
= — 2 I; which, corrected 
2 XU II 2 Xx vt 


| 1 | | a XA li 4 
(by taking y, or v=0) becomes x „ 


From this Equation, by completing the Square, c. 


v may be found in Terms of x; whence the correſpond- 
ing Value of y (= =) will alſo be known. 4 
265. The fourth Method, which chiefly obtains when 
one of the indeterminate Quantities and its Fluxion, 
ariſe but to a ſingle Dimenſion each, may be thus : ; 
Let ihe 1 * of 8 Quantity, ne is leaft involved, 
be firſt ſought, from 1 itiaus Equation ari 2 
— 4 the Terms in = given Equation, IE 22 
that Quantity, nor its Fluxion, are found: Then, ts that 
Value, let ſome Power, or Powers, of the other Quan 
tity,. with unknewn. Coefficients, be added ( according to 
the Dimenſions of the Terms neglefted) and let the Sum 
be ſubſtituted in the given Equation, as the true Value of 
the firſt mentioned Quantity: By which means 4 new 
Equation will reſult ; from whence the aſſumed Coefficients 
may, ſometimes, be determined. © © | 
Ex. Let the given Equation. be cx*X + jx= . 
By neglecting cx, or feigning yx=05, we get 
- = 5 : and conſequently = ; = byp. Log. y— hyp. 


Art. 126, Log. — =hyp. Log. - 2 1 deing any coniſtant Qu 4 
and 78. 4 


tity, which the Nature of the Problem may require. 
Hence J =the Number whoſe hyperbolical Logarithm 
is = : Which Number, if A be put for (2,71828 Ct.) 

wa ns Oy 


= * 
> * 


of Fluxioal "Equations. 
the Number whkate byp. Log. is Unity, will be ex- 


preſſed by . (ünce it is evident that the byp. Log. | 


hereof is T f OT 7): : Therefore 2 — 


? Xt 2 


A= and y = 4 1% e 
found, — there be added Ax*+Bx+ C, i in order to get 


the rwe Value; 3 and then; 5 being 2A B+ = 


DM. 
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e I we ſhall, by ſubſtituting f in. r the given Equa- Art. 252. 


tion, . c Ar TBC“ a = lat 


4 


LfA, and conſequently N ð* Oy + 


15 2A 7 = * r o. Whence Az = — — ef, mw 34. 


. — — and ee. W 2 — 


I 


fre +4 I oy - By the very fame way, the 


Value of . in the he Equation cx 4 u Sch. will come 
894 WS | — 
out. = = — 4 Xx COS e, * "+0 11. 


N 2 — 


ER = enn WR J A Re 

— ee dM. 0 

266. But, bat! is 2 little remarkable, in theſe Kan 
40 Ban l <5! 


tions, is, that the e dH tho a variable 
Quantity,. ſhould only ſerve, as it were, to correct the 


Flaent, or perform the Office, of a. conſtant 5 

What Ic here mean will plainly: appear. if it; 

ſidered, that the Equation „ -c + zar g. ada, 

where the ſaid Exponential i is wanting, anſwers all the 

Conditions of the fluxional Equation firſt propoſed ; 

which, upon Trial, will be found; and muſt needs be 
U 3 the 


Con- 


* 
the Caſe, ſeeing 4 may be, either, taken Nothing, t 


The Reſolution 


all, or any Quantity at Pleaſure. 5 
But the Equation y = —= c x A + 2a + 24 (when 
WS "s ; | 
431” is wanting) cannot be corrected, in the uſual Way; 
ſo as to give yo, when x=0; ſince, if any other con- 
ſtant Quantity, beſides—24* be introduced, the firſt 


Conditions will not be anſwer'd: The Correction muſt, 


therefore, be by the Exponential du; and is thus. 
. & : 


Since y = c car — a0. + dM* , if j be 


taken o and æ r o, then — 2% ＋ A o, ord= * 
2ca*; and fo the Equation, truly corrected, is yS— x 
bode 7. ARS © 1h hs 5 : 


* T 2a ＋T 24. T 24¹e⁴ . 8 . 
267. We come now to the laſt Mothed ; namely, 
that of Infinite 1 won 3 which, tho leſs — is 
vaſtly more comprehenſive, than et explained; 
The Manner of its this : s I 5 * 
Por the Quantity whoſe Value you would find, let an 
Trifinits Series, tonfefting' of the Potvers of the other Duan + 
rity with unknown. Coefficients, he aſſumed; which Series, 
regether with its Fluxton, or Fluxions, maſt be fabi 


 tuted. inſtaad of their Equals in the given Equation; 


zwbence a new Equation will ariſe, from which, by come 
paring the homologous Terms, the 4 po IO and 
Emfopuenty the Vela ſeght, will eater, = 

| Thus, let the Equation 72 = 3 (reducible to ? 
5-0) be propofed - to find x in Terms of Jo 


F 


Then, aſſaming x= AL B/ CAD Ei. 


We have += Aj+2By+ CY NAD $Ey$+ . 
Which Values being ſubſtituted in- ro, we get 
Az+2By + ADY Nc. WW 
Fr 


* 


& — 


. 


And confequeritly * 
a .f 4 „„ 


7 


Again, Jet it be required to find the Value of „ in 


the Equation-or'* + you = af, N ee 
Here, aſſuming y=A#+Be* + Cx* + D#* +Ex* + FA 
Er. and procecding as before, we ſhall he 

aAx + 2aBx# + gaCx*z D EN Nc. 3 & 
irene ͤ 
Whenee Ame; 2aB = A =o; 3a0=B+c=c or 
1 „ og? e wy 2 or D _ 24 $aE = D 


of © 


x3. 25 c & 5 
—— — — — 


{Ar B.. C e == += 
(A * KV 3 $48 35% 


268. It appears from this Example, that the Quantity 


to be found, will not always require all the Terms of the 
Series Ax + BY + Cx? 


. And it may happen, in 
innumerable Caſes, that the Series to be aſſumed will de- 
mand a very different Law from that where the Exponents 
proceed according to the- Terms of an arithmetical Pro- 


geeſſion having Unity for the common Difference. And, 
indeed, 


greateſt Difficulty we have here to en- 
counter, is, to know what Kind of Series, with regard 
19 its Exponents, ought to be aſſumed, ſo as to anſwer 


the Conditions, of the Equation, without introducing . 
wore Terms than are he” We | 


For 


e 


{ Ay + Bj* + Cy Ec.) =3+ 


Baz Cx; De Sc. 1 | 
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Tze Reſolution. 


© The following Rules will be found very uſeful” upon 


| this Occaſion: Which, though they may, become im- 
practicable in certain particular Caſes, never take in any 
ſuperfuous Terms. ani) 

1%. Having (iF neceſſary) freed ur ation from 
Fractions 5 . let the 55 2 % Value js 
ſought, be ſuppoſed equal to fome Power of. the % Quan- 
rity with an unknown Exponent (n) ; and let that Power, 
together with its Fluxion, or Marions, be ſubſtituted for 
wow (/uppoſed) Equals inthe given Equation. ' , 

29. Let the laß Exponents -of the variable, or jacks 
1 Quantity, in the nat Equation, thence ariſing, 
be put equal to each other Fee, Ch: Geer MN hy un- 
i «ponent # will be ſound. 1 85 

3. Subſtitute! the- Valus of ny i z, in 1 all the. Ex- 
. where n is concerned; and tben-tats the Dif- 

ä 21 between. oh of the equal ones, above. mentioned, 

d every other Ex xponent, of. the variable _ Vuantity, in 
the hol. Equation. ; 


4% To theſe N whe 45 al the leafl Now 


;bers: that -can.-be: compoſed aut f them, by continual Aadi- 
tion, either to themſelves, or to one another; till you have, 
_ by that means,' got, inthe whole, as many different. Terms, 
as you would have the required Series conitiuued to.” 

59. Laſtly, let each ef thoſe Terms be increaſed by the 
Value of n (found by Rule 2.) and .you will then have the 
ee Ns the m_ 7 be MATE 


« LL» 
IVF 


26g Le the Pals of wy I 4 2 a 2 +: . 


| — ne =0, be raquired. 
TY - SP) 55 
Firſt, by writing” 2 for x, meets t ber 43 "this 
Indices of z will be 2z—2, 23, and © (which are deter- 
mined b y Inſpection, without regarding the Coefficients) 
whereof the two leaſt (232—2 and 0) being put -- 


to each other, we here find g: Therefore, the 

' ponents being o, 2, o, the Differences — 

Rule 3.) are alſo o, 2 from whence, by adding 2 con- 

tinually, we get o, 2, 4, 6, 8 Cc. wank (being each 
ins 


—4 50 A A 


aer, 14AD, = * 200 


CEE 
| 0. B 24.30 {ev 2giN 
55 see, dae 


of — Equations: 


increaſed by the Value of x) give. r, 3. 55 Ts © 9 &e, for 


the Exponents in this Caſe. 

Let, therefore, x'= A +” Bas + Cz5 + Dar + Er. 
'Thens. putting z = 1, in order to facilitafe the Operation, 
we ſhall have x = A T 2Bz* + CN. + 7Dz5 + Ee. 
which two Values being ſquared, and: ſubſtituted in the 
given Equation, it will become Te. e 

ON Fer 25 io AC + 14% AD + &c.}* 
＋ 7.0 *+90"B*s* + 30 B ＋ Ec: 
e aA. + 2ACz* 4 Cs. 
N ＋ c. 
Whence, « . ae, hd therefore A= ys; 8 = — 
UM = yon —z 


1 * 


A, and therefore B. 3 = — 2 104. AC | 


S ah = * B KA — B x 


FY >. 4.8 "LF = 


T 
5 7 * 1204 © 


5 3 1 
| IS 
a E TT * dd. Jap = = 
©... 0-7 n 2 78 
7 end therefore D = — _—— 
ee , , 5.0: JIE 02...) 
ware Re 


A % 


e EXAM 7 * © . 


27 Py the, given "Equation be a? I — 1 + ax? 


MY a » BY 2 "2 282 7. F 
2 141 7 4 1 $95.3 4 25 3 *4 
WER © er 


Sy Here, ſubſtituting - * 1 * 7, the vente will be 
=I * 1, and 21; where, making — 11, 


we 


75 a; een * . — 2. == + | 


x 

ty $- 
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yo gut as the Differences being 0, 2, the 
eries to be aſſumed for £3 will be Ax“ + Bx* + Cx*+ 

uu D 
i g 1. r, 46er, + Bu? e c 
nd bi Tag + goCrt+ 56D 


nd; theſe Values being lubſtirutod, the — 


5 x ; 
- 42 


22 + — 304*Cw* + 564*Ds". + 2 i : 
— 


5 IE Ax Rr ia es! .— 46 DLT + E&c. 
er 2A 7 12 0 “ + c. 


Which Series1s known to e che Fluent of ===: 


or, 2 4 K hyp. Leg. — —.— -: Conkkquenty 7 Sow 


7 


R89_” er an nos 


2 ** Log. . LW manner; it comes to 


paſa, that, 1 obliged, in Foes 2 — . 


Caſes, to have recourſe to = Serieſes, ' we 
| ſometimes able — latt, to give the Solution in finite 
Terms, of, at help of Logarithms, Sines And 
T angents : wich wil always happen when the, Series 
can be ſummed, or is found to agree with drt Aeg 
from ſome known Quantity. Les 
271. Sometimes it happens, in . involving 
the higher Orders of Fluxions, that the Exponents, 
mention d in Rug 2. whereof. the leaſt ought to be 
made equal to each other, are ſo expreſſed, as to render 
ſuch an Equality impoſfible. "When this is the Caſe, 
the Value of 7, and the firſt Term of the required Se- 
ries, can oy be determined from the Nature of the 
_—_— to — che Equation belongs. "We know, 

. in- 


ie, Series 
avolving 
ponents 

bt to be 
0 render 
ie Caſe, 
tired Se- 
2 ofi the 
e lan: 


of Fluxional _ 
todend, from the. Equation i ul 
thing, 4 to ſame. 


Equat | 82 m —7 — the 
ponent, and ayhich therefore cannot be compared with 
Fe, being always a by. two or ag of The 
Jy tl, 1==2, Ac. will. ;then (one 

ar bln 5 So) vaniſh intirely out of 

is render d poſſi 


. i In 


4 - 


299 
= muſt 421 | 


le — 


e A are known, See ; 


7 Way, as in r att 


E X AM LE . 


1 1 — e, . + a 0; ] 


. .. 


By uppoing 5 * TY — writiog x" for 1 e 
for q, we ger * — | 


$, and Ln 


— 
1 * IX Bot it i plain t of the 
Indices e e Botie 19 701 b t 
ſherafogs be either — Unity (in 9 15 which Eater 


the Term = & 71 xx * vaniſhes) but I ſhall 
ofe the firſt Terin of the 


take the 1 Value, ad, fap 
ahe cer n the Differences of the foreſaid 
Exponents being 1 d:2, the — of the Series will be 
expreſſe * 1, 2 32 Sc. Whence, afuyings = 
om ＋ BE + Cx + * r. and proceeding 

er 1 


- ED pee IG $xf 
TRE. 2.300 +2348 2. 346 © 2.3.4. 54 + 24. T 
We. where. the Law of Continwation is manifeſt, the 


Coefficient of every Numerator being compoſed by the” 


eee 


ee k 


. will be found = 2 | 
58e oe or = A i + . 


— 


| 
| 


—— — — — — —— —— . 22 


We Reflution 


272. It will be proper to obſerve here, that, in Equa- 


tions like the two laſt propoſed, where tlie higher Or- 
ders of Fluxions are concerned, the Series expre 

the Relation of the two Quantities muſt always be foun 
in Terms of the Quantity flowing uniformly.- And, 
that, if the Number of Dimenſions of the Flüxion of 
the ſaid Quantity, after Subſtitution, be not the ſame in 
every Term; the Equation itſelf, put down to be re- 
ſolved, is abſurd and impoſſible, and ſuch as never can 
ariſe in the Solution of any Problem. e 
Equations the Number of ' fluxional Points (ſuppofing 
the Powers of the Fluxions to be wrote without Indices 
will be the ſame in every Term. 1 


Ane w. 


| 273. Where let the given Equation be a'y — ay** + x") 


S; to find y. 


By procteding as uſual the Indices will here be 2— f, 


„„ 20 1 „ To 
Whence A = B == OR 


2, 2n+1 and 33 whereof: the leaſt , (which can be no 
other than z—1 and 3) being compared, u will be given 
24: Andthe Differences will therefore be o, 5, 63 to 
which the Double of the Second and the Sum of the 
ſecond and third, &c. being put down, and then every 
Term inereaſed by 4, there ariſes 3, 9, Io, 147 15, 45, 19 
Oc. for the Exponents of, che Series to be aſſumed for y. 
Leet therefore y=Az*+ Bx? + Cx"? +D#** &c, thi 
making. 1, 3 is AA +9Bz* + 10 r 


4 


— 1 N 


- And, by, ſubſtituting, theſe Values above, we bade 


— 


4A ＋ ga RT + 10 CY "No"? ＋ Nc. Fa 0 
* „Ar + 4A? — 2G Bx? 1 &c, "I 
Bis 13 ** 9.32 | 7 Giro: - — 7 7 — x 
144Þ | | * 
1 1 1 r r — 1 * | 
. — © 
5 ' 40324, g 


2 8 at f 85 1 8 — 
And * y 2 —=, 7 a — 
nd 1A 407, 04487 47 | 


2 


r 5, the Series ABCD, Ec. nuboſe E 
ponents are in arithmetical Progreſſion, had been aſſumed, ac- 
cording to the Metbod of ſome very good Authors, no leſs than 


ſeven ſuperfluous Terms muſt have been introduced to obtain the 


_ 


four above given. 


other 1 
much | 
r 
faid Q 
tity; f 
the Sei 
ſaid E: 
have a 
The 
or fart 
* 
Equati 
lumn e 


of Fluxional Equations. 
274. Before I.quit this Subject, it may not be amiſs. 
e indeterminate Quantities are great in te- 


a tc... 7 


ſeaſt, and proceed according to the third and fourth. 
Rules *,. whence a Series of; | 


Then, proceeding as uſual, the Exponents of the 


l 7, Cc. Conſequently the Series to be aſſumed for y is 
3 5 m 9 2. | : Fl 3 
"the A- B. 10 TD. * + we. From whence. 
„ 
- oY y will be found = afs* + — — . 
Js PAL DUL3 7 1 , ; 2 


, 0 4x*, 32 
29. But, if the Quantity (x) in whoſe Terms the 
other is to be expreſſed, be neither much greater nor 
much ſmaller than the given Quantity (a), it will be 
"9 proper to ſubſtitute for the Exceſs, or Defect, of the 
0 Wl aid Quantity (x) above, or below, ſome given Quan- 
tity ; ſo that, having, by this means, exterminated x, 
the Series ariſing from the new Equation (wherein the 
ſaid Exceſs, or Defea, is the converging Quantity) will 
9 have a due Rate of Convergen ex. | 
3 The Uſe of this is ſo obvious that it needs no Example, 
Ex» or farther Explanation. WA 9 
ae- 39. Laſtly, it will be proper to obſerve, that, if the 
than W Equation for the Value of A, ariſing from the firſt Co- 
tb lumn of homologous Terms, admits of two or more, 


equal 


— 


happen in practi 


equal Roots (which is a-Cafe that may, e th 
ice) all the foregoing Precepts w If be in. 


' ſufficient; unleſs the Equation alſo admits of fore other 


Root, beſides the equal ones, whereby A may be more 
commodiouffy expreſſed. To determine the — — 
in that particular Caſe, divide each of the Differences 


mention' in Rule 3. by the Number of the equal 
eed 


Roots; and then proceed as ufual. The Reafons of 


which, as welt as of the Rules themſelves, I bave long 


% 


not 2 


ago given elſewhere, and have not Room to repeat 
them. 2. : 4 5 2 ; , fn 2 A3 


eiern, 
275. Although the Buſineſs of reverting Sericſe is 
ngen of the Doctrine of Fluxions, but, more 


properly, belongs to common Algebra; yet, a5 it is 


. often - uſeful where Fluxions are concerned, and' falls 


under the general Rules ifluſtrated in the foregoing 
Pager, I Fall here add an Example or two on that 

F | e e 

Let, then, ax+6bx*+a®+dx*+ex* c. y; ta re- 
vert the Series, or, to find x in an Infinite Series ex- 
preſſed in the Powers of y. 5 a 
Here, by writing y for x, the Indices of the Powers 
of y, in the Equation, will be n, an, Zu, &c. and 13 
therefore n=. and the Differences are o, 1, 2» Þ 4» 5» 
Sc. and ſo the Series to be aſſumed, in this Caſe, is 
Ay +By* + CF} Dy S. Whieh being involved and ſub- 
ſtituted for the reſpeRive Powers of (neglecting, ow 
where, all ſuch Powers of x and y as exceed the highe 


vou would have the Series carry'd to) there ariſes ._, 


ay BY TA +aDy* Se. 
s +bA* +2bABj*+2bACy 2 Cc. 
| - FaDY® .. 


4A Ap C. 
a 8 C ＋ 30 B57 Ca 
3 T * +dA% Se 


1 


2 


£1 ge 


=, 
[SI 


7-3 


J 


p Fluxional Equations. 


Whence, by comparing the homolagous Terms, 42 


L ' 2bAB+cA? — ac 
= B=—=; C(= EE} = , 
56 65 2 —— Bte ) © Gabe e 4 
Dis — — 


4 #71 a* 


2363 — 
Ye + an ene x * 2 — 7 + = 


55 2 


Form 2 b of this 13 let x 


x7 
2 SS Sc. : , Then, 4 being, in this 


303 


lr 


Caſe, , = - 41, d 1 Ne. 2 ſhalls | 


by ſubſtituting theſe Values, have n= +7 14 


2 Gs. From whence, when vis given, x wil alſo be 


given 3 provided the Value of y bo fufkiciently fmall e. 
2. Let there be an + by + ox* + dey + 
2 H + E h +57 +kx*+ by Sc. = 03 to 


Art. 92. 


By - alfiming v Ar BY D Sc. and pro- 


ceeding a8 above, A will be found = — 5, B = — 
At. On eee 416" ZN 


b — 


A 2 + 82 2255 2 444412 + 


Example 


The Reſolution 
Example 3. Laftly, let * 25 be” F - + * * + | 
4 * Sc. . 1 cy 


Here, in order to. determine thr Form of the Series 


to be aſſumed, let 2 be wrote for in the given * 
x- 


tion, according to the uſual Method; and then the 
ponents, ſuppoſing z tranſpoſed, will be 1, nm, nm + 
np, nm+ 2np, um + 3nþ, &c. reſpectively z whereof the 
two leaſt (1 * um) being made equal to each other, 


n is found = =; and the Differences. are £, 2. 


LY 


2, c. Whence the Series to be aſſured? for * is 


= tp 17 142 * 12 | 
* BZ +Cz ” +Dz.* +&c. (for it isevi- 


66 5 4 by Inſpection, Fans the Coefficient A) of the 


firſt Term muſt here be an Unit.) This Series being 
therefore raiſed to the ſeveral Powers of x, in the given 


' + Equation, by Art. 108. and the Coefficients of the ho- 


mologous Terms in the new 208 rs compared ompared together, 
it win be found that, B==——, 5 0 —_ 2me 


2m” * 

MT F ä 
D= ET 

1+m+3 xk, Se. 5 _ 


3 the general Value of &, found; above, innu- 
merable Fheorems, for reverting a 4 orms of 
Serieſes, may be deduced. 


Thus, if » + bx* + cv + d, Cc. = 2; : 23 tl "then (m 


| being = 1 and p 1) is S -U + 2bb = x 2 


ä X 2+ Se. 


And 
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Val 


thoſ 


hint 


Obt 


and 


- ano! 


And 


| of Fluxional Equations. 
And, if «„ + bx* + cx + dx? + &c. =2Zz; m being 


Si, and p=2) K bz + 3bb—c x2*—126*—8< 


X 27 Sc. 1 


2 
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T Ci 7 K 
Alſo, if * + be + cc + dr ec. = 2; then 


{mm being = and Fin) 1 22 —2 2 75b— 2c XK 2 — 
305 — 18e +24 x 2 &c. Cc. 8 

276. It may be obſerved that, in all theſe Forms of 
Serieſes, the firſt Term is without a Coefficient (which 


renders the Concluſion much more ſimple.) There- 


fore, when the Series to be reverted has a Co-efficient 
in its firſt Term, the whole Equation muſt be firſt of 


all divided thereby: Thus, if the Equation was 3x — 
6x* + 8x* — 13* Cc. = y; by dividing the whole 


A 2 f 4 
by Zit will become v—2x* + = — 7 Sc. = Eye 


Where, putting * = + , we have, by Form. I. x=z+ 


6 2 643 | 
2+ = 2 Cc. = © + + . 


3 O00 


* 
o $-: 2 » 


-SECTION m. 


Of the C ompariſon of Fluents, or the Manner 


of finding one Fluent from another. 


E have, already, pointed out the moſt 
remarkable Forms of Fluxions whoſe 


N 


Fluents are explicable in finite Terms *; and alſo * Art. 77. 

ſhewyn the Uſe of Infinite Serieſes in approximating the 73.83. 84. 
Values of ſuch Fluents as do not come under any of * 
thoſe Forms 1: But this laſt Method (as is before Þ Art. 99. 


hinted) being troubleſome, and attended with many 


Obſtacles; Mathematicians have therefore invented, 


and ſhewn, the Way of deriving one Fluent from 


another; Which is of 2 Advantage when the Fluent 


8 ſought 


| 
! 
| 


306 


ſought can be referred to one, like thoſe in Art. 126 
and 142. expreſiing the Logarithm of a Number, or the 


Arch of a Circle ; ſince the Trouble of an infinite 
Series is, then, avoided. 


| tis propoſed to find, from thence, the Fluent of er. 


- Art. 77. 


As the Subject here propoſed is of fuch a Nature, 
that it would be my tedious and difficult, if not 
altogether impracticable, to lay down Rules and Pre- 
cepts for all the various Caſes ; I ſhall deliver, what 1 
have to offer thereon, by way of Problems; beginning 


with fome very eafy ones, for the Sake of the young 


Proficient. 


PROB. L 


278. The Fluent of = — being given (ly Apt. 126.) 
| - 

| 2 

Let both the Numerator and Denominator of 


= be multiply'd by x, ſo that the Quantity 

a* + x | 

without the Vinculum, in the Fluxion, GS 
h 6 ax +x* 


thus transformed, may become ſome conſtant Part of the 
Fluxion of the higheſt Term under the Vinculum : 
Which Part, in this Caſe, being 5, let x of the Fluxion 
of the firſt Term under the Vinculum (or +4 4a*x+) be 
therefore added to the Numerator, in order to have the 


SE SS . 
Whole, = == a complete Fluxion; and then the 
Fluent thereof, by the common Rule “, will be : 


Vir tot = à* V: But, from ibis, we are 


now to deduct the Fluent of the Quantity =, 


(= 7) that wie added Which Fluent, a8 


that 


27 


| of Flnentt. | __ | 


156 „ EL 
= rat of Wand is given = hyp. Log. x+ VII hy e Art. 126, 
will be = 2 a* x hyp. Leg. x + Va* + x*; and con- 

— ſequently the Fluent ſought = + &õ e + a*—; a, 

om hyp. Log. x VG + A Q. E. I. 

It | Þ | 

ing | _ PROB. IL 

mng | Bed ny | x? 
279. Let it be propoſed to find the Finent of 5 

. that of JAS givm by Art. 142. 
26.) 


By proceeding as above, and adding, — 2 to 
A $O'ax=—ax* 
= the Numerator, we have — Sage. whereof 


of the Fluent, by the common Rule, is — 4 V — * 
tity (= — fL Va*—x*: From which deducting the 


Fi 7 ET: 4 ax or 5 22 * . 
; uent o 82 PE yo ee pom . ( * 
** = — + a* x Arc (4) whoſe Radius is Unity and Sine 


the Xx ; — 
aha ST t) there comes out 4 1 — 1 2. H Art. 142, 
cion | 
he | | | 2, E. 2 
the 280. In the ſame Manner, if the Power without | 
the Vinculum, in the 1 whoſe Fluent is ſought, | 
the exceeds that in the other Expreffion given, by the | 
p ponent under the Vinculum, or by any Irubint of it, 
© = MW the required Fluent may be determined, by one, or by 
are ſeveral Operations, according to the Value of the ſaid 
=== ; / - 
** ä | | 
Thus, if the Fluent of was ſought; then, 
; as Va*—x 


becauſe the Index of x, without the Yinculum, exceeds 
; | X 2 that 


— TEE 
Va -. 


Of the Compariſon 


that MT by twice the Exponent under the 


Vinculum, the required Fluent may be had from that of 
* Ron 


» at two Operations; by. the firſt whereof, 


** 


we have already found the Fluent of Q to be = 


5 4 — 1 
2 — f * V. : Whence, putting this Value 
=B, and proceeding as before, we alſo get 4 Va 


272 Z 2 S1 
＋ 22 B = —2x*Va wt” wn em Ve — 4 — 


+4 © ; —= . 
55 = . L—=2xx+ — — = the true 
”"y | 
' Flue t F S — 
8 Va — x* 
SON 


281. Suppoſing the Fluent of a + ca" x uf" & to be 


given = A, to find the Fluent of a+cz"\ x 3 * 


= B (where the Exponent of x, without the Vinculum 
is increaſed by the Exponent under the Vinculum). 


Let the Part affected by the Vinculum be multiplied 


by 2 7, and the Part without be divided by the ſame 
Quantity; then our Fluxion will be transformed to 


pn fu— 7 —1 
2 


az! Kc Tl x S = B: Where let q be, now, 
ſo taken that the Exponent (+9) of the higheſt Power 
of z under the Vinculum may be equal to (pn +n— mg ) 
that of the Power without the Viuculum + 1; that 


is, let g == * Then ( Art. 77.) if the firſt Term 


/ 


under 


bs / 4 
—— X az! + cnt X of 


of Pluents. 


under the Vinculum was conſtant, the Fluent of the 


R 11 
ad Expreſſion, or its Equal az 2 XZ E, 
mfr 


would be had = 


——K — 


'm+1xn+qXxc 
Fluxion hereof, ſuppoſing both Terms to be variable 


_— 1 
(as they actually are) is az SAL N 1-64 


„ (by the common 


Rule.) Therefore = 


2 þ | 1 ＋ 7 58 


Hu. — +a ME FEED = B ; that is, 


2m 8 
T 4. . a+c * 
n Xe i | 


—— - — 


m I X 1＋7 Xc 


5 + 2 | EP 1 f 9 | ſl ; 
| = = B ;' or, by ſubſtituting for 9, 
| . | Sq 
7 Pn | : 3 * 
m+Þ+1Xxnc m+p+lxc | i 
ti 2 . 
"'z = B : But the Fn. of aT xs. is 
8 7 1 
given = 4; ; therefore, laſtly, = x: Ph” 
6 mTpT I X nc 
—_— 3 
mr⁵T IX | 25 


282, If the * 3 55 Vnculum be a Mul- 


tinomial, 4 cz + dx + ez " &c. oy ſince 
the the Fluxion af 242 + dz 2 e . - BD 
#3 X n is 's * — 's + nez? = 3 X 


3 


But the 


2 + oft) —— * 
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zi 
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1 — hs — m 5 — * 8 a m 1 1 
a ca + dz we x 27 + a+ 2. + dz &e. 
x ] 1 = „„ nn T0 
4 Tr 4 TE x ab; —4 
par 4 f pres?" 24 hd U.. 

: m 


— CO 


x a+” dx 0. 7 it is evident, that, if the 

Fluents of a z, % e e. drawn 
: 5 OR e 

into the general Multiplicator er + a ws, » be 


denoted by 4, B, C, D, &c. the Fluent of the 
Whole-Qyantity exhibited above (which Fluent is 


5 1 r n 1 
= + i + dx + er Se. x of ) will alſo be ex- 


preſſed by pnaA+p+m+1 x nB+p+2m+2 x ndC + 


7 ＋ 3 3 & ne fc. Therefore, if there be given 
as many of the Fluents A, B, C, D Fc. as there are 


Terms in a + dz" + er Ec, minus one, that 
other Fluent, be it which it will, wilt alfo be given from 
hence, Thus if do, e=o, &c. and the Value of 


. ee e 
A be given, we {hall have a X = pna A 


i — 2 11 
ö ä 5 1 pn 
ptr m+1 x zcB ; and conſequently B= EE. 
p+tmt+l x n; 


af 3 
T- eee 


p R O B. IV. 
233. The Fluent of a. Ker J 4 being given (as 
in the preceding Problem) to ditermine, from thence, 


the Flnent ate xo” PO. ſuppoſing v to 
 demate a whole paſtius Number, EDS 4 


tio 


1 7 1 


of Fluents, 
| = 
1 a a 


. p+ 1 G =&þ+1(p+3)=7 &e. and let the 
Fluents of a+ ou SY” 25 "rep pr” * 27. — 1, 


c 


++] xt = hab x off „ Oc. be re- 


preſented by 4, B, C, D, &c. reſpectively. Then, ſince 
Met” EY _ 


—n 
m+p+1 xn mIPTIXNe 
Prob. 1 it — from the very ſame Argument, that 


1 X nc m+þ+ ay 
Me 1 22. —2 


inn, 
ISA Sc. 


Hence, by writing my Value of Bin the ſeeond Egua- 
14 a val 


be . by A= alſo put p 122 


= B (by the preceding 


tion, we have 
11 qe np xn 


4 pod — C. In the ſame Manner, 


ex; | 
by Ps. this Value for Cin the Equation, we get 


Ul 15 
2 Mes 


ö x + 9 + 3.x 10 
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— — — — 2 — _ 
— . — — et — —— — cy SD — - * 7 5 - 
.. . — . FAG. hop, — — 
- — — 


—— — and 
— 
=== 


— — 


A 


— 1 . 7 Wn AIDS I IE I Sn — — — ono > oo AE IEA — —7⏑—2D6 
— > — 
— 


— Jl — 
3 


ern N 1 
— — — ————— 


— — 


318 


where the 


Of the Compariſon 
1 pn 1 


p pa Mx 


— — —— 


— 
— 


Il / —— 
m+þ+1*mEp+ixm+p+1 XxX „ 
| I 9 


2 = D. 
3 8 / tl 
m+p+1xmESp+1xm+p+1xc 


Where the Law of Continuation is manifeſt ; and from 


whence it appears that the Value of any of the Quan- 


tities B, C, D, E, &c. or the Fluent expreſſed in a ger 


8 Me" 
neral Manner, will be m + 7 *＋ 1 X nc 3 
; gaα] e + _IXI—=T rl 


f mTGTIX NMT X nc m ＋ 9 1 K TN TIN 


pxp+1xXp+2xÞ+3(v) , 


U B ———— — — ſ— HT—ʃ4 2 
( 7 m+p+1xm+p+2xm+Þþ+3(v)xO * 
3 Vf. — Ute 
a+ . K 5 gan 2n 0 49 — 1 N 3n 
STIX Ie | ſe $5—1 X c* 
— „ nA . ; 
2.1.2 X 0% 2 „ „ t2 
a CIO MAR (v) + p X 7+ 1 +2 x 


$.S—1.5—2 * 


| wv 3 | . = 
#23 (v) x 2 Where, 4 = Fluent of a+cz 
1＋3 „„ 6 


* 1 3 $=q+m, t=p+m+1; and 


found) muſt be taken + or — according as v is an 
even or odd Number : Note, alſo, that the Parentheſis 


(v) is put to expreſs the Number of Terms, or Factors, 
to which the Series, or Product, preceding it, is to be 


continued. The like Notation is to be underſtood in 
other Caſes of the ſame Kind, when they hereafter 
occur. | | 


ign of the laſt Term (in which A is 


The 


eſis 
OTS, 


fter 


The ſame otherwiſe. 


284. Let 7 =P + U — I, and let = X 


EE LES EI „ be. 


aſſumed for the F. luent fought: Then, by taking the 


Fluxion thereof, you will have 2 1 * 1 r N e 


n pn D 
„R * mo + a+a'_ "if 


gniRef — qn ff x 28. | A © 6's. 0,0 + p AE 
＋ 58 X ef x; which muſt be = er 

1 z (or a+cz "i x Tri.) the Fluxion 
propoſed : Wham dividing the whole Equation by 


m 
ef * 3 , and tranſpoſing, there comes out 


* 


I Ref” +8 — . — Ag” 
RE "+ gn—n KS © $000 TE 2 
ES A”. 


Which, reduced, and the homologous Terms united, 
becomes | 


f 
o 


, 1 x neR ( „ Cg? | 2 + 
| ce} 7:0 + gnaR . 
n. I x ne x ",......+pmA S 
+ gun * 48 +8 


=0; Where, by dv m + 7 ＋IX ANR — Io, 
-I 


TK 


g N RR, He. we have R 


8 — ===> — ; or (putting 


m7 


373 


314 


wt the n 6 


=, 
EY es = X nc 25 . 9 


q—1Xxas __ gx q—1Xa 0. 

$— I XC 5 +IX5X5—1x ne 
83 becauſe the Exponent of the firſt Term of the 
Equation is gz (pn unn) and that of the laſt Term 
(in which A and þ are concerned) = px, it follows that 
the Number of Coefficients to be taken as above (where- 
of A is the laſt) is expreſſed by . From which laſt, 
the Value of þ is given = — p. 

Bat, from the Law of the ſaid Coefficients, R, $, 


"+++ . , it appears that the Value of A (whofe Place 


from the Beginning is denoted by v) will be = + 


— , c— 


— . 2 "TN + 
TS 741. 7 * +2) ” WP 


441:4= eeeeef#T gt, And therefore 8 


= * — 
711, =I. FITS nc 
— = N . 
(= > LEI - Au ＋ 1 i 
Filip +2 p+3(0) 
— t 
* 5 5 ＋ FT 173 of ©  ( puttin 


=" St, as before.) * if the NE Values of 
8. TFT. and 8, thus found, be fubſtituted in 


the fumed Expreflion, you will have the very ſame 


Canclulien « as in the . Article. 
ConoLLany | 1. 
— 
285. Since g is 2 . the F juent yg. 2+" * 


wi oa! * . given above, may 


_— : 
(v) + 84; where N = W „ 23 


of Fluents, 


=+) pox” RR. OY 
1 : And, where the Coefficient (8) of the 
mp + U——2 Cc 


given Fluent (A) will always be expreſſed by the laſt of 
the Quantities R, S, T . . , A, multiplied by — pra - 
This is evident, becauſe it is found that B =— pna A. 
And the ſame thing will alfo from the ſeveral par- 
ticular Caſes (in Art. 283.) for the Values of B, C and 


D: In each of which the Coefficient of the laſt Term 


(where A is concerned) is to that of the Term tmme- 


diately preceding it, in the conſtant Ratio of pa to 


= or of pna n 


_ Conorrary II. | | 
286. If the Value of c be negative, the general Fluent 


(in Art, 283.) when @+cz" = © (provided u- x, a, and 


p be poſitive) will become barely = 17 0 _ x 
572 : | 


we | : | 
5 (v x =; becauſe, in this Circumſtance, all 
. 1 
: 1 
the Terms multiplied by © ©] © intirely vaniſh, 
If, therefore, & be wrote for — c (to render the Ex- 
preſſion more commodious) we ſhall have - * 


f+x 
x £22 (w) * 7 the true Fluent of amb] * 


2 z, generated while bz", from Nothing, be- 


comes = a: Where A denotes the Fluent of a—bz\ * 
** Es, generated in the ſame time; and where 
58 8 


10 


3715 


316 Of the Compariſon 


7 "NP" + 1+ Hence it follows that the Fluent of 


„ A g + 3 Ee. 
(where e, f, g, are any given Quantities) will be =Ax C= 
. ;, 3 N 
paf P. p I. 2 .I. 2.2 h KEE bn the 


EY tb + t. 4 1.57 '2.t+ 1.1 ＋ 2.63 m - 
forementioned Circumſtance. | 2+ 
* R 0 B. V. . — 
: 155 | + 
287. The Fluent p 4) of a + PO K ou gi- | 
mr 
ven, to nd the Fluent of a I cz E 1 43 ſup- 1 
pofo ng r to denote a whole Pofitive Number. | 


a+: 
Since -er = Fa ＋ X a + cx“, it is evident 


m 1 - 
that a+ cx"). te 1% er; N 6 4 
a + ex * K 3 Whoſe Fluent (by Prop. 2.) 


7 p * * — 
— e — 
—̃ů ac — . —— ee en TID —— 2 8 
— a — - = — — — — . — 2 — ——— —— — 1 = 
: = — — g 5 — - — 2 — - n — 
29 * 4 _ * - - * — — - 


11 


16 0 oy ' J * 
„ 24 
„. r m+p+1.0 
A” ws cd pn YOM x 
2 — — N In like e if 
pTmHEI Xn ere ü 
this Fluent, of a ME cx 38 qi "2, be denoted by 
B, that of a + Fa fa 4 by C, Ec. it will ap- 
ns 5 Ta: +. 
pear that — r X'S N — 3 


— 
a Þ+ 6% x zf” þþ eg =D, Se. | Whence 28 
pT X Pp 


by ſubſtituting theſe Values, one : by one, as in the pre- 
ceeding 


. 
U Hr TR, I FATE TETRA 


nt of 


Ax 


n the 


of Fluents. 
ceding Problem, and putting 2,= a+ x", we get 


mz pn + 
; mm 
pH mn  p+m+2ptm+1-n 

m T2. m TIX ALA D E” ST 
— — — 3 — — —2—:0 
PTT. PT pT tT3. 2 


Le m+3. TZ af NL 
p+m+3.p+m+2.n p+m+3.p+m+2.p+m+1-n 


3. z u 1. 4 „Oc. Whence it is 
p+m+3.ptm+H2.p+m+l 

5 : . n 

evident, by Inſpection, that the Fluent of a r 

* 21 E, expreſſed in a general Manner, will be 


, 2s 2 | Avis = 
KD... 1 = oc. Which, 


p+tm+r.n +21 


pT TX PTT. a 
by putting m+r=f, p+m+r=g, and making & 
z*" a general Multiplicator, will be reduced to & X 


. YO CoD OR \ 


4 9. Z— I. 2. Z — 1. g —2. n 


1 m +3 . 
FEE (1) C4; whereit 


appears jun the | foregoing Values of B, C, and D/ 
that the Coefficient of A is always equal to the laſt Term 


of the preceding Series, multiplied by TI x na (in- 
ſtead of * „ e 


CoRoLL AR x. 


288. If c be negative, ſo that A, or its Equal, 
a + cz", may become equal to Nothing, the Fluent will, 


S * 


9 


„ 


Of the Compariſett 


m+2 


in that Circumſtance, be barely = 


p+mbHi Tn * 
. m + „ 3 i 2 — 
K. provided the Values of n+ 1, 7 


p, and n are poſitive: Or, if c, p, and x be poſitive, and 
mr +þ negative, the ſame Expreſſion will exhibit the + 
true Value of the whole Fluent, generated while , 


b ſrom Nothing, becomes infinite. 
hi PROM Vs. . 
! 289. The ſame being given ds in the preceding, Problems 1 on 
| - m— 
8 it is propeſed to find the Fluent of aca ho 
I Eo 1 | 1 
ll If —7 be wrote inſtead of r, in the laſt Article, VF 
1 we ſhall have n—=r=f, p+m—r=g, and I" af” | 
| S i, appe 
9 — — a 
| . 221. 5 TAT T of | 
1 m2 _ | . ; 
| FEI (7) Xx A, expreſſing the required Fluent in 4 
| this Caſe. 


18 | m4 #m#M+2 3 4 
* But Tui 512 &c, continaed to — 


Factors, ſignifies the ſame thing as che Product con- 


[: tinued downwards, or the contrary way, to 7 Fattors, 
i according to the ſame Law: And therefore is = 


DE. T {r). After the ſame 


m m—T M—2 | 

; —— FN 98383 | 
Manner we have N + LE [awe] ws 
21. | 271.272. S 

FTI. ns FTI T2. aa R 

a 7 


Uſe © 


F Fluents. 


. — 6 
TI. na FTI TT 2. na * 
Pt PA A 122 


m 21 


CokokLAx v. 


290. It appears from hence that the Corfficient of 4, 


the given Fluent, will always be equal to that of the 
laſt Term of the preceding Series, multiplied by p Tn: 
For, ſeeing the Coefficient of the ſaid Kat Term (whoſe 
Diſtance from the firſt, incluſive, is denoted by r) muſt be 
TI. T2 7 © © © „ a ee 
FIT FT J. . f+r 4 
the Series) where f+r n and g+r —1I=p+m—1 (as 
appears from above) it follows, by inverting the Order 


Sons. that EI. +m—2(r=1) 
of both Progreſſions, 2 65 


x — will alſo expreſs the ſame Coefficient: Which, 
na : 


1 - p 
x — {by the Law of 


þ+m.p+m-1-p+m— (U 
the m—1.m—2 (r 


multiplied by 5 T N, gives 


7, the very Coefficient of 4, above determined. The 


a ; 
Uſe of this Concluſion will be ſeen in what follows. 


PR @- 
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(+) and conſequently che Fluent itſelf = . 2. K 
ẽWaB—'ä. ß—ßÄ3ßÄ5xXß.ß ⁰FU—— —— ⅛ Hp mw 
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95 


PRO B. vn. 


291. The fame being, Mill, given; ts find the Fluent of 


4 T ** . . | 
By proceeding as in the laſt Problem; the required 
Fluent of a+") . js derived from that of 
CCC | . | 
a+ | XX = (givenby Prob. 4.) and comes out 


—— — 9 + 

_ 2 —— — a : 

- 8 9111.22 911.2 12. 2 

S2. 5 +23.0x (v ) + t—1 ee ors. 
_—ETT———_ — 1 — 6 
211. T 2.7 1 3. na . 05 


* . Where, Q aT, g=p—v—r, ng 
a f \ : ; 


t=p+m+1: And where, the Coefficient of A is equal 
to that of the laſt of the preceding Terms, multiplied 


by —m+p x nc. If the Manner of deducing the re- 
quired Fluent, in this, and the laſt, Problem, ſhould not 
appear ſufficiently plain and ſatisfactory to the Beginner; 
the ſame Concluſions may be, otherwiſe, brought out; 
by finding 4, in Terms of B, C, or D, from the ſe- 
veral particular Equations in Art. 283. or, by aſſuming 


a deſcending Series, inſtead of an aſcending one. Via. 


Art. 284. 

p R O B. VIII. 
202. The ſame being, ſtill, given; to find the Fluent if 
e of OY 8 


a Vs 


Let the Fluent of a + 2 x of e = (given h 
Prob. 4.) be denoted by B, and that required 1 F: 
| | _ hen, 


ent of 


quired 
hat of 


ies out 


the re- 
uld not 
inner; 
t out; 
the ſe- 
Tuming 


Via. 


luent of 


iven by 
by F: 
Then, 


/ Fluents. 


oy if ka be put — =p; the Value of F (the Fluent 


of 2 el 9 Katt" 2) * of B 


(the Fluent of T x ali) by writing B for 
m ＋ t 


4 andg for P. in Art. 287. Whence we get F= =2 


17 X 2 [7 e 7 


Aj ce wer 
71 1 7. 3 22 2490 
þ =p+v, f= = r, 20 =p4m+r) =pjmg 64% 3 
n 

Which Fluent, by fubliturig the Value of 5 (i 


Prob. 4.) becomes F= Lr 3 K # £5 ks 


9292 . 


A 


* * hyp X —— 

—— 
— a 
(vo) Þ. -—= Ie (7) x a” * + 


= m+ 1. | © pints : 
(v) x _ : Where be- 12 


cf! 
and Fler 3. and where the . of the laſt Term 
5 + of Bier — as v is * even or odd Number. 


nd 
—— 


571 anc” 


_ 75 
m+ mtr. 


* 


- 
Wi 


21 a4 3 | 


Px. 


3 21 


3 5 f rhe Compariſon 
292. If the laſt Term of the firſt Series, excluſire 
of the general Multiplicator ., be denoted by 


m+ti _ +2 
85 the Multiplicator, — * 7 — =(r)x@ » to 
1 c rtr p+m+2 . 1. 
A 287, the ſecond Serles will be = i x ne8 *; and there Ju 


f fore the. firſt . of this Series, including its Mul- 02 


= +3 — 
| tiplicators is = tx ap" Fi : Which, i if R Fa 
ier | 


be put to denote the. laſt Term g e of the df 
firſt Serles (with its Multplicator) will be expounded by of 


mw. R 
ES Hence it "ons, that. the Fan of es 
5 6 | 
cl * — bs given above, vita is n f 
* Zaki 53 aH f=1 
— 9 ＋ = * 2 — x XZ 
11 — 2 ak ATZ aR W 4 (m 
2 + 2 0 + SÞ+1qI 1 1 * to 
R 7 
oh — T- 23 2 1 


— — 


2 — 2. De x £2 


p+m+1 9+m+2 (7) X . F Tr. T2 269 
Where Te ee F; Ge be 
| ſent the Terms immediately prec ing choſe where they 
+ ſtand, under their proper Signs: & being the laſt Term 
of the firſt Series; alſo Fm gazm+r+p +4 


2-1, m, t NH, and Z ae. 


c- 


J | Flunts, 


85 e *. 


LY Since the Diviſor, * 1. 5 2 (r) x 
1. T 1. (v), of the 77 Term of the Fluent (by 


ſubſtituting fot t and 5 Gr.) is S Fer. Fra 2 


(2) x HTI. pTA 2 (7): Where, the laſt 
Factor (p+m+v) of the firſt Progreſſion, is leſs by 
Unity than the firſt Factor of the Second; it is evident 
that the ſaid fecond Progreſſion: is only # Continuation 
bf the firſt to 5: more Factors: And ſo, the laſt Term 


7271.72 2 TZ. mty 


. fa ; 11 3 (vtr) | Ta 


Hente it fallow, that the Fluent of a 7 cx ** 
e or that of 7 — ih FY Mt 


to Noting; be 217 BE Hog 5 


7 4, 


4 being u the Fluent of — „z, in tis .Cir- 
cumſtance, v and r whole poſitive Numbers, and 5 


And m+1 oy TON Numbers, Either whole or 3 


senorion. 


294. 1 the Fluent of a + * ** | br; ven 


by. 1 5.) be denoted by C; then * the Fluent of 


2 + cx JE, ti; (where m = m+r) will be had, 
from C (by Prob. bo, according to a new Form, dif- 
Ee ferent 


of the Fluent, where A is found, is truly expreſſed by 4 
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) 


— ——— —— —-— 2 
= oY 


O_o ay — —— tn RE 


- — — — 2 — — — — — — 1. on — — : — 

— — — - — « # MN - — — — — —_- ,— FR 8 
— — 2 Ds EA reds, n: - — ER \ 2 

= - —— — - Er ͤ OC — — 
— — — — — A — * 
* — — : ” - % 2 Nr C ps ” 
- - ——— 2 — - FR. — — — — — IT. > — — 2 —— \ 
* — . at ww —— 


— — — — — 
— 22 — DD 
/ 


— 


355 — a 
. 
— 1 
o 


— —— 
r 
2 — 


Of 1 the Compariſon 


ferent from thoſe already given. And, by 9 


the ſame Method, the Fluents of * * 


e ee er- 
* 17 waa a Ss may alſo be found, each, according to 
two different Forms, from a Combirtati>i of the cor · 
reſponding Caſes in the foregoing Problems. 9 


But, as it is extremely tireſome to repeat the ſame 
thing, again and again, where ſuch a Number of Sym- 
bols are neceſſarily concerned, I ſhall here put down 
one Solution to each Caſe (becauſe of their Uſe) leaving 
the Proceſs and the other Forms (which contain no new 
Difficulty) to Thoſe” AY will uy at | Wo. FT rouble & to ſet 
* e | | 


. 5. 
$' 4 * * 


+ 8 
of” 5 is = 


"42; The Fluent of ata — 
— +x x after | — dl 2, £23. „8 (r r) 


5 62". 41 = bs 7 
a Toy LY 64 „ 5 , 6 * * * * 7 8 * 
311 1 48 . ; wot ns net 2 A. 2 2 : — 

3 mz * 7 11 772 gon 2 


Where E, 4, K, . IX 4 , F 7. Ec. denote thi 
Terms immediate! ein thoſe where they ſtand, 
under their proper Signs; R being the laſt Term of thi 
firſt Series, alſo we fe gre PEP BRED 


— 1 


the given Fluent of a+ =” 2 1 


WY 


7 
LI 


4 
"© 2 1 7 1 ey 
= a ; 1 3 - 4, „ 
1. - 0 * : 
F . . * * = = s - s . 
. * . — 
. . 
* * 6 * a * * 
7 » 


0. The 


of h 2 


„ e Tf 


" I” The Fluent of a _ 60 K* a is 


2 —. . * 3 bn 
F BNET. 


TITAN © . Oy 


\5+2 5+3 xt Js * 142 3 


4777727730 * Tex! 7 x 


* nn. 
oo 


Where 1=þ=v=—1, nr. nr ** 
17 and the reſt as in the preceding Caſe. 120 


r BR 5+2 Sex" | +3 . Tz, 
„ —— — „ . | 
or ore 


. 


In which Aba mb rt, . 
= and the reſt as before. 

295. From what has been delivered i in this Section, 
the Fluents of various Forms of Fluxions may be ex- 
hibited, by means of circular Arcs and Logarithms. 

—1 In—T 
For, ſince the -Fiuencs - - of e X oo 31 


e „ ae ae ew 'z\(which 
I call original Ones) are all of them explicable by one 


or the other, of theſe two Kinds of Quantities (as will 
. 1 wg 8 


appear farther on) theſe of a 7 ＋ * 2 OW 
* 2 * vn—1 k 3 ee hat) r ' 
NN PE * 2 Lo &, and a+"! 4 * 


bon 


Z 'z will alſo be given from thence, by the fore- 


3 going 
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| Of the Compariſon 


ing Theorems. Whenee the moſt uſeful Forms of 
luents in Cotes's Harmonia Menſtrarum will be ob- 


tained, beſides ſome others, more general than any, of 


the ſame K ind, put dewn by that ſagaciaus Authof- 
Here follow a few * 0 n 8 the off 
uſeful Caſes, | | 


EXAMPLE 1. 


7 


256 Let the Ne giuen be — {or FI? 
* £) ku any le poſtioe Number | 


Then, the. Fluent of FEA „ 2. or Free Tz 


being = hyp He FEE, or, equal ta the 


„An. ur Arch! whaſe Sine i is — = and Radius Unity *; according 
$$2+ 


the ſecond Term, in d=, is poſitive or negative ; 
Jet A'be, therefore, taken to dete the ſaid Arch, or 


Logarithm; on let 4 ＋ * * z be compared with 


8 — 1 
„CCC 


poſed to be given = 4) and you will haye pong, c 
I, 2, = — , 2Þ—1=0, and therefore pg: 
hence, by ſubſtituting thoſe Values in Art. 283 we 


likewiſe get q (p+y—1) = . 5 (m+g) = 
N and, En the 3 


21 „ ay 2.2. 3 
— 3 2 = 20==1.4%2 
| 25 | 20 24 2 
25— 1.25.3. K x8 21. 25—3. aud 
Rs NS —_— == — 88 — —̃ b 
22—2:25 4 | 25.432.294. 25 


( v} 


1 Fheents: 
In. which the 


0 42 * Sx Ce: 


jaſt Term 1 negative, * the given Fluxion is 


[2 . 


.,, and v. at the fame time, an odd Numbers 


but in al other Caſes, affirmative. 


| EXAMPLE II. 


N 8 
x 2*z) * 


297. * 7 FFF (or a FF 


Here, denbting the Fluent of 4 Fa: by A (as 


above) and comparing SF z} * 


er 


* *, with 


x n eren 


and the reſt as in the laſt Example: Whence alſo 
2 (p+0) Sf, 7 (m+r) 5 g=v+1, Wat. 
*, and the F Fluent itſelf = 


2 — + 22 


FED 20=—2.%* 


x le x (R. S, 7, . — A. 256, 


F r (« as + 7 
2—4.2 | 3 


ceding re with their Signs) —— x 
— 


HEE 


- 2v 


x — 2 — 1. 25— — 
2. 1 


0 


(v+1) +: >. Xo 
the Sign of the laſt Term 2 be related as in the 


*. Where 


of the Compar, Jon 


preceding Example—IF the F. hen aps 
* 21 9 


EX AM FE L. E III. 


| SR 
298. M herein the Fluxion propuſed is A" * | x 


. eee 23; r and v being any whole geln. 8 


Since the Fluent of 4. . * gee (as will 


: appear N is truly expreſſed by = X drch, whoſ 


pine is. # and Radius og, let this Value be de 


noted by A; and then, by writing 4 for a, — 1 for c, 
1 for Wy. and 2 for p, in Art. 292, we ſhall have f 


(m+7) = Necla p#r+6) ap fon 


29—1 


"ra 6 Ser, * tor = 2 1, 


| | (+ J=s" — , and the Fluent, itſelf, equi to 


8 1 a” = Hf | 21—3 
— 4-1 „ X 7 
24 21—5 „ K . = 2 —1 


28 22—3 3 Wa X_1.3-5.7 (v) 
LO IE 8 (ru 


A. 293 3 > 2. In which H, I; K... X, S, J. Ce. 


— the preceding Terms with their Signs ; R being 


ERR ARS, PO ĩð2u . FE 


or 


of 2 I A= (in which the Exponent is ne- 
ative) be required; the Anſwer will be had in Fa 
8 independent of A, by, Art. 85. | | 


0 2 
the lat Term of the firſt Series. Hence, becauſe all the 


Terms, but the laſt, _—_— _ Do, it follows that 


the whole Fluent 4 op 4 


while x, from Nothing, Nodes equal to 4 


d 
„is truly 


expreſſed by 23 527 (7) X143-5-7 (v). . 2 


2.4. 6. 8.10. 12 (r+v) 


| 1.3.7 (r) X1-3:5-7 (5 ren 
, 2.4.6.8. 10.12 (r+v) G being 


the nn of the Circle ugh Radius is Unity 
EX AMP L E Iv. ow 


299. Let it be required. to me ra whole 2 EY 


— : | 
- hm by Ne os generated whik . Hon No 


_ thing, becomss=a ; that of => 
given (= A. 3 


8 


Here, by -xpanding TH . our siven Fluxion 
”m 
berge = a—be" —.— * into dt 2 X 1. — — 


g. „ 2 | BBer Bin Par 
FFP 


Which Series being compared with elfe. + Fog Gr. 
(Vid. Art. 286.) we have e=1, f=—= — 


9871.4. 
1.2.4* 


„ c. and conſequently the Fluent ought 


(by ſubſtituting theſe Values) equal to 7 into 1— 


$44.9 t „ . Ber at 
2 1 * mri” 7 * Pe 


= ns” : "hin 
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| 
| 
| 
, 
N 


330 O the Compariſon of Fluents, 


£4163 E. . 2 + Se (1 
% 8. 4 | 
being = pi.) 

He 


re the Values of m+1, 1 and 5 are ſuppoſed pas 


» Art 286, ſitive; and it i requiſite that 1+ 2 ſhould alſo be 


ſitive ; otherwiſe the Fluent will fall. - Although the 
ries brought out above runs on to Infinity, yet it may 
be ſum'd, in many Caſes ; Thus, if the given Fluxion 


— 
yas den, the foreſaid Series be- 


2 2 \ ER j ; . 
5 4 "| R | 
tix Be enen Fn Gi om 


will be 1 +2] + And conſequently £,,, 7 
= the Fluent ſought; Where, 4 (the whole Fluent of 


a bx 


K 1 bein u Sek 

1 = —— & Semi- Peri- 
n OO 7: 
phery of the Circle whoſe Radius is Unity, the Fluent 


iven a will, be = . 
given n e therefore, be . 
* by the fame Semi-Periphery. If the Reader is de- 
ſirous to ſee a further Application of the Summation of 
Serieſes, to the finding of Fluents, I muſt refer him to 
my Diſſertations (where it is handled in a general Man- 
opts having neither Room nox Inclination to treat of 

i here. by | * 


s EC- 


$ECTIQN W. 
Of the Transformation of Fluxions, 
301. D the Transformation of Fluxions may be 


underſtood, the reducing amy fluxipnal Quan- 


tity to à different, or moro commodious, Form; ac- 
carding to which Senſe, a great Part of the ſecond 
ene 11 * under — 1 Puts what 
is here propo and what is commonly meant by the 
Transformation of Fluxions,. is, the Method of & 
dering thoſe Kinds of Expreſſions which involve age va- 


riable Qyantity ay with its Fluxion ; which, yet, are 


ſo affected by radical Signs, that the Fluent, without 
an Infinite Series, wands be | . 
for a new Subſtitution, or ſome other Kind of Tranſ- 
formation, whereby the given Fluxion is render d more 
manageable. | | 
Something of this Sort has been already touch'd upon 
in Art, 83. And in what follows I ſhall farther point 


out and lify the principal Cafes wherein ſuch 2 


Procedure will be of Service. 

302. If the Number of Dimenſions of the variable Quan- 
tity, without the Vinculum, increaſed by Unity, be ſome ali- 
quot Part, or Parts, of the Dimenſions of the ſame Duan- 
tity, under the Vinculum, the Fluxion will be reduced to 


a better Form by 4 l. Fo _ = A 1 


riable Quantity, iobich ari | 
under the Vinculum, by the Denominator of the Fradtion 
expreſſing the ſaid aliquot Party or Parts. ©— © 
i 5 1. 
T & 


aT 


ſubſtituting x=x* and taking the Fluxion of both Sides 
—1 


of the Equation, we have K h "5; and there- 
fore 1 = 3 Which Value, with that of =", 


9 
n 


Thus, if the Fluxion propounded be 


being wrote for their Equals, in the given Flyxion, -it 
5 10 . 


impracticable, were it not 
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332 Of the Transformation 


will be transformed to. ; RT 2 Which, putting 


5 — Kto make the Terms homologous), i is alſo ex- 
preſſed. by e Whereof the Fluente“ wil be 


given wy. ps or tre. 142. according. 24 the Sign 
of. x* 1s. —— negative. * hibres 
al f the- Power of the variable Quantity: under | 
the inculum has a Coefficient, it will be beſt to: bring 
"ou Coefficient without, the Vi ene itte 


— 10 4 4 * * 


= Bw 2.— Where let the F Sg given be Ci 
Which, 5 bringing 45 without the . becomes jj 
bs, ; 5 in ; | 2 
8851 1 — From whence; by putting: * x . 
; and proceeding as | abovey- we : get 25 
— | 
Whoſe F Fluent, 5 4. 13651 is ID * by. 1 x + 
; 7 e Luc : I" IR ef WI 
7 +: * This by reſtoring =, become, —*ll 
+ ny Which, cotresled ts | RE 
fiat = = = o when & = = 0) gives, at length, a x | 2 
1 5 V., 
by. Log. 2 ho: Leg. Wer od 
99 fo rY 
; 2 — fx + £ for: the true MW —: 


.V 
2 


K 


nunc 5 
13e 


8 . 


a 


1 
4 


ting * 5 is trnsformes/to 


of Fluxiont. 5 : 


But, whed e is @ negative Quantity, this F luent fails 
n the. ſquare). —_ of . is to be extracted. n 


— = muſt be transformed to 


£54 


: And Ft its. Fhent 


this. Caſe! 2 = 
12. 
4 — 2 
iin 23% 700d 75 10 A 0} 1 9 2, 3001 


j 4 


16 - TH 


An x94) will be had Te ST. x tl wa of a 


Circle- whoſe Radius is Unity, and Right-Sine = 


P ĩ˙¹·¹.¹ +> * 
F A 4 „ p PIT 5 1 - * EA 
$ . tage +> - Lb * ra — —_—_ 3 2 * 1 A, 


8 . 
15 . 3 


Wes” Eh | 


*/ a + & . 
Tf 


| Fe. 3. 12 the given Fluxion be 
Which, by bringing « c without the Vi nculim, and 


4 


1 * 7 1 
. » 4 = „ + «5 I , &* &3 
— E 4's 4 3 2320 2 2 a 


n af he Fluent by Ar te. 126.2 == 2 X Hb. Lag. 


> * > * 
% 


MEL TELS LEED But here, when c is pdlitive, 
Va V4 ＋ ; SS 

the Numexator will be negative; in which oſs, it will 
be "nou to change its Signs, and expreſs the Fluent by 


Va + of — 55 
1 Log. That ſi 
757 "9p. Tot + Ve 3 


1 


— 
5 


ou * "A 4 #0 i N 2-7? 19 12 0 


— 


| 
| 
| 


| Of the Trangormatim 


an Alteration of the Signs can make no Difference ii 
| the Fluxion, is evident the Nature of Logarithms; 


Xx 


becauſe-the Fluxion of the Zig, of = x (= ===) 


4K 


js the ſame with that of the hyp. Log. of x. It will be 
proper to obſerye farther, that, inſtead of the Logarithm 
above derived, any one of the an — . — 


. — — 


titles may be taken; ; viz, Hp. Logs. 
(found by multiplying 1 both the Nomchlrbr a hl Deno- 
 minator of the foreſaid Logarithm by Va + & +: « fo * 
= 2 X Hp. Log. Vat — ( de Nn 


VS 
| of Logins) = = % X « Of Tags 8 
a 


(63; ene ts, by V+ = 4 + * + V7) 
But, take which of theſe Forms you will, the Fluent 
fails: when z is negative; becauſe the general ultiplicator 


— is then impoſſible. In this Caſe the Fluent of 


0 
* * ns 


=; of its Equal - . will 
— = + ** : 


be given ” 142.9 i expounded by — * — 
ane? ; = 


. ＋ 5 
uc 


* . 2 71 where 4 ines o. d whok 
Radius h Un; and Setnt === 


In 


luent of 


= will 
2 


wa» 
— 


— 
; whol ſe 
5 


In 


In the fame n the men of EOS is found : 
+ 


=; 72 * hr , whok Radius s _ and 4 Tits 
a+ v= = arevediy ts the Value of 2 is e 
74 —V — _— a 


mative or negative; 4 being ſuppoſed affirmative. 


304. When thei, Power, of — the variable 


ly, in the engminantr, it may be. of Uſe to ſub- 
la, for Fo the + , ihe aid . VE | 
the beg which —_ 2 dividing ſame known Duan- 


miar. 


Ex. 1. Let the prope d Fluxim be 2 = CESS 


ten pitln 15 f. CILEEED nd == — 


Ex 2. Lt the Ziven Fluxion be —— 


* * aa - ur 
Here, putting * = „5 we have 1 = one 

_ beg as 12 
. i= E, vi = ww 22 . Be, 


3 Transformation 


* — 


| FEE een 4 : N 
Quantity propoſed is transformed to r 


Whoſe Fluent may be found from a Table of Logs 
richts; as will- appear farther on. 


305. If the Fluxion given is 2 Ty two 'dj 
ferent Surds, and the _ * or the 2254 
tbithout the Venen, be in a conſlant Ratio to the 
| Pluxion of the Quantity under the Vinculum of either 
Surd, or be related to it as in Art. 83. the given Fluxim 
will be + ow to a more 25 * 2 85 by FIRE for 


that Surd. x 5 
Ex. Is Tor — 5 F — * poenil, 
x a / of —_z 880 
© Then, putting r = WY FF = + us we Navi 2 jb 
n. — 
ua, and vc mm Ve '+ * = Va —s 
* * 1 12 
(by waking 2 +#) When os SEES 
23 * A N N „ A453 v0 tk 2 A 


79. p p p 8 * ; 
Va— x* 
Or, if » be, bor = V (inflead of. FIT); ; 
then x“ = > — *, 2% Ks, * = 


* _ — V af u and conſequetith 
— . 
2 A — 4 * r Fluent is 


— IR a? ra 2 4 4 3 „4 ; 7 
* 4 10 lin # 


| given by Ari. 297. or 1 31. 
Fe — — . "+4 


Ky, * Let the given ae 55 a + <\- 
63. Fa & ; ſuppoſing p to denote any whole paſiti Five Nene +, 
15 this Caſe, let that of the two Quintities, 3 a 53 cx 32 Z 


7 + fe? , Whoſe Index n or 7). is the moſt com- 
plex (which we will ſuppoſe the One) be put =; bw 


when we ſhall have z* = 7 E D 


» + 92 — N 
' be * 


nf? 
= the Fluxion propoſed : wre 71 vin a whole 


politive Number; the Value of . will therefore 


be be expreſſed in finite Terms; whence, if m be alſo a 


whole poſitive Number, the Fluent itſelf will be had in 
finite Terms: But, if m and + be the Halves of odd 
Numbers, then the Fluent will be found ( from Art. 
298 or 294.) by means of circular Arcs and Logarithms. 


ob, If the given Expreſſion be affefied by to Surds 
— 755 — of 2 x Quantity are the 


be related to the Flixion of either Surd, as in Art. $3. 
it may be of Uſe to ſubAitute Fg the Dwotient, or Ratio, 
of the tus Quantities under the radical Signs; Fin ſpecially, 
if the Sum of the ſaid radical Signs, or 

(ſuppoſing bot Surds 10 be reduced to the Denominater ) 
15 a who Number. is 


Ex, 1. — the ren ene 55 — . = 1 
N * 17 > c —273 :; 

LS 1 ng? 1 2 . 0 . 

Ts writing x = a= 7 we have 2 = === - 5g 


vo, FEET X# Je 
„24 2'2 = b3 + =) _— 77 +2 
a + cx 3 1 T Wo S 


cached re "=P FEA x af 


2 and 


F of Fluxions. 
| * nn—_—_— ber 
r i REG x 
” * b 


7 and at 4 + Tz, — 


ſame, and the rational Quantity, without the *— | 


ponents 


I+x 1 8 op 


| 
| 
| 
| 
| 
| 


33% 


' 5 a r mÞr i a J 
XX), = -| xa"; and conſequently. the 


be truly trad in finite Terms; becauſe boch. the Serieſes 
for the Values of ax—c-) and f—al do Qua 


Of the Transformation 
=: > ha 


On Pa; xx © pes 
8 1 F - 


| ; I | — 
Whoſe Fant is gy N 5 1 


Fo 2 
1 ” 
2b * 


5 


Ex. 2. Let there be given — — 
OO ne x oat 


. : 1 + 2 . 
Here, putting & = 8 vou will have „ = 
5 | „ e — 
a. —1 a- XX prom bf 5 5 


— fra | 
. | — 2 — | — — 


X 2 K) af — ce X x | * . 
| X 3 a+c 

| | AX e £2 to 

% | 8 . m— —_ — N ris 

Ar 22 R* e+fi 5 — * 

N (= a+al ® e 
. * | a+” | . 3 

. . : : 20 


Ms SD DD 
Wen. er WO Een... 
| | nx af c | 


= 
c 


Where, if r be a whole poſitive Number, greater I pft 
than þ (alſo a whole poſitive. Number) the Fluent will Flu 


in. that Caſe terminate. But, if. r and m4+r—p—1 | 
he the Halves of whole Numbers, poſitive or negative, MW expr 
then the Fluent will be given. by the laſt Section. 

207. A Trinomial is reduced to a Binomial by taking 
eway its middle Term; that is, by ſubſtituting for the Anſt 


Sum or Difference of the Power of the variable Duantity 
7 in 


greater 
nt will 
Serieſes 


_ 
do 

e 

ggative, 


y taling 
for the 
Puantity 

in 


' of Pluxions. 
in That Term and balf its Coefficient ;- according as the 
Bins of the tu Terms, where the ſaid ns is fand, 


are like, or unlike. 


Ex. 1. Let the _ Fluxion be Sw ; 
Vs + <a +X 


then, putting x K 3c, or r e, we haue &, 
and VT (NTA = HTA -= ic) 


=VPF e 7 J; whence n_—_ 4 . 835 


"4 


* 
there reſults rr var Whoſe F u- 
ent is given by Art. 126 | | 


Ex. 2. Let the Fluxion given nts 


V a+ e 


Firs by bringing e without the Vinculum, according 


to Art. 303. we have VT VT x 


” 


"7 +08 And, by putting a = = + 


. or 2 we alſo r 2 2 == 


— — 


m_ 1 


7). . 


Fluxions transformed, is . — — 
ä V 


Whoſe Fluent i is given by Art. 126. 4 c 5 5 * 
Quantity: But, when c — the Fluxion muſt be 


expreſſed thus, 
Anſwering to Form 2. Art. 142. 
a 22 : Ex. 


” 
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— 7 — ; a bz = 
a+bz + * 6 * 7 * _ + 2 


be transformed to * 


„„ * 2 
(Enn 5} a—_—__ > 


Of the Transformation 
fern + gent, pr . 1. 


Ex. 3. Let a 

5 a+bz" + 2 
be propoſed. - on. 
Then, following the Steps of the laſt Example, 


L F 
. 


, ) will 


* . + * : More- 
c 4c | ts 


over, z" being =#— = x — d (by putting d = 
=, we alſo have (= 
na 

= 2 | ju=r, 


1 5 = 


* _ Yx—=2dxz+d4z 


) and * * = 


Sc. Oc. From whence, by ſubſtituting theſe ſe- 

veral Values in the given Fluxion, and putting 

9 . = 4, there comes out 
„ Ra 8 

fe +2x xx -A. h x *** — 2dr. T d e.. 

JERtB So 

Whoſe Fluent, when the Exponent m is the Half o 


any Integer, poſitive or negative, will be found, by 


means of circular Arcs and Logarithms, from Art, 
295 | 
| — When the Denominator is a rational Trinomial. 
o/ Multinomial (that - -when it p without a Vinculum 
the beft Way of proceeding, for the general Part, is, t 
_ the given Praftien. - binomial Ones. : In : or- 
der to this, let its Denominator be feigned = 0; by 


3 


| 
? 


is found = 3 JF = 
p— 


/ Fluxions. , 


means of which Equation, whoſe Roots mu be found, you 
will, ſubtratting each Root from the in leterminate 


Quantity (x), have the binomial Denominators, of the re- 


quired Frattions into which the given One may be re- 


folued : Whoſe corre ſponding Numerators, let. be denoted. 


Ax, Bx, Cx &c. then, by putting the Sum of the Frac- 
tions, thus ariſing, equal to the given Fraction, and re- 
ducing the whole Equation to the ſame Denominator, the 
aſſumed Quantities A, B, C Sc. by comparing the ho- 
mologaus Terms, will be determined. | 45 


Er. 1. Let the given Fraftion be 


ſeigning x*+ ax +4 = 0, the two Roots of the Equation 
will be — 1242 —- 4a*—b, and — l TVI - 
Which being denoted by p and 9, we have x—þ and 
x—q for the two binomial Factors whereby x* + ax + 3 
may be reſolved, or by whoſe Multiplication (x—þ 
X x — q) the ſaid Quantity is produced. 

a 


Let therefore < + — be now aſſumed (= 


p ae - | 
* x | : 
urg) = pron eas, then, by reducing the. 
whole Equation to one Denomination Fc. we get 
1+ 5 X xXx — 94 ＋ p68 T1 N S: Wheace 4 


= = and, conſequently, ; 


a x 
P=gxnmp Tqmpanmg Otaxts 
/ G 7 20. 3 
Ex. 2. Let the Quantity propoſed be ITS. 


Here, if the binomial Factors whereby & + ax* ,- 
e is produced be repreſented by x —p, x — 9, and 


*, 


3 . : A. f — N 2 p 
r, and there be aſſumed — Bx 2 


23 | 


2 
PF ax +5) ens. 
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. CRY —— e 


19 | 
if 
al 
11 
1 
* k 
i 
14 | 
4 i! 
{i 
ti 5 
1 
el 4 
We. / 
{ 
5 $: \ 
1 
1 15 
uh + 
if * 
N 
L 1 
i if | 
1 
+ 
1 
1 
$ 
Ly 
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Of the Transformation 

FE IS 6 
S ee "IE az 
this Caſe, we ſhall have AX x—q K rA „pK 
rer CX N= - S; that is, by Reduction 


| £ A* A gr A | 
C * * — p+rxB X » + prBp = 0 
p+g xC gc SYS 
Whence 4+ B+ Ci, Axqhtr+BxpþÞr+Cxp+ | 
of theſe Equations, multiply'd by p+g, ſubtract the 


ſecond, and you will have Axp—r BNA = þ+9 
Alfo, from the firſt, multiply'd by pg, ſubtract the third; 


then A x pg—rg + Bxpg—pr pg. Laſtly, from the 


. a 
z then, in 


7 


former of the two Equations thus ariſing. multiply'd by 


p-; ſubtra& the latter, then Axpp— 5, T r pb, 
that is, Axp—qgup—r =þ*; and conſequently 4 = 


| —— Whence, by the very ſame Argument, 


a . ; 
332 INTE ARIES and C = = 4 —= 
1 GAA g-þ X g- r === Pe 1 


309. Aſter the ſame Manner you ＋ proceed in other 
Cafes: But there is an Artifice, or Compendium, for 
more readily determining the aſſumed Quantities A, B, C. 
Sc. by which a great deal of Trouble is ayoided : And 
that is, by conſidering the Equation in ſuch Circum- 


ſtances of the indeterminate Quantity x, when it be- 


comes moſt ſimple, or when moſt of its Terms vaniſh. 


Thus, in the preceding Example, becauſe 4 * #—q 


„ #—r+B x x—pxx—r+Cxx—pxx—g-wtis=0 
(in all Circumſtances of x whatever) let x be taken p 
then, all the Terms vaniſhing, except the firſt and laſt, 

1 . "we 


hen, in 


luction, 


= O. 


7 
the firſt 
act the 
?: 
third 3 
om the 
1d by. 


Fa Pp, 


ument, 


n other 
m, for 
A4, B, C. 
: And 
ircum- 
it be- 
niſh, 


+ an + be "+ . Ce. 


L of NR. F 1005, | > 
we have T x 79 * 7—— 20 ; and conſequently # = 
===; the very ſame as before. 
Frx pr nn. 
More univerſally, let the given Fraction be 


* 
AA. 4 ; — 


— . 


55 a 
2 f | 

„ — (where m and n may 

x—þ * K X #7 X x—s Ce. 2 
repreſent any whole poſitive Numbers whatever, pro- 
vided the latter be greater than the former.) Then, 


afuming . — — &c. = 
.. we ſhall have 4 x 
1 ＋＋ ax" D Oc. | 


+ C * Os „ ger: Ce. Cc. = o: From 
whence, by expounding x by p, 2, 1 Cc. ſucceſlively, 


we . 2 B = 
n a ' of : 
5 — — — 


1—þ . r. q—8 &c. FP. r—=gq.r=—s oc, ? 
ic, Whence the Fractions themſelves, whereof theſe 
Quantities are the Coefficient, or Numerators, will like- 
wiſe be given. | 88 | 

But the Numerators thus found may, ſometimes, be 
more commodioufly expreſſed by Help of the given 
Coefficients, a, b, c, d Sc. fo as to involye only one of 
the Roots p, q, 1 Cc. in each Fraction. For, fince 


p * r Cc. is ſuppoſed, univerſally, = * 
if both Sides of the 


4 Equation 
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Equation be divided by — we ſhall haye x—g x 
VE LE ar 4 8 Ter FC.. 

; * n 5 CIS EY 
Which laſt Expreſſion aig x is = þ, that is, | when 
both the Nee and the Denominator become equal ual 


to Nothing, will, manifeſtly, be equal to (p—g p—q x Pr 


* 5 = &c.) the Diviſor of 4. Therefore, if the 
Flyxion of the Numerator be taken and divided by that 
of the Denominator, and p be wrote inſtead of x (vid. 
Page 155.) we ſhall have . —1x a”? + 
n—2 x bp"—3 Cc. = y * I * þ—s e chere · 


bers TEM =p = = . wo 


1 —— 'B the 
very ſame Reaoging B = = | 
or 


n * . af 2. % Ce- 9 


— — — — L.. 
nm" 4A—1 1 Ec. 


Hence it appears, that, if the Numerator of the given 
Frattion be divided by the Fluxion of the Denominator 
(negleciing +) and the ſeveral 4 Roots p, 9, r &c. (found 
by feigning the Denominater = o) be, Fah, bwely, fubſii- 
tuted in tue Quotient, inſieed of x; I ſay, it is evident, 
that the Quantities ſo reſulting, divided by x—þ, x9, 
x—r Ce. will be the required, binomial, Fractions int, 
which the propoſed multinomial One may be reſolved. | 


. 310. If ſome of the Roots p, 9, r &c. are TEEN 
ſible, which is often the Caſe, the Fractions thus 
found, where the lmpoſlible Roots are concerned, muſt 

de 


the 2 


be given 
minator 

(found 
J. i- 
evident, 
=p 
ons inte 


impoſ- 


us thus 
d, muſt 
de 


J of Phluxions, 8 
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be united in Pairs, and ſo reduced to trinomial Ones, in = 


order to take away the imaginary Term. 
. f 
Thus, let the Fraction propoſed = as 2 
and let two of the Roots, ? and 2, of the Equation 
As. 


e + bx + c=0 be ages — —— + 


ond; ＋ E. 
niting the 3 Terms, bare? AB 2 Lent — De 
* — 4 x * 


2 | al 
= where the impoſ- 


ſible Quantities deſtroy one another, But, to render 


this more. obvious, let g be taken = o, b =0, and c = 


—7, ſo that the given Fraftion may become ; 
then the three Roots (2, 95 7) of the Equation, x%=1 


VEL, 


o, will here be — * 

and I; ; whereof the two former * impoſſible. More: 
qver, by dividing the Numerator (x) by the Fluxipn of 
the ang (3) (according to the Preſ cript) we 


have = which, by writing p, 75 r ſucceſſively, in- 


q 2 1 | | 
ſtead of x, becomes , — and — f. 
4 * 30" 39 Ir or the Values of 4, 
B, and C, reſpeQively. Whence FB x x—Ap— By 
e ? IN. 


— x +3 7 


20 - 9 a=a = 


2 
N 


. But the ſame may be, other- 
wiſe, 


. 1.- LW | 


, we ſhall, by u- 


* 


4 
22 * 5 


9 5 * 4 Ae - 0 


—— — 


I» 4h DE ga — 


—ů— - 
r 


— "7 


"= 4 - — — 

4 SEC 2 — K — 

1 = 2 
— == 2 - 
U ES ws, " — 
— . . — EEE 
a — 8 
my wa 8 * 
— , 


— 5 — 
- 
gp RI —— — _— — 
— 3 w—_ P - — Ratmagy — 
— — 4 FL — —— —— — — — — - 
2 — — * — — — : 
—_ _ _ ——_—_ — = _ = = 
—_ =2; = — —- — 2 : - — 
j CE LL RS . — . — . . — 
— * — r * = — _ — mu A. 
* 7 > = - - — — 
p ——— — - AE = ws * 
8 8 * — — — — - — > . 4 —I — "al 
X — 1 . — rr — . br 4 ” . — . 
wi G ok ed RS a Bb I 1 


2 
Fluent will be had in finite Terms (by Art. 306. Ex. 2 Co. 
| Sin 


Of the Tra i mati n of Fluxions. 


wife, inveſtigated, in a more general Manner; by af. 
. Fr 5 Wa 
ing Tas — ag proceeding as 

In the firſt and ſecond Examples; whence the very ſame 
Conclufwn will be derived. © | 2 
If the FraQion. propoſed . he of this Form, vit. 


— x KEY —, the Method of Reſv- 
— a a — t et 
* + a c. 1 
lution will, Gill, be the ſame: Since, by putting æ 
the given Expreſſion is reduced to 


15 . 5 g Att 
yo 9 IRR | — ci 


„ „ be Oe. es id 
It may alſo be proper to obſerve, that, in very 
complicated Cafes, the Application of two, or - more, 
of the fix. foregoing Rules, may become neceſlary, 
Tnus, for Example, if the Fluxion given be 


* 75 by reſolving e+ r TR 


=) n 20 
ar e Xe + fs + 22 | 
into two Binomial Fractions, 2 


+ — (according 
b4=" bas" | 

Art. 308.) we ſhall dave — — 
fo 5 ZOt We E _ w_Y 
: a+" X£e+ A +2% 


AP "= - 3 Bf” 4 


: Where, 


—_ = m et cnc ES” ag — 
n X byz" aha X I- 
if m be a whole poſitive Number, greater than p, the 


S E C- 


„ fame Bi The * _ Fluents of | 1 


Frac tions, of ſeveral Dinenſiont, according 
to the Forms in Cotess HARMONIA 
MEV bang 


Attention of ſome of the moſt celebrated roma 
cians (who, yet, ſeem to have condeſcended v 

to the Information of their lels experienced Realer) 1 
ſhall endeavour to fet it in the elexreſt Light pe; ; 


In order to which, it will he requilite to premiſe the 
ſellowing Lemmas, 


L EMMA Il. 


1 
« 2x If the Sine of the Mean of three egui- di erent Arc, 
& upp 74 Racing Unity, be e þ by the. Double of 
2 he Fo 7 common Difference, and from the Pre- 
according ne of the leſſer ye es be ated, the 
inde will the 342 5 of the greater Extreme. 
— Leun II. 
+ &® 12. If @ be taken to denote the greater, and L the 
| er, of two unequal Arcs, and their Difference be ex- 
Where, RA D; then will, - 
| | Sin. G. CL D — Sin. L. x Rad. 
an p, the Sin. D = _” ad & 
6. £x. 2 Lox Rag f. G x C 
| Sin. D 
e LxGED 
| ü C0. Z. 
SEC 


9 | The 


311. S the Subject here propoſed is a Matter of 
conſiderable Difficulty, and has exerciſed the 


307. 
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Of the Fluents of Rational Fractionc, 
The former of theſe two Lemmas may be met with 


in moſt Authors upon Trigonometry; and the latter is 


nothing more than a Corollary to the common Theorems 
for finding the Sine and Co-ſine of the Sum and Dif. 


| ference of two given Arcs; for which Reafons I ſhall 


not ſtop here to give their Demonſtration. 
_-- CoroLLany. 


313. If any Arch of the Circle, whoſe Radius is 
Unity, be denoted by 2, its Sine by s, and its Co-ſine 
by @; and there be taken I :, B = 244 — 1. C 
2aB—A, =D=2aC—B, E=2aD—C, F=2aE — , 
Sc. it follows ( from Lemma 1.) that, ? 

Sin. 3 (Sin, 35 24— in. 0) 2. Oo = 


Sin. 3D (Sin. 2.2 x 2a—Sin. ) =235Aa—5=s5B 

Sin. 49 (Sin. 39 x 2a—Sin. 2D ) =25Ba—sA=sC 

Sin. 5D (Sin. 4.9 x 2a—Sin. 39) =25:Ca—sB=sD 

_ 69 (Sin. 52 x 2a—Sin. 42 ) =25Da—5C=s5E 
3 


&c. 
Saunas BM. T2 


314. To reſolve the Trinomial * -r þ x**, ads! 
n is any whole Number, into ſanple trinomial Fattors. 


Since the firſt Term of the given Quantity * — 


2 + & is diviſible, only, by the Powers of r, 


and the laſt, only, by thoſe of x; and it appears that 
r and x are concerned, exactly, alike ; let therefore 
r—2arx+x* (where r and x are, alſo, alike concerned) 
be aſſumed for one of the required trinomiat Factors, 
whereby * —2þr"z" + x** may be reſolved: And let 
1 — 2arXx +x* x r* + Ar ix Brex* +CGrix'+ Drx* + 
Cx + Br x* + Arx + x* (where r and x {ihe af- 
p 


fected alike) be aſſumed = r'*— 2&5 +x*® (the Va- 
Icuous, 


lue of , to render the Operation more per 
| Then, 


being firſt expreſſed by 5.) 
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£ 1 
Ara Brit cr I Dru +0 u FAS Kr. 
2 | "SE rar 24.4. 1 .- -a -a , -242 BN —20 Ar - „8 1 


OG 1 1 Ari TBH T Cr T Dr. CVD . ＋ Are * 


. . ANG 246526365⁵ũ 2232332466 V ==x"" 


by reſolving them into mere feniple 


en, by Multiplication. and Tranſpoſition, we ſhall 


have 


a a 2 f „ ere 
1132 33% way „ q wei ann 
% F — ＋ 0 w 2 3 | . be by & |: = © 2 
. ES BUSY nne r EEE GIS EGS 


Whence 
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— 


that the Co- ſine of a 


Whence, zg, B=2 Ma=or, C.-, D 
—B, and 2C—2aD424=0. But, if & be taken to 
denote the Arch (EF) of a Circle EHK, whoſe Radius 
EO is Unity, and Ca-fine (Of) = @; and 5 be put for 
Y the Sine of the ſame Arch; then 2 Corol. 1. 
1.) 5A = Sin, 2&, s#= Sin. 32, C = Sin. 49 


Ec. and conſequently 4 = SL B = — 2 


&. . 5 „0 . 24 | » % . 8 
in 2. 5 = 2 — "os = 42). More. 
over, becauſe, 2C—2aD434=0, or. DXa—Cx1=h, 
where (as appears from above} D x a—CxX1= 


Sin. 5 x Ce- /. =. Ra. = Co- h. 59. (9 


Caſe 1. Lem. 2.) we therefore have Co- /. n 
SA. Whence this Conſtruction. ＋ 5 V(nY 
Take R to denote 
the Arch (EM) whoſe 
Co-fine (ON) is the 
given Co- efficient &, and 
et & (EF) be taken 
to as I torn; then 
the Co-ſine (Of) of 
this laſt Arch will be the 
true Value of a. But 
this is only one of the 
Values that a will admit 
" - _-, Of: For it is well known, 
y Areh, is alſo the Co-ſine of the 
fame Arch increaſed by any Nugtber of Times the whole 
Periphery (P). Therefore, ſeeing the Co-ſine of 18 
(= Co-ſine of R) is Lcewiſe = Co-fine PTR Co-. 


25 + R = Coſ. 3P y Rc. it follows that © (whoſe 
Co: ſine is a) will be exprefſed by any one of the Arcs, 
R PR F. E Se. (or by EF, EO, EH, E 

; #4 | ? Wc, 


s#” x n 


— 


K 


e 


&c. ſuppoſing the whole Periphery to be divided ino n 
equal. Parts, from the Point F). Hence, if the Co- 
ſines of theſe ſeveral Arcs, exprefling all the different 
Values of a, be- repreſented bor b, © amd dz. Cc. reſper- 
tively, we ſhall have “ abTX& TT acræ tx 7 
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e » &c. for I require Fa by which. = 


—2&r"s" + x may be reſolved; and conſequently 
x7 X Zr + 3x x * + a (= 
2 . * "DAL 
Note, If the Sign of the bine Terr 26%" de po- 
fitive, the Diftance (or Co- ine) ON muſt be taken on 
the contrary Side of the Center: But when is greater 
than Unity, this Method of Solution fails; — 
ne can ne chan * Nd i 


Conotz any I. 


315. 11 1, the Arch R (whoſe Co- due i is 4) be- 
2 = ©, tle Values of 5, c. d, Ac. * en 


by the Co- ſines of the Arca 3 =: — Er. re- | 

ſheQtively : And oun general Eguation will bark become 
* — 27 ＋ =r* = 2brx + x x. au 
Ar (n), From whence, by extracting the 
Square-Rootz, on both Sides, we alſo hare * x = 


RET X r +=] 00. 


Conor LARY- II. 


376. But, if 1 (ar the middle Term. be | 


+ 2 * then the Arch R being 25 the Values of 


b : 4 Cc. will, here, be defined Re the Coſines of 
the 


3 
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the Arcs 
taking the Roa, . will become r + #* = 


Of the fin of Retinal Fran 


bf of 2 =; end 
2 '&e and our Equation, by 


rs "+: 80 * ee 60. 


3 Me 


| 27] Fm che two preceding Corollarics, the Bk 
n of that remarkable Property of the Circle 
give, a and applied to finding a vaſt. Number fly, a 
in  Cotes's Harmenia Megane. is 

naturally, deduced. wa bets hs 


For, ky the 
8 of the 


Cirele ABB Er. 
whoſe Radius is 
, expreſſed by r, 
be divided into 
as many equal 


in the given'In- 
teger u; ſo that 

B AB, AB, AB, 
c. may reſpedtively exhibit the Val ues of the forefail 


Ares , , = Ce. (vid. Corel. 1.) Moreover, let 


OQ be the Cities of the firſt of them; and, in the 
Radius OA (produced if neceſſary) let there be taken 


_ OP=x; and let OB, QB, PB, Sc. Cc. be Som: 


| Then, the Co-fine of the Angle AOB (= —) * 


the 


by reſolving them into more ſimple 0nee. 


will be 136 21 7 (0 Q = cr; Whence PB. (= 
OB + OP'— ER 655 * + * arr. macs 
+x* * — | i 

By the very ſame * PB? is = 2 T 
Sc. &c. Tannen becauſe T &* = 7— 2brx + * 


X a x og 7 T ( 5 by Coral. 1. 
it allows that their Equals, AO®* OP“ and PA x PB x 
PB xPB Ge. wuſt be equal likewiſe: Which is the 
firſt Pare of the Thverem above hinted at. 


After the ſame inner if the Arc AG, AG, AG, 
$2: 3: | 
AC be taken reſpeQively equal 9 2 Is Oc. 


it will appear c from Corol. 2.) that AO“ + PO“ is 


FC xPC xPC (n) Which is the latter Part of the ſame 


em. 
Hence (by the. Bye) all the Roots of the Equa- 
tion * = are very readily found: For, fince 


AO" 2 PO" = PA x PB x PB &c. where the ſecond 


Factor and the laſt, the third and the laſt but one, &c. 


re reſpectively equal to each other, it is evident that 


40˙ PO" (N is allo =PA xPB* xPB* xPB*= 
rOx X 75 Pers + x Xx 1 — 2drx + * Oc. 
Whence,, æ 2 * being = = o, it follows that ” & x x 


ic + * Ge. is = 0: From which, by extracting 
the Roots out of the 8 r o, are 


1. 24 + &* = = O Oc. we get r, r X 
= rX ke rx d+VE— x, 


Aa Se. 
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Oc. for the ſeveral Roots of the Equation * ra 


whereof the firſt, only, is poſſible when n is odd; 
the firſt and laſt on lf is rags is 


By the ſame Way of proceeding all the Roots of the 
= , will alſo be found: For, ſceing 


r yr ps ne X r moons} 


(=PCxPCxPC Ge.) where the firſt Factor and the 
laſt, the ſecond and the laſt but one, &c. are reſpec- 
tively equal to each other, it is plain that K + -" is 
likewiſe = — 2brx + x" N — 2x T Cc. and 


conſequently 2 114 


i 


Egquation, K + r* 


— 1 Ec. &c. 


Where 


the Roots are all impoſſible; "YL er the laſt, when their 


Number (u) is odd. 


LEMMA IV. 


318. Suppoſing every _y of ow as in the pre. 


ceding Lem ma, and that 8 b, ky 4 &c. denote the 


Sines of - the Arcs R, 


R P+R 2P+R 


— Ee. 


(whij 


Co- ſines are 45 b, 6 4, ey then, I ſay, the Fradtim 
1 


nkr x | 77 brx 
— is egua to Ar 
2s 1 n 2n — 2brx + x 
7 — Air * * | We 
cry rx 
Aa e. 
* a2cræ + * Tx — 2drx + x. | 


— + 


For, ſince 1» 21 XT, (rf —2rr +3") is 


= ri=—2arx T X , Ar + br*a*+ C Dre 


. Br'x*+ Arx +x* Oy the foreſaid Lemma) 


d © 


Og 


** 


and it is alſo proved chat #= 


I 


Sin. 255, B= Sin. = 


be 4 Age ? 8 


_ 


by reſobving them into mare "— onet. 


0 = m4 c. it is evident therefore, that 


2 — — 


— ( er Brbgh Oc.) is = + 


3 5 _ 
— * Ec. and conſequendy 2 5 . — 


—2arx + x* 


= dia. D xr? Pe Sin. 22 xr" + Sin, © + Sin, 
49 x ＋ Sin. 59 x x* + Sin. 42 Xx r &c, In 
which Equation, for @ and s, let their ſeveral reſpec- 


2 | 
tive Values 5, c, d, Sr. and 6, 45 d, Sc. be, ſucceſ- 


ſively, ſubſtituted ; and let the correſponding 1 = 4 


Z 2 2242 WEE &e, be reproſente by 2 9, S, G. 


then we tal have 


10.2 ri „„ i 
bx oat —— = Sin. Q xr* + Sin. 29D & & 


rim 2brx + x* 
! - _ * : 
lo abrix3 bai” 2 U 
= — 175 LR = Sin. Ax r Sia. a N ric. 
| | Ec. | | te, 


Which Equations, added all together, give 


I. c / 


2 ; b | c 
fr * ai += Za + 
/ FRE 
5 
Aar Xx + * Ge. 


ce 
Il — 


Aaz 


WG, - 
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( 


WE 1 
— — a Py 
2 2 hood 
s 2 8 $ 8 Ie 
2 = * 2 
— — 9 Sc. { 
— the F 
* of eq. 
* (whic 
F 2 2 2 2 all the 
* F F 227 
3 — equal 
— 5 Arch 
"yg Circle 
S 4 Sine 0! 
* Hen 
: L 
| 2 P26 
f G divided 
| „ f 
g 1 _ 7 
& © 2 2 
| R F F F 2 
2 2 
8 $4 
n Hold ar—- 
1 
* / 
| + 
| 8 _319- 
rf -=2CY 


But the Sines of the firſt Column, being thoſe offi, 4... 
an arithmetical Progreſſion (whoſe common Differeacei ISI 
a | i 3 a. 
=) by which the whole Periphery is divided into Mn), A 


equal Parts, their Sum will therefore it is well ge 
22 be equal to Nothing; or all the negative ones ou 85 0 
equal to all the poſitive ones. | 
| 9 The 


by refolving them into more fimple ones. 
The ſame 4s alſo true with regard to the Sines of the 


my Shes R 2PTzR 4P + 2R 
ſecond Column; whoſe Arcs = * F : : 2 


Sc. (having La for their common Difference) divide 
the Periphery (twice taken) into the ſame Number (v) 
of equal Parts. But the Sines of the midole Columa 
(which is the laſt above exhibited) will not vapifh, as 
all the reſt do: For, n2 being = R, 12 = PA R, 28 
225 + K, &c. the common Difference will here be 
equal to (P) the whole Peri z and therefore, every 
Arch terminating in the ſame Point with the firſt, che 
Circle will, in this Caſe, remain undivided, and the 
dine of each be equal to (4) the Sine of the firſt, . 
Hence, our Equation is reduced to aN 
5 ' 5 ; | 5 U 3 , 

Fora © T 
divided by r. - + x**, and multiplied by 7x, gives 
4 f 4 ” * 47 


— — 


*r SS. 5 I G nf 
amt Tmss TRI, 
8 | 1 1 | . : 


— $..5 T —- 2n ” 8 '28 
4 24 174 r —2r x +x 


| ; The "ſame otherwiſe. 


319. Since 21 + 4 is Sf x 

e acræ +3" XN +x* (n) by Lemma 3. it is 
* evident that, Log. — —2 +2 = Log. 
enden Leg. F Log ade 
into In). And, as this Equation holds univerſally, let & and 
be what they will (which two Quantities may be ſup- 
poſed to flow independently of eack other] let the 
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Fluxion of the whole Equation be taken, making & va- (vs 


Fe exp! 
, wow 2 ; 

| riable (and x conſtant) ; which gives * 21 be tl 

| bs Sr. 1 2 

6 F—ra+o Fu r 2dræx T 1 

* ms *. But, 4, b, cy &, E are the Co- ſines of the Arcs R, Eq - 


| T I 
Sines are 5 55 6 Ec.) therefore, the Fluxion of the 
firſt of theſe Arcs being denoted by R, the Fluxion of 
each of the reſt will be expreſſed by A And fo (the 


Fluxion of the Co- ſine of an Arch being equal to the 
Fluxion of the Arch itſelf drawn i into its "Sine, applied to 


Ee. a the correſ ponding 


| | + Art, . ins 4) it belles that Lin mw Ei, 5 => his 
Wl. = Sc. Which Values being Ons: in the 


1 
R 


— Equation, ap the whole divided 8 eh 


we have 4 1 E. - =" * % 5 
* . * Arx + &* 
3 | | | 
— e be 


1 a2cræ T *M 1 — 2drx + x* 
Lemma V. 


320. To determine the Series, e om PR Divifo 
of Unity by a Trinomial, Y—2arsx+7*;, and to ex 25 
the Remainder after any given Number k v) of Terms in 
the Buotient. LEY 


Lan 4 rw” Br *+ Cri” Ri 


P required en continued to 5 2 When 
, 


by reſolving them into more fimple oel. 


(v, to render the Proceſs the more obvious, being firſt 
expounded by that Number) and let 19 + r 


be the Remainder. Then, becauſe —- — 2 9 = 


— + Are" + Br + c + Dre * 


5 Fr 
5 — 7 55 we ſhall, by reducing the whole 


Equation to one Denomination, have 


a. 
. 


» $f HAVE pant er LY PO tA 


— 


rr. + .. ap +1 


118. 9 + . + . + = + ; 


. 
* 
- 
8 — 
v X 


1 5 022 
e Aid aaa 12 — 4, D= 
—B, £=2aD—C, and F —D, ee 
To 4 Ĩ bere- 


359 


3660 Of the Fluents of Rational Fractiont, 
Therefore, if Q be now put for the Arch whoſe Ml Lem 
Radius is 1 and Co-fine a, and there be taken S N. fhou 


Nil | 
L. G Sin. 2.9, S Sin. 3 N, Ge. we ſhall, alfo, have 
8 3 t 3 EIS 


HE 8 FT | 
= Wi A (20) F. B= F. C 5. D J. ES 4 32 
| Aa * 8 - 2 5 8 ſupp! 
1 — — fy — ID In, $i ws wher 
| 5 A rs S 7 Carol, b x are 
1 Tem. 1.) And 4 rer 
it 1 K + . 2 + — + | 9.— 
it "W 5 a; 66 | : "ifs 
| Sin. 6.x — = . Whence, «niver- L. 
| | SX ard +r 5 
hs ef 
! 82"* + $1234 8 o S &c. (tov Terms) 4 
6 85 MON: N 322. 
| Sn 
8 .  S8$xa*—2zarx+r 
; laſt Equation (thoughobvious enough from the preceding 
11 | one) may he inveſtigated in a general Manner (if re- Let 
| . quired) by aſſuming "oe Ars * + Brix A Cr. 4 I 
| j ; + © © 6 © © 3 er e Ea + 0. 5 
h 2 4p — +1 —— E I 5 5 
| fr * +gr ” _ — and proceed- MW BQ pe 
I! ET E aræ T 7 wo b - darr fr ; | may b 
| jog as above: By which Means you will find A=20, | ihr f 
| BA. -I, Ce. f 200—d= Sin, — _ 2, and g may 
1 TY (= — e) = — LACY / -And thus may the third — 


bi 
i 
> 


by reſolving them into more fonple ones. 


Lemma be made out, if any Objection, or Difficulty, | 


ſhould ariſe about its being general. 


- Conmtiany. Ne 


321. If, in the given Trinomial x* — 2arx on 
ſu — * inſtead of , to be the leading re 
dhcke the Quotient is produced; then, ſince r and 
x are affected exactly alike; woe ſhall, by writing r for 


I 
x, and x for 7 have = 


— 2 + x* We 


PROB I | 


322. 75 fad the Fluent 7 


xx 
ra as | 


Pr—2478 re 


that of 


Let ABM Ge. be a Circle whoſe Radius OA (or 


au with | 


361 


OM) is r, and let the —_— AOB be ſuch, that ts 


Co-fine, to the Radius 1, 
may be _ to a; or 
ſo, "© Q_ (ſuppoling 
BQ perpendicular to OA A) 


may be = ar. Moreover .. 
let 's. denote the Sine of 
the ſaid Angle AOB, cor- 
reſponding to the Co- ſine a, 
as variable by the Motion of fÞ alo 
Value of x: 


nd et OP fe 


OA) expreſs the 
Then, PB* (OB*-+ OP*——2OQ x OP). 
r ur + xx; And the 
the Angle QBÞP [Radius being Unity) will be repre- 


ſented 
p 


luxion of the Meaſure of 
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Nr: 
ſented by PBX nnS (vis » + 2 


v5 * — 4 
e Xx 
9 
Tas 

— 
rtr — 24rx 5 xx. 


preſſed by 75 x OBH. | . a 


z and- conſequently that of 0BP, by 


: Whence i it is evident that the Flozht of 


(contemparancous with 4) 1 is trulye ex- 


i N 
774 = T r ; may. be rransformed to 


- — ö• hs, * 


Adra = 
Fire T2 * 2 where the nume 


Again, Nes, 
5 + x" * 
. — zar T xx Xx 


An. 126. the former Part is = 2 ub. Log. — — 2. Tit 


w, 


PB* 
2 Hb. Log. 55 oF © Yb. Log. 635 3 KI that of the latter 


Part = = * OBP; it hos that the F luent of 


xz PB 
Fr =aræ + ax is s eu expounde by by. Log. E 5 + 


onen Aug 
323 Since, PB : PO :: Sir. BOP (0: Sin, OBP= 


4* 
— ; it follows, if the hyperbolical 2 


eib of — N ene by 24, and 


94-445 8 
the Arch, hon. . is — —— 77 = and Radiu 
* 8 5 ; unity, 


ied to 


ent of 


363 


Zy going chew into more ant ones. 


r — Aare + x». 


xXx N aN 
———— will be a by= and M- om 


ſpeRtively. 


Unity, by N. that we Fluents of 


PRO B. II. 


324. To determine the Fluent of ſuf pe- 
fog m any whole Pe mar and a * 
nity. 


Let every thing remain as in . 5. and then, if 


the Equation there brought out be multiplied by , 
and v at the ſame time be — by 2 we ſhall 


Tz + S * | 
| S - 5 
— — — —-— 
Hin. . 22 22 22 
9922 S8 x ax—2arx+rr | 
Whoſe Flyent will therefore be 7 iven by the preceding 
Propoſition: For, ſuppoſing the Values of M and N to 
be as there ſpecified, the Fluent of the laſt Term 
2 mY x . * Sin. m1 „ 2 * 2 will, i 
8 X XX—207 x + 17. 


„ = 


32 S 


is manifeſt . , be expreſſed by Fi into Sin, . mQ xr 22 * ® Art. 323. 


* 


8 
Fin. mD ” x M + Sin. — = — — . * 


A — into i Fm m2 x M + To: N m4 x N (ly Ee. | 
Caſe 


1 
» 


N | 
M43 ih — X 78 = — into 


Caſei.) To which adding the F luent of the theprecedingS Series, 


Y the Fluents of Rational Fractins, 


— 1 x 
N reſule = * Ce | + 2 My: Sr 2,93 | (m—1) 


m— 


r r Te 2 1 
Conolianr. | 
38 Hence, the Fluent of —- - ax"# + ra" 's ga 


as — 2arx + rr 


be e deduced : For, by writing | 7 MI, inſtead fl m, the 


| RE nc I 3 
Fluent of —- Das Fir will be e F * 
— 4 m—3 2 Te 322 
— — + — + wm (m—2) + 8 
M—2 2 4 $8 

— 


Sin. m—1 * N M+ Ce m—1X2 x N. Which Flu- 


ent being multiplied by r, and that of . 


XX — 2arx *+rr 


(given above) by — a, we hall, when 2 


Terms are united, have 1 * — 48 — —_ 


- rt” ** 8 — 


A T7 77 „ — 
— 2 . in 
m2 m3 8 


k Sin. Sin. mD « 2 is. m—1X Ax M— Go-ſ. mY x a— 


= TET=2 
K ‚— 


| * propounded. 
| 18 8 | 

But (ty Caſe 1. Len. 0 2 (= | 

Sin. 20x a — Sin. 2X —) r 


Sin. & __ 3 


— — 
= a into = Sin, m2 x MAH + 


v alli this into mare ent ons. 365 


28 — x a—Sin. ext) 

( 8 - ar, 8. 
=g And, by Caſe 2. of of the ſame Lemma, : SS 
4. m—1 m—1 22 ma ie” Bow: 4 Wh 
by bonne. 3 Values, our Fluent is | reduced to 

x LY 
— Co. * — ef 2 — — * 22x 
3 re Bp 
— ee = fan * 
Ad V u X 4 — Sin. Fin. IIZ x N. 
p R O B. II. 

\ h ? | — | 
326, To determine the Fluent 5 rz rr; wder 
the Rgſtrictions ſpecified in the preceding Problem. 

If the Equation in Art. 321. be multiply d by x , 
and v at the ſame time * 

. 

ſhall have 13 — 20rX + x? — ' | 
DATE + SITS + IEG (wy + 
pon Sin, m+1 XIV 5 — Sin. m2 X XX , 

FO 7 Im r—2arx t l 

; 3 — | 
Where, the Fluent of the laft Term being 1 
2 


din. m+ 1X2 X F — Sin. m2, * AM. 1 
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eee „ v i 
COPE mote =. Mo 
———ͤ ll — ſubtr: 
— Sm, x M+ Ce. m2 x N 
it follows that the Fluent * the 28 HE a - 
the Quantity ſought, wit be truly exprefled * 7 
„ —- 8.— Term 
| TN + oe. or its Equ | 
8 1—m  2—m mall! 
1 i | 
Sx Sr 3 — 
A* = + == — + = (m) + - 
8 1.7 12. m3. + _ 
OY 
9 * Co-jin. m2 mT, x Nam x Me : 
| gives 
7 R O B IV. 5 
1 - 8 
327. To find the Fluent of = 4 m and n bein © 


any whole poſitive 0 * the former du 
not exceed the latter. | 
Let b, c, d, c. denote the Dako of the Ard 


o 0 
, 2 — — Sc. (Radius being Unity) 


Then (by a 2. Len. 3.) we ſhall have /- += 
_— {be Ar 


Trr—=2bra+ pm * Tr—2crx+ _ X rr —idrs + xx\ 
(n). Whence Log. Px” +x" A Log. rr—2bra+xs + 


2 Leg. rr — 2x + xx ＋ £5 Log. rr—2dra + ww ( 
and, conſequently, by taking the Fluxion, on both 


—— 7 : . : : 
- ax—brx kx cr 
Sides, = | 


J r " xx—2brax+rr + xx — 2cræ + xr 7 
1 k. dri 
* rr Ter 


ct + *  ax—abratry  axg—2axti 


®* (7 2 which laſt Equation, multiply'd by 


by reſolving them into mare fample ones, 367 


vr drr 
+ — — (A). Let each Side hereof be now 


ſubtracted from u ( or, which comes to the ſame. things 


let Fr be taken thing 1, and each of. the (=) 


Terms on the other Side, from Unity) els ow. 


| .. . 
5 * 25 Ar xõ * acræ rr 
Er B _ 
T xx—2drx rr (n): Which multiply d by 2 A 
_ — + res | 
gives Fa 'P * — 2bre Ter 


—. "z + 1 4 c. 
kr A2cræ + rr 


But now, to determine the Fluent hereof, let the -” | 
0 8 0 
ſeveral Arcs (=. —.— - — 2 — Ge.) above | 


prcied, be denoted „ 2,2, 4 L. Te reſpee- 


Uni 

vis tively ; alſo let N, N, N, &c. expreſs the Meaſures of 
> F the Angles whoſe Sines are — | 
we 1 ; V rr — ar + xx? | 
2383 x * Sin. x x Sin. 2? 1 
E nee Oc. and M, . 


r (1) ien rr y/ xx— 2drx + rr 
n bod Ec. the hyperbolic Logarichms of Vxx—2bre - el 


r 


xx —2crx+rr V — +rr 


5 | Sc, Then (ty 


Coral. - Prob. 2.) the F luent of the firſt Term, 


bis + ra" s 
2 3 (expounding @ by 5) comes out 


I! 


{ p 
Ph | 5 
+ £8 
\- BB 
ls 
+ F8 
189 
. 
1 
. 


— —y——ũũ' 
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1 
rw. 


8—2 
c, N= r N 2 * 2. 


—— 


2 „ TEA 
32 x IX m3 (m1) + r into bin mD 2 N= 


I mx M. + * 
| 1 the ſame e, by writing e for a, 8. for Q, 
Mr for MA, and N for N) the Flucotof the ſecond Tem, 
- + ri ig * 
e Te „ is found ee 
* | Het But tl 
— 2 28 5 — c. &c. zrithn 
Therefore os F he of the whole r i 1 
collecting the homologous Terms, en ts be e.) 
5 2 bw | ep 
-n 8-0 317. 
(ey 2 P wg D well K. 
8 81 0 vided i 
ee fl ee Sines a 
MN which 
Ll | i Hen 
[ bo wi 
theſe of 
29 5 unequa 
C _ D * Q that C. 
1 | 
\ . true Fl, 
IM | 5 
812 | 
10 22 
4 EE 
e NOI ſhall (b. 
D 8 9 8 
282882 
<= C0 
e e e 
55 8 
— 
| 7 
UW] oe 


ö 


S x N—Gf * M 


ZS ö 
Sin. m. x N.— Cs-/. m2 X 4 


' 


23211 * 
Sin. m2, x N Co. ſ. m2, x M 


212 1 : e - 1 
Sin. n K N— C., & x M 
3 &c. | Ws. Sec. | 


by. reſolving them into more finiphe ones. 369 


But the Co-ſines of the firſt Column being thoſe of ang 
| | 1 AQ 0 b VF 
aithetical Progreffion (==; 28200 5 LES. — 
c ni cs 
Ec.) whoſe common Difference is 2 „whereby the 
whole Periphery is divided into = equal Parts (vid. Art. 


317.) they will therefore deſtroy one another; ſince it is 
well known that, if the Periphery of any Circle be di- 
vided into any Number () of equal Parts, the negative 


Sines and Co-ſines will be equal to the poſitive ones; 


which is ſelf-evidefit when their Number is even. 


Hence the Co-ſines in the ſecond and third Columns, 


Cc. will alſo deſtroy one another (vid. Art. 318.) But 
thiſe of the laſt Column of all, as well as the Sines, having 
unequal Multiplicators, ' muſt remain as above, and 


true Fluent of — 


\ 


ſhall (becauſe 2 = 32, 


= x Lis = R, and dividing by ar, 


— ] o 
— 


+ a 


Bb 


2. Whenee, putting m2 
we 


9 = 52, LI Nee) have | 
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Sin. Fin. N X N— TG. N. R 
Tim KNC EA # Fluent a 


m-_ 1 
Gm i Fin. JR x N = TR x 17 Eo” So. 


Sn. 7 TR x N— Cf. 7h RN M z 
= ws u Lines. 4 ; 


COROLLARY. — 


328. Sinee the firſt and the laſt, the ſecond and 
the laſt but one, Sc. of the foregoing, ( uantities 
* — 2brx + rr, xx — 20s + rr, ax 2dr + tt 
Sc. are reſpectively equal to each other (vid, Art, 
. the correfponding Fluents, found -above, will 

kewiſe be equal: And therefare the F. luent of 


2 


= 2 = will, alſe, be exprelihe by | 
; Fin. Rx 2 I 2 
oh. Nr. E 2 
* | 
| Tim. 3Rx aN—@7. 5B GE x 27 * 2 
f Ac. . Sc. _ 
The Number of Lines to be thus taken bein * 
141 „ 


I My when n is even; but, otherwiſe, e in 


which laſt Cafe, the Logarithm, Oc. in the laſt Line, 
_ 2 x only once, __ -of twice ; being that 


of —.— (vid, Art. 277.) 


PROBE" 


's by reſolving them into more. fimple ones. 


nent of ',- BHO MEH 
+" WW 329 77 find the Fluent of — m and n being as- 

| in the preceding Problem. - | | 
E. I. If ö, c, d, c. be taken to denote the Co-lines of ; 


60% 0 
the Arcs =, 2 — — Sc. to u Terms, it will 
pear ( from a t. 10 Land" 3.) that * j is = 


22 ney BE ou | * re X tb 


4. Art 0 From whence, by following Method of the 


e, will | m1 , 
ent of lat a we alſo have —— * 
tl e e. 
xx 2bræ + rr XX — 2crx+ rr - 
hich Fluxion havin exactly the ſame Form with that 
in the preceding Problem, its Fluent will alſo be ex- Ge 


preſſed in the very ſame Manner; that is, by 
( C, m2 x Me 


| being — * Sin. m9 x N Co-ſ. mY x M 


; in in. m9 * Nf — cf m2 x Mo 
= © "0 to n Lines.) 


ag 0 _ 
_ Only 2, 9, S We, muſt here ſtand for my 
0 0 o 
- . — x F &c, (inſtead of Ld 3.x 180Y- x 180 ö 
25 | We i "fs " 
Ws x 2a 3 3 
R O B. as | 


CT TE Theres 
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Zu 


. 


ov the Fluents of Rational | Frattions, | 


4 


| | Therefore, ſince the multiple Ares ng, m9, Sv, 


are, in this Caſe, _ to o, m N = 2m & x 37 


n 
, 


| {aback the Sine of the firſt is =0 
and its Co-fine = = Unity) we ſhall, by putting R nx 
O 

a, and dividing the foreſaid Fluent by ur * han 

e EY | 

4 Sin. Rx N-. RxM | 

* I Sin. 2R x N—Ce-ſ. 2R x M- ent of — 
| | Sin. 3R x Ve- 3R A * | 

L (Ec. ton Lines.) | 

— 'ConoLLany, 

330. Since, in the Fluent here given, the ſecond 

Line and the laſt, the third and the laſt but one, &. 


are reſpectively equal (vid. Art. 317.) the ſame my allo 
be exhibited, thus; 


fp 
Manny] 
Sin. R x 2 — Co-ſ. Rx2Mt 
= 2R x aff GrſaR x alt 
(Ve. to = Lines.) 9 „ = Where 


* 


where 


Senor lun. 


331. 17 the Semi-Periphery AB CH of the Cirde to exp1 
whoſe Diameter AH is * divided into as __ 3 
equi 


qual Parts. AB, BC, 


CB, B C Ec. as there 
are Units in 1 (ſo that 


n 
AB = 180 = 
is =0, | 25 | 
i =1 * = = = 


(produced, if neceſſary) there be taken OP=zx, and 


articles, and from Prop. 1.) that the Quantities 
ir Tr, Vz c. in the former 


x 2 of the two preceding Problems, will here be expounded 
"Fi yy PB, PB Sc. reſpectively: F rom whence it is al- 
ſo plain, that the Meaſures N, N Ec. of the Angles 
Bf hoſe Sines are x X bin, of | _xxSin.Q__ 
| vr —2brx + x* - md | : 
N.“ will here be expounded by OBP, OBP, &c, G. * Art, 322, 
- ſecond ts. | and 323, 
ne, &.. Therefore the Fluent of 55 given in the Co- 
may allo bx” © 


rllary to the foreſaid Propoſition, may be thus exhibited, 


— x Sin. 13 X 2 (OBP) 7 c Rx2 (Of: PB) 
Ec. Ce. 


Where the Arch R is 5 = mx 4B, and 


where (OA: PB) is put caſted the Manner of Cotes ) | 


5 PB 
Circle to expreſs the hyperbolical Logarithm po; And 57 It is 


ao to be e obſerved, that, when the laſt of the en B. 
equ | B b 3 ; : 


2 reſolving them into more 1 ones. 


Oc. vid. Art. 317. and 327.) pur in the Radius OA 
PB, OB Sc. be drawn, it will appear (from the ſaid 


2 Sin. R X 2 (OBP) — Gf, Cr-ſ. Rx2(04: PB) | 


373. 


1 Of the Fluents of Rational Fractians, | 
B, B &c. falls upan H (which will always h 
when u is an odd Number) the Angle, in the laſt Line 
of the Fluent, will vaniſh, and the correſponding 

| Logarithm (which is that of 40 muſt then be 
taken, inſtead of twice, only once. | 


In the very ſame Manner it will. appear, that, thy 
ee 2 
Arcs O, 8 Sc. in the ſeeond Caſe, where the Fluent 


21. : 


| of >= is ſought, will be, reſpectiyely, expound 
7 — by a : 5 8 , 
by AC, AC Sc. alſo the correſponding Angles NF, 9 0 
&c. by Op, OCP Et. and the Fluent itſelf by . 
N „ Ü We +5 cr: i 5 
ee Sin. R 2 (OCP) —Co-/., R x 2 (Of: FC] reſpec 
*I Sin.2Rx2 (OCH -C ZRX 2 (OA: FC) 
Ec. 5 — 8 
| | 360? SET _ 
Where the Arch R (=mx >) = m x AC; al 
where, as well as in the preceding Caſe, all the Arc 
Sines and Co- ſines are ſuppoſed to have Unity for then and © 
Radius, Dx For 
. | m1. La 
- 332. From the Fluents of — ud and _— | 
„ | r +x. 1 —3 poſed t 
onbm—T . 3 8 
iven, thoſe of — „ —— 
* ** | +> . F<" 
i — — . 1 
, ir, N. 
hole Number, may be very eaſily deduced; either on 
þ- wh 283. and 291. or (more readily) by dividing a a 3 


Numerator by the Denominator, and — 
= | : uo 


ty reſolving them into more fimple onen. 375 
Quotient to as many Terms as there are Units in vo. By » Art. 190. 
which means, if p be put = vn + m, q = uvn—m, and | 

| be denoted by 

0 1 1 1 — 4 | 5 
and M reſpeRtively, the Fluents, in the four Caſes ſpe» 
cified above, will be expreſſed by +: 


x * a 
e 


the Fluents of 


* 


eſpectively. 


— from the fe Fluents, thoſe of 9 


por, = | 
and — r will I ife become known: 
e—fz 8 
For (having transformed the Fluxions here pro- 
- n . 7 
poſed to ＋ „ , &c.) let A.- be pur =&', 
+4 
: 2E 
—L L — 2 
— then will 2 = xXx and 
—— + 
oo : Ar 0 
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FTF 
Whence - * = X 7 Xx , and I + 
- a * | 4 2 : % % A 
2 _ S 
Ii and therefore ( 1 „ 

* * 


7 ey a ME —2 
: X > 4 wing — — —ů—ů 

- F zl. * If>" 
Whoſe Fluent is given, by Prob, 4. or 5. But, r being 


„ 
7 - 
nA 


- here = | 1, the general Multiplicator . there gl 


ven, will be barely = 2: Which, drawn into ©; 


5 ; gives — * ol „for the general Multiplicatot 

in this Caſe. | DS , 

One thing more, though well known to Mathemati- F 
5 


cians, it may be proper here to take notice of; and that | 
relates to the Sines and Co-fines of the fore-mention'd MW f—2 
Arcs, R, 2R, 3R, &c. Cc. (multiplying the ſeveral | 
Angles and Ratios) ſome of which Arcs do frequently WM Non 
excced the whole Periphery : When this happens to be f 
the Caſe, the Periphery, or 360%, muſt be. ſubtracted 1 77 
as often as poſſible, and the Sine and Co- ſine of the ( 
Remainder be taken. If the Remainder be _m ind N 


than 180, the Sine, falling in the lower Semi-Circle, BT; 
will be negative; if, between go® and 2709, the Co: | #* x 
| fine, falling beyond the Center, will be negative. Vr = 
P R O B. VI. RE 4. f — 

28 3 r — 
333. To find the Fluent of 2 A 13 . 1 


n and m denote any whole poſitive Numbers, and whera 
the given Expreſſion cannot be reſolved into tip Bind- 
miali (k being leſs than Unity. Art. 308. and . 
we | 


by reſolving them into more fimple ones. 
| Let R be the Arch whoſe Co-fine is 1 and Radius 
* Unity, and let 4 be the Sine of the ſame Arch; more- 
, lee the ares 2, 3 


8. R+ 2+ 3.5 a6 22 be denoted by 2, 2 4 LES 


Se, and let b, 7, 4 Ec. and b, c, d &c. 3 0 
Sines, and the Co-ſines of the ſame Arcs ne. | 


being * 5 1 75 
0 4 £5 Ft, 
— ci 
” 40 . +: * = Sc. (n) by "HRT 
From whence, multiplying the whole Equation by 
licator ll * x _ i: £2. EO 
a * 5 . 
uy * een, + » — 
i DT | : | 1 
* bx"s | + 4 x > + 4 Se. 
ntion'd i 2b += | rf —a2ox+ x * eres F 
ſeveral 3. I 
juently Now, the Fluent of the firſt Term hereof - — — —— 
s to be 2brx+x 


tracted (if & be put for the hyp. Log. of Vo _— 


fe and N for the Arch whoſe Radius is Unity, and Sine 


he Cox XX Sin. X = 
A Vr —2brx + x 
of SR: 


0 EZ. == + I Ex ED LE x 
Aubert 71 3 
CEE ms Te. — r x N I + Co-jo. 


will appear (from Prop. 2.) to be= = 


3 
N 


From 
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OY 


37 8 Ofthe Fluents of Rational Fradtions, 
From whence, if the Arcs whoſe Sines are 


40 
4a) : 


- F X Sin, 9. x X Sim, 2. 
= +" V 


&c, be repre 


ſented by A, 7 &c. and the Logarithms whaſe Num - 
— VAI< So. 
bers are EE 2055 5 6 207 © hs by 


N, JF &c.  reſpeRively, the Fluent of the whole Ex- 
preſſion, omitting the general Multiplicator ( : 


abr” 


will be 5 
Sin, 2) Sin. 22) { Sin. 32 
Sin. 2 3 Sin. 29 TIN | Sin. 38 
r 
Sin. 2 * | Sin. K* * * Sin. 38 


"> 


* 


Sin, B | Sin 4% J 38 

Ec. . ? L &c, f 8 : e.. 1 
*r 3 | 

x —— (&, to #—1 Terms) 


2 


1 3 — 
| Sin. m2 x M + Co. ſ. m2 x N 


Fee, a e js 
Sin, m2 x M+ Ce m2 xN 


{1 
! 
U 
1 
' 
1 
* 
1 
14 
= 
114 
14 
j 
Y1 * 
14 
4 
a N 
1 | 
[] 
1 
J * 
* 1 
. > 
47. 
088 | 
"37 * 
5 
4 o 
1 
7. 
145 
1 ++ 
5 * 
N ſ 
i 38 
T: ff 
| } 
. 
bo þ 8; 
& j 
2 
18 
N 
il. 


21 * S. N M4 C x NN 5 

ö n e e 4} | exce 

, Sin. N H + Co- ſ. * NV Begi 

ft 5 _ 5 8 ws corre 

Ii 6. | C. ; 

| | But, the Sines of the firſt Column being thoſe of an _ 
|| 


.arichmetical Progreſſion (whoſe common Difference ij Cc. 


2 — — 
. — OS 


. 9 Re RES PEEP Pep ny ern ego en 
— orange —-—-¾— = 


— rain 5 "ITO 
— PARTI 
— . ¶ ũ 6—v9᷑᷑̃᷑ęͥ - —-wa gs os AGO cet. 6A Sees 
———— 


ty 
(FO) 


2 1 


of an 
mee is 
300 


| by refobuing them into more fimple ones, 3%: 


pe) which ariſes by dividing the whole Periphery into 


n equal Parts, their Sum will, therefore, be equal to 
Nothing» g | © 2 
Moreover, the Sines of the ſecond Column, having 


6 0 RS” | N 
—.— 0 the common Difference of their reſpective 


Arcs do, alſo, divide the whole ra (twice taken) 
into n equal Parts, and therefore deſtroy each other, 
The ſame is likewiſe true, with regard to the Sines 
of every other Column (except the laſt of all) when 
m—1 is leſs than 2. But, if M be greater than », the 
Arcs, in the Column, whoſe Place from the firſt, in- 


cluſive, is denoted by 45 being expreſſed by 1. A, "9, 


1 Cc. (or R, R+360®, R+2xX 3609 t.) whereof 
the common Difference is the whole Periphery; the 
Sines of that Column do not deſtroy one another, but 
each is equal to that of the firſt Arc R ( Vid. Art. 314. 
and 318.) and conſequengly their Sum equal to x x Sin. R. 

In like Manner, if mn be greater than 27, the Series, 
continued to m—1 Terms, will take in the Column, 


| / 
where the Arcs are 2n9, 2nD, 2nD Cc. (or 2R, 
2R +2 x 3609, 2R+4x 360? &c.) whereof the Sine 
of each is, alſo, equal to the Sine of the. firſt (2K) and 
therefore their Sum = n x Sin. 2 R. 
Thus, alſo, it will appear that the Sines of the Column 
whoſe Diſtance from the firſt, incluſive, is 37 (when m 
is greater than Zu) will be each equal to Sin. 3R; Cc. 


c. 5 : ; 
Therefore, ſeeing. all the Columns do actually vaniſh, 
except thoſe above ſpecified ; whoſe Places from the 
Beginning are denoted by n, zn, 3n &c. and whoſe 
correſponding Terms, or Multiplicatgrs are, therefore, 
; f—] - 2 —1 28 7 34 


33 T &X# 7 * 
repreſented by 5 „ m—_ 


Ec. it is evident that the whole Expreſſion will be re- 
duced to | | | | 


* 


2 p — — — Oat 
— 


4 — 
I =_ ? 
I; he ue Se ot * — — 


— p ͤ ͤꝗwQ»—d . ̃¶ AA ̃˙— X 
— — ST - 


— ned 2 Re 


„ — 


— . ˖ O—_ Io Ea” 
— 2 
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g 7 8 - F// ns 
as many Terms as there are Units in - 


Of the Fluents of Ravine F. rations, 
** wo 1 * 
EA . nr 
_ wo. 
+ Tim, Sin 3K x — Oe. 
3 % 
Sin. mY x M + Co-ſ. mY x N 
f Sin. mY x M+ CoſmBLX N 
into 3 Sin. m2 xM M + Co. .. N 
9 97 Sin. m2 x M+ ci f N | 
We. Oc. s JE 
N wage by — the — general, 
| „„ ba | 
; Er | . n 
Multiplicator, gives Sin. K X ———, + Sin. 2K X 
| m — 1. 4 
„ 2 5 —.— ; 
8 Sin. 34 Sin. 3 R X A Oc. 
nan. * => 
Sin. m2x My Gf n 3 
„„ Sin. mY .x 11 + Co-ſ. m2xN | 
4 * 4 Sin. m2 x M4 Co N 
un | Sin. nx A. C. m2xN 
4 &c. 
. n 41. 


— — „: Where 
| 2-2 Q + of . 
the former Part of the Expreſſion muſt be continued to 


for the true Fluent of 


mainder, if any, being neglected.) Q. E. I. 


CoRoLLARY 


- (the Re- 


— 


neral, 


V here 


ued to 


e Re- 


E. I. 


LARY 


* reſolving them into * imple ones. 


CoroLLary. 


z33t 


4. If the Quotient ariſing from the Diviſion of m_ 


by =» (when the former exeeds) be denoted by v, and 


the Remainder by t; or, which is the ſame, if vn += 


u, it is evident che Arcs 18. n, ns Sc. which 


are reſpeQively equal to m2, + m * LE, m2 + zm x 


Be — 2 * . &c, (by Conſtruction) will 
alſo be equal tom2 + vx 360® + 7 x XC, "2+ 2v x 
360 + 2 x — &e, whereof the Sines and Co-ſines 
(omitting v Xx 300®, 2v x 360® c. the Multiples of the 
whole Periphery) are the ſame with thoſe of e * 
E, + 21x 3 &c. reſpectively. 

Therefore, if bo Arcs of the Progreſſion, wht 
the firſt Term is m2, and the common Difference 2 x 
i, be repreſented by T, 7, f &c. reſpectively; it 

ER, : | MI : gt mr, 
follows that the Fluent of. - _ — | Or, 
1 — 217 * + * 


14 „1 
r — x +x 
Cn, TR X 


+ = 22 N. aK N 
monk 8 £==-=h | 


2 6 


35. 4 


* will, * be truly expreſſed by 


— 
e 


—— — — 
2 —— 


— — —¾ 
— * — , 


— — — 


— —— — . 
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| hag M + ſe T XN 
T M + Co- ſ. T* V N 
2285 7 Sin. # x Ea tn ; 
Sin. X M1 +1 c, x | 
E &c. : c. 


In the very ſame Manner the Fluent a 
nee 8 
— - (where the Sign of the ſecond Tem 
7 21 4 
is poſitive) will be exhibited ; if R be taken to denote 
the Arch whoſe Co ſine is — 4; which will, i in this 
Caſe, be greater than a Quadrant. | | 


"POP OSITTON vn. 


OT, 


335. To' find the Fluent 0 — — uu 
KEY of — „„ > 


the Reftridtions 3 in the laſt Problem, . 
Ts every thing remain as before: Then we ſhall 


avs 32 — into bt 
: — L 1 
. 
c = OE n Whereof the 7 luent P. rob, 
+ —= —( ) hes 3 
appears to be — into 
Sin, 9 x. 28 
Sin. 9 eee Sin. 29 2 
Sin C *I. S. 244 nant 
Sc. f &c, 


4 


by kicks hits nato more re fg ones. 


Sen. 321 


| — m9x M en NN N oP 
7 1 = C. A Co-ſ N Lok 


. m9 x M +Co-ſ. „ 
Which, ps Reataning 25 1 vil be reduced to 


— Sin. 3K * 


„ 
ir 


DW — 


Center 6, 


Circle ABCD, whoſe 
Radius OA, or OV, 


of the 


is 7, there be taken B/ 


OL equal to &+ and 
OP=x; and if the 4 
Arch AB be to the 


Arch AK, 


Co-ſine is 4 t, as 
I to n; and each 


whoſe 


of 


"= (2 8 a 


y . TR, MAC * 
Six. Ee 6 
- Sa TA. 
85 oe, j | Fc. 
1 
Senorium. | 
336. 15 from the "I 


— ET eng 


— e——_— 
. 


n 
—— 


— — —————— 
* 


— 
—ů i; ne 1 4 _— 


— —. re — 
— 


— — 5 
— — = 


—— . ] wm ] b. . l ] Q ˙ TP 2 ů— — 
* 


— — 


a * — = p * . unn NN” _ — ST — . — — — 
f —— — — = — — — * 2 a, + aw SES. — ere aA 
"NIE — T —— — > "_ — — a * * 4 — 3. Ne F - p —— RY PA - a _ 
2 7 * K 1 8 "A 2 83 K — SILLS 3 — - I — 
— wry dens : r RAS r bas mY - 4 — 23 — * — — > — - A — 2 
. — —— gä4— — — % , ]7—ð* . eee oC * — — ——— — . 
TE enced et ͤ— — — — — = — - — — 1 . * 8 " 2 1 * _— 9 * 1 — oo — — — — - 
— — — - 4 of < ES — — — * 
2 — 2 — — — * 4 "© — 2 — — £ 3 — — 
7 * 7 ” 4 n 
- 
ata 
0 


equal to B, C, D Ge. 


1 Sin. 2.R 2R 


Of the Fluents of Rational Frattions; 
of the Arcs BC, Cb, DE Sc. be taken equi td 
nt We, &c. Then. the Angles R, 2, 8. Sc. ſpe⸗ 


| cified (in the two preceding Problems) being - here ex. 


pounded by AK, AB, 40 Cc. reſpectively, we have 
PB = Vr ire T, PC = Vr - 2crx x &c 


ia. Art. 377. and 323-) Whence, alſo, the Angle 


N, N. V ee, whoſe Sines are . 


un. 2. X Sin. D 5 
75 = 2cræ + & 5 + qr wag | + &c, will; here be 


Therefore · the Flaents of 


f . 


1 4 7 


d (there 
7 Fra 4 ; 25 A 
given) will, alſo, be truly defined by 
M0 | Lin. R | 
_ Sin. R 195 — 1 in, X * 


(wn == Terms ) os 

Sin. 7 * (0B: 7B) + Co-ſ. Ix (3) 
f Sin. 7 * (OC : PC) CF x (C) 
— | Sin, fx (OD: PD) A FN (0 


Fan * 
m3 


Tb = „ 
n. R Sin. F. (OE: PE) +Ge-ſT'x(—E) 
T x (OF: PF) cn P (=) 
F 

An 


— — ———— 
* 3 


- 


7 L refobving them into more fimple ones. : 
? _— __ Sin. 2R „ "ir 


And by = 7 — 2 
re ex- 2 — mn = * (0 


have 
8. [—$imTx(0B: PB) + Ge Tx(B) 
975 an. Tx OC: cp. 0 
— TR ” —S$in.Tx(OD: PDC x(D) 

"wo mo. 
ON —SinPx(OE: PB) YO -E) 
WR TD x(—F) 
nts of | | l Sc. 
(there nheftively. | 
Fs 
131 

A 

"X (B) \ 
x (C) 
2 Where the Arc AK (or R) will be greater than a 
„ -, { Wadrafit when the Sign of & is poſitive 3 ut leſs, when 
1 * negative; and where the Ares 2 TT T Ce. denote an 


„ Nruithmetical Progreſſion, whoſe firſt Term 17 is equal 
oo mx Az, and whereof the common rence is 


equal to ED (or BC) multiplied by n, when m is leſs 


Au by n. | 
C c 337. 
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= 


than n; but WY by the Remainder, of m divided | 


1 H the Fluent of Rational Frattions, 


| | | | 55 . 5 F. 

| 7. Hence the Fluent of r 

1 337. Hence the Fluent 7 r 8 Reſo 

1 is any Number, either whole or broken, may be ko 

4 eaſily deduced : For, having transformed the Denomi- 4 

| | nator to g a 7 27, put 5 = "__ * wm 

if Ws * | | "8 : 

#1 2kr", and z? ; and then it will become =g x Po 57 

— PF a x": Moreover, „ being % 

| 1 | 1+= | . om | n | 

| | zl * 2 ER. and 7 127 * 2477 1 2 ſrom 

ſt | 7 Fm , the Numerator will be reduced t 

17. . | 

N - | * 

J = Xx . And ſo, we have S=M..r- 

| 5 

it, ** 1 | | : 338. 
„ = =: In which „2 „ Mi 
go * þ 2ir's + 3 | | 


* 1 | 
Py ** ; = 7 27 3 5 | 
<| ; and 12 4 = 24 ut, it may 


obſerved, that the Fluent hereof is, only, given whe: 


+ 
8 
| 
5 
4 
; 


+ fy 
luxion 
Nay, h 
rinom 
orms: 
ie Wa. 
ere CON 
the © 
els, nor 


- — — — ů — — —— — — — — 


— \ dls 


Art. 333. LIAR (or its Equal 4) is leſs than Unity“. Therefore 
eg | * 15 | 5 


. 
— — — 


if 27 be greater than v 7 ; or if the Values of e and | 
are unlike, with regard to poſitive and negative, ſo thi 
V eg is impoſſible, the above Solution fails. But, here 
the given Trinomial may be reſolved into two Bind 
mials (by Art. 310.) and, from thence, the Fluen:4 direc 
may be found at two Operations (by Prob. 4- and 5.) hut be 
| = 1 V Fo 2 


* gZ2U—üPü— — — ̃ ̃ æ— 2 — - - — —— mr 
. * 9 * . 4 * 
o 


—— — 
* AST, 8 8 
— E — - * — 
— — —— — We — —e— — 
- * 


—— 4. x 


"+a" 


by reſolving them into more fmple ones. 

For, by feigning + 5 + Ho, in order to ſuch a 

8 

be 2 4 

enomi - 4.5 com. — 4 for we Roots of that Equation, 

> I the * firſt e of the required. Binomials : 
= WH Which therefore are always poſſible when + f* — eg is 


poſitive, or when the foregoing Solution fails. 
=FX By denoting the ſaid Roots Þy HA and A, t. K, the Trino- 


mial e + fe +g271 is reſolyed | into e X H—z „E, 


Reſolution, we get 2: and 


g 
| ..4.vix 44, 
* 2 Z . | 
= =Mfoom whence — ; — is ane te 
T + 25 | 
| *r a r > os ng | | 
1 = <7 i ate yt © +" & N a 
Pg * * — M 3 etl * whoſe 
A= HxH— 2 ex H -E 
a Fluent is given by Art. 332. 
- 338. By proceeding the ſame Way the Fluent of 
2 72 | 
7 = gi : 
" > 


+ fe? + gz. + 5230 
ce one, at leaſt, of the three Roots of the Equation 
+ fy + gf + bj o, muſt be poſſible, the propoſed 


nay, however, be reduced to one Binomial and one 
rinomial; and ſo, be brought under the foregoing 


fe and 


orms : But this bein ne a Speculation too much out of 

ſo the Way of common Uſe to be farther purſued, I ſhall 
e, lo tiere conclude this Section, with obſerving, that, when E, 
ut, hert the original Trinomial, above ſpecified, is neither 
o BinoWes, nor greater than Unity, the Fluent cannot then be 
e FluenſW:d directly, from either of the preceding Methods; but 

nd 5.) uſt be found by Compariſon from the Fluent * 


Fo oo 
OD G Vid. Art, 289. 


2 Ge $E C- 


may likewiſe be . For, 


luxion, if it cannot be reſolved into three Binomials, 
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SECTION v.. 


De Manner of inye gating — When 

Quantities, and their Logarithms ; Arc 
and their Smes, &c. are involved togetber 
With other Caſes of the like Nature. 


PROB. I. _— 
39 UPPOSING and n to denote ginn A, 
L 1 3 it is Fat fo > ot the Plant 


xa 


Let & „ As ＋ EO Oc. be aſſume #5 
for the. Fluent required : Then the Fluxion thereof, i Vin 


which is 2 
*Art 252+ Q's x hyp. L. 2 x fo + * Ge. 7 + * 
„ n Ar RO $* 1—1. Bax 24 2. C c. Flus 


muſt conſequently be = »"z9* : Ang therefore, 5 Ml ..., 
putting m for the hyp, Log. of 2, we have + Az 


a. bB __mGe be Oe ti n 
— + Ar "+n—1 n — 1. Ba? 421. Cy N 4 He. 
Wbence, comparing the ee of the e But 
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— — — — — os ISL * 
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| 7. 
| | Farms, we get A = = * E — * oo <7 9 ariſe 
| | j 
4 j 1 .B H 7 wee] 
oh 5 e — E. and conſequent EY X | 
1 10 # — x 
| 75 FI + Ce - + e. = K Ns — — + N 
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Series, it is plain, will al terminate when 1 is a 
whole poſitive Number. ME | . 

340. In the preceding Problem the Coefficients 4, 
B, C, Ec. of the aſſumed Series were taken, in the 
common Way, as conſtant Quantities ; which, becauſe 
of the general Mulxiplicator Q; was ſufficient, 1885 

But, in other Cafes where a proper Mulciplicators 
to expreſs the mechanical, or logarithmic, &c. Part of 
the fequired Fluent, cannot readily be knoway it will be 
convenient to aſſume a Series for the ais (independent 
of any general Multiplicator) wherein the Quantities 
4, B, C, D, &c. muff be conſidered as variable. 


PR OB. II. 
341. To find the Fluent of 2 r; 2 being the 
Hyperbolic-Lagarithim of x; and m and m any give 
Numbers. L's ; | | 
Let there be aſfumed fr" + BY” + 4 
D Ge, = the Fluent of x . Then, in 
Fluxions, we ſhall have | 


1 B + Co B e. | 1 
In K 41. Ba s f 2. CX * Cc. Tt | 
| | 1 


But 2 = — whence, . by ordering the Equation, there 


ariſes | I | | | 
4  m + B BE 2 C , &. 
xz" ' F Xx „1.3.6 
1. n ———— = 30 
— * We £9 | 
Now, By making the Coefficients of the like Powers 
of x, equal to Nothing, we have Ax" , 4 
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will terminate in m+ 1 Terms. 


— j+nAz+n—1. By" 


= of tbe Fluents of Expr Mons, * 


: ___ m-oI BE m. 21. „ 122 
GD os r 94 


— Oe. and conſequently the Fluent ſought 


into 2 8 
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n | 925 2 Hh 
Which, when m is a whole aer Number 
2. E. I. 
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342. To find the Fluent of 2"; % being the Arch of « 
given Circle, and y the Sine correſponding. 


Let there be aſſumed Ae . Gf 
Dz""3 = Fluent of 2; then, by taking the F mA 
we ſhall have 


Az" TB Ee. 


Sc. 
an, putting 7” FOR Fj = o, B +n4z:=0,C, 
1—1 . Bz=0, D + 1—2 - Cz=0, &c. we get 4 * 


B = — nys, C = l. Bs &c. 
But, if @ and x be taken to denote the Radius and 


+ Ce + 5 


=0 


Co.-ſine of the Arch x, it will appear, from Art. 142 


that yz = — ax and x2 = a Therefore B = nai, 
and B = max; alſo C = — . Bx) = — 
n.n—l- axz = — 1. n—1.'3, and . 2. — 1.4); 
likewiſe B D (= — 2. C) =n.n—1. 1 2 . '2 «os 


-n. 11. 12. a*x, and D==n. 1—I , 14. 
ä 8. 
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In the very ſame Manner the Fluent of 2 , or 
2X — 4 (w. being the Verſed-Sine of the the Arch 2) 
+2. UI » a4 
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343. n , y and = being Wan 
preceding Problem ; to find the. Fluent of EOS. 


"Dy aſſuming Az" E +C% =2+ Da &c, 
and proceeding as above, we have 42 xy", B =— 
nAz, C = — Ba, D = 222. Cz Cc. 0 
2) B = — 222 


1 


(becauſe & = 


D = — —. — E c en if a Fluent 


of N (foun from Ar. 142. and 6 be denoted 
by D tha of 2. by R; that of © >, by 8; that af 


2, by T c. it follows. that the F luent of FY, 75 
wil be truly repreſented nted by 22 — RE. i. 


: 451 n—T. — OT Ee. | 


a 


344. Since j = — 1 = = Vid Art. 5 it fol 
V 


Therefore the Fluents of theſe twe laſt Expreſſions are, 
alſo, exhibited in the foregoing Series. 

345. As the Values of Q, R, 8, &c. in- the procedin 
Articles, are too complex to be urſued in a — 
Mannen, it may not be amiſs to illuſtrate the ethod 
of proceeding by an Example or two. | 


7 . | | 4 Let 


lows that 2 * Y is = — AM: = 


involving. the Fluents of . F luxions. 393 
Let, then, the Daten popu be 22 


{\ | 


2; Where n - 


* 5 
2 ea EF S =) Whence 2=— 


. 815 1. 20, r= _ : I we bare 


— 19+ 2 


We —y + in! F az*, and Mackie R (= oh ny. 


— 3 35+ £24 (becauſe = — = 


be and conſequently * = 


— i} 1 


* 2 + a x 


7 = nt 3 


the aud Ed of 2? 2 (= — 6 = =) 
A in, let the —_ of a * 2+] 60k 


te Content of the Solid r N by 7 the 
of the Cyclaid) be required. 


Revolution 


Here, the given renee Ty in Seele Terms will 
- Whereof the Fluent 


of the firſt Term — pz r, will be had, by making n=2, 
in Corel.) 


= 4; whence 


n—T S, and r + r=0 Nu. rm. 2. 
Who, wo therefore, kave S =2 = 


Lr — alſo E (x) = — 5» and 2 ==—y;, 


likewiſe & (=Z D).= * 


conſequently the Fluent of — 2˙4 (E. — R 
11 . . % e.) = — x2* + 2% + 2%. 


To which, adding. the Fluent 3 of the 


| ſecond 
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* $a 
— ne into — + — 


Of the Fluents of Expreſſions, in 
ſecond Term — 2254 (found in the preceding Exam. þ 
ple) and alſo that of—y*z (or — . + , found 
the common Way) we get, in the Whole, 1 a—xx & 
+ 2azy—yx Xx 2 + 2 % T4 + 3 x*; which, multi. WI 2: 
ply'd by p, and correQed, gives, p into f a—x xx | 
+ 2ay—yx XZ + 5 ap" + a's + 1 — 4%, for the ll the 
true Fluent that was to be determined, 5 


ee 
346. Suppoſing H to denate the Fluent of ITT x 
2", . to find the whole Fluent of Hx -F x 
2 1, (when a—bz" becomes equal to Nothing.) 


By reſolving 4+1z" ö K 1 into ſimple Terms, 
and taking the Fluent, the ordinary Way, we get H= 
2 1 . ; ris” 71 foam] , * 5 
— 41 — _ — — fc, Which 

"i * 2. 912.45 
Value being ſubſtituted above, and p wrote inſtead of 


a ; m . r 
g+v, we ſhall have H x a—bz" xx" E = * 


i 1 — 7 
rhe” 7.1. 72 


—— 
v v+1.h 2.v+2.4 
r mt „722. BA ; 

33 3 . v+ 3 « k3 | 
Let, now, the Fluent off K (in the 
propoſed Circumſtance) be denoted by 4, and put i= 
p+m+1 then it follows, from Art. 286. (by writing 


a for 7, &c.) that Ex 4 into — + 
1 


&c, 


© for e, 


3 
v1.4 
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Exam. 
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=x X * 
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=xx7 
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L= x g + (25 TESE 


rvaloing the Fluents " other _ Pluxions. 


= x 4 


” 


+ 2 „ 5,7, 
X * 
t, 1+. i+2. 2.3 v＋3 b + &c will be 


the true Value of the Fluent. 


9. Z. I. 


Note, p and m+1 muſt here be poſitive Quantities e; „ Art. 236, 


1 
and it is alſo requiſite that 7 ſhould be greater than — 


2; otherwiſe the Fluent will fail 


Ex. 1. Lu H= = it X j; and let the whole | 
Fluent of H x Lane; * 5, be demanded. 


Then, & being = 1, 1433 * , 1 S 2, r= . 
vat, allo a , b=1, m=—4, g=4; 
13 =1,t 1 2 and 4 (=the 
whale Fluent of 1—y* — 50 = =1; we mall, by ſub- 


ſituting theſe ſeveral Values above, get 1+ "a + 


. = Fluent of H „ 


5 75 5 n 1 . = 


1 * x5 (or HH) when y=1. Which _—_ 
being alſo "—_ by — it follows that = == ha 


7 * 35 8 &c, Where EH is 1 of the Pe- 
riphery of the Circle whoſe Radius is Unity. 


Ex. | 


multiplied by c (the Coefficient of 4 gives — x WW —0 
. ES: as 
— — . 7 Sc. for the true Fluent in thi Wo 
Caſe : Where the Series is that ex * the Arch of 


„An. 142. the Cirele whoſe Tangent is h and Radius “; and is 348 
therefore oqual to c x x Tool, whoſe Radius is Unity and 


Tangent = = =; - Whence this laſt Arch (taken without theref 
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4 396 The Mann of making bun. 3 
Ml þ Ex. a. Ia RH N x #3 1 fad he Fins it fo 
1 It 10 
|| | of H „2. c. ne 
4 Here, I = &, 121, 14. r= v=4t; alſo. i vnde 
M | 4 , += Mm = — 25 1 = f, þ 11 aer 
4 £1 (p+m+1) , and A (= whole Fluent of = O wor 
1 * z£) = h; Whence, by — we haye c 4 bo 
ij : * 7. B 
1 -g . ,. 
. 

all. 


the multplcato c) is the true Value of the F luent. . gf 
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| "D E C 3 1 0 N VII. 4 
Shewting how Fluents, found by — formed 
| | Seriefes, are e made to converge. 13 
| 3 


34. IT is found, in Ait. 2. that- the Fluent of 
a + N x dt , in an infinite Series, I be had 
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n is 3 by — 7 = 45 
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The Manner of making Fluents corverge. 


12. T2. c Mc 7 
q+1- q +20 


it follows (and is evident by bare Inſpection) that the 


Fluent of — 9 * * 5 (where the ſecond ; 
under the 1 is — will be ly defined by 


AT 2. 


1. 4 TE 003, a* 


+ &c.: "ſu —_— , | 
But, be beſide the Series here given, and Thoſe, in 
Art. 83. 84, expreſſing the ſame Value, the Fluent of 


5 x "3 will, yet, admit of another Form, 
different from all of them ; by means whereof and that 
above, we ſhall be enabled to draw out ſome very uſeful 
Concluſions. © 


; then 72 2 and 


"= 2 
* Put 2 I 2 
5 ns ” LA 
berefore my" a+ a]. allo 4— 0 = a + * 
arti; 


and 1 (=, 571 4 „ 15 S rr and 
* „ 5. 62 | 

enen = * = Fy+" * 

Te „ : Which Fluxion, ſo cranſ- 


formed, being compared wich a+ a" i * A ; we 


have mazneA_w = —_], d = "4 5 and 4 g+m) 
=—r—1; whence, by Tabfiituring theſe Palues 
in the firſt Series, above given, the F luent ſought will 


4 2rÞg,, a 13 
— — TOE + 171. 6 
"So T. 4a . 1. 2. O23 


— ——  — 
711.712. 2% F 1711 412.413. 4 7 
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—2 gn Np ms ARE 3 OI 
8 . 4 a Fo — 2 » C 
. a 743 = ———— + — XxX 
ag EEG ee” or Er x, a 
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a* Wh 
Which, by refloring I (or writing 2 — 2 that 
| 2 — of 
for their Equals. a 4 a", and 2 oromer'- ” 
n K Flu, 
— 29 5 * of > Fg Lofyul 
9 771 e 771.72 1 K 
22. 28. : 
— . be true Fluent, of: ar 7 age J. - 
0 5 FP 
349. This F luent may be Scher found, inde- fo 
e of that above, in he following Manner : ES | 
Flu. 
It is evident, by taking the Fluxion of —2 = vx 4 8 
7. 


( which Quantity would be the. Fluent fought, if 
ag) was conſtant) that Ku | 207 4 | is = the 
Fluent of e Xy Er ns of E X 


— 1 
EO SE x . This Equation, a waghele 
the laſt Term, and writing in the room of 2-9 
av the Sake of Brevity) will become Flu. 91 5 


5 + 5 x Flu. 4 FRA, From the voy ſame 
Argument (if, inſtead of r, we ſubſtitute — 2 
&c. ſucceſſively; and, for g. write q+1, 77 25 1755 
Ec. n we ſhall, alſo, have 


. arty 
Ec. c. 4 


x fl 5 ry 


The Manner of making” Fluents converge. | 
Whence, by TY theſe Values one by one, in 


. Nan. 99 5, we get | 
e 2 E fy . 
Ws I. 171. „„ 
: Ea oF 


— 8 4 — — * 
71.1. — J 8 | 9 72. 4 


9.97¹ * 7.71 42 
fla. x" Ur- E 9 
0 3 2 771 


7. 2 —,*⁹ 17. el] 1—2. ON e. | 
— — ä —-— a 


. —ů— + 
9.771.712. „ <2 It 1+1.g+i-q+3. 7” 
&@, Where the Law of Continuation i is manifeſt ; and 


where, by making e a general Multiplicator, we 


ſhall have the very Series above exhibited. 
350. From the Xquality of the two + Ex- 


2 for the Fluent of a—cy" Px y y ap” (or 


*;) the Buſineſs of finding Fluents, by infinite 
2 will; in many Caſes, be very much facilitated. 


For, in the firſt Place, it follows (by * both by 
. gn Doe 
xy" _ LL 25) . that the Serieſes I 4 


e ee 

1711. 2 gt1. q+2. a* Xx 3 
* — *. —— 

11 2. + = * . + 1 — 2 


771. T1. T2. „ 1.72.73. - 


Ec. muſt ſh.) be equal to each other, let the ſeveral 


u- 


— 
— Sp r » 
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the v firſt Terms) = = 1+ 


Quantities, therein concerned, be what they will {whic 
may be otherwiſe proved, independent of Fluxion,) 
Therefore, if in the room of q an N write any other 


Quantities 2 and t, the Equation will, Al, hold, hold, aut 


will then become 1 + 2. 2 1. 2 
; os 7. 5711. 72.4 
— 


2 
+ &c. =7 x1 += + Heer 2 6 
 ptl.x *. . : 


(t being ae | | T4 . 
Moreover, if if as many Terms of the fuſt "AL I + (or G ; 
2, n 2 * | 
+1. 2. . 72. 42 . — S$+2.5+3. ! (the V 
g+1.a 471.72. 4 771.72. 773. . 
Sc. be taken as are denoted by any given Number 5 of the 
and the laft of them be repreſented by Q, it is evident, WW mare 
from the Law of the te that the firſt of the . be pt 
mainin Terms will be led b 9x a 20 X 2 ö ber 
8 0 expre I qg+v 2 the ſec 
_ the ſecond, of them by .2 x "5 * Tl x 25 
bw Ec. and therefore the Sum of all of them (puttin WW drawn 
g ＋ v=p and 5+v ab t) will be = N —5 
3 cit, „ 
+ 8 8 * — T « Fx "ES ns 75 8 
U 
3 — ERR Fer. 
8 rey ä . 
— — —— 22 
Nr nnd. ptr. x T pti-pt2.o | +4 
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(by writing the Series found above in the room of it 10 U 
qual) and conſequently the — 285 ( 3 A fe 


771. 4 5 


/ — 
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771. 5+256 


q+1. 772. 


8 8 2 ; Firs 


bs 


2 = "I £ 
any pf pt 2, 457 42, 
e * 4 = US EDS 


571. 2. & F +2pF 3s, 
. 1 
Which, ara into the jon M altipicator, Ae . 


(vid. an. 347.) will give a Fluent of a=oyV x 1, 
or N 1) necording to a new Form, compounded 


out of the two =_y nes ; where the ſecond Series 
(the Valug of p bein e in: reſpect of r) will al- 
ways conyerge — 3 f er than the remaining Part 
of the fyrſt, for which it is ſubſtituted”: But this will, 
ys fully, appear from what follows: hereaſter. It wi 
be proper to take notice here that the Fluent of 


wer". xg (the Fluxion firſt propoſed, where 


the ſecond Term under the: Vinculum is poſitive) will 


alſo beige from hence (by writing 2 for y, m for r, 


2 #81 
and — for 90. and is therefore equal to 2 * 


«„ - 


uw” - 
drawn irito the Sum I the two r following Se: Serigley, 
2 1. ＋ 2. ＋T 5+ 26023 


5+ Lew” 5+1. +22 
1 
F wh e 712. 771472913 Cy 


—— - * 1 
* 7 0 P 
| - o 297 228088": 
, — + 
+ 57 


TS, 1 £1 
p+1.p+2.9+ 3. | 


Where, ,s=m +.9. 4590 + 9 1=5 + v 8 ce, 
and — the laſt. Term of the firſt IK nden 


to 0 Terms; v beibgratiy whole Number, at pleaſur 
A few 'Exa ples "wild me the Uſe. of what ne 
delivered. Aresssx0 _ yy. 0999 4pu0y 


os 
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357. Ex. 1. Le . r Te z, pe propendel 
Which being compared with a+c"l x * E, we 
have a=1, c=1, n=1, x=1 +2, m=—T, n-, 
or q=1 ; whencealſo (m) , þ 447 =v+1, 
r (s+v) = o, and conſequently the Fluent itſelf (by 
fubſtituting theſe ſeveral Values in the laſt general The. 
orem) = into N ) ALS 
RR et HE ads 
| 2777 oO PR; 7 
* 3 NS 
. Yo ie v ＋ 2. v4 3 v+2.v+3.v+4"r 
Sc. Where (2) the laſt Term of the firft Series 


being + =, the Mukiplicator ) ws. 


OY 


Second, will be = 3 - and ſo the Fluent itſelf 


u I. 4 
1 | EC rr 
an;, tf 15 Lam © 
. . + &e, In whi 
J SO 


the Signs — and + before *, obtain alternately, 
according as v is an odd or even Number. But, to 
ſhew the Advantage of exprefling the Fluent in this 
Manner, by two different Serieſes, let z i, and let 
v be taken = 8; then the Value of the firſt Series (con- 
tinued to 8 Terms) being = 0,0345238 c. and That 

1 4 2B 30. 40 
of the ſecond Series = = + 20 8 2. 25 


IF 2 0 (where £, B, C, D e. denote the Terms 
preceding thoſe where they ſtand) = 0,0555555 + 
-0,0027778 +-0,0002525:+ 0,0090316 + 0,0000048 


-+0,0000009 + 0,0000002=0,0586233; it 1 0 


that 


\ 
4 


—_— 
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that the Flient of 77 when x becomes = I, will | 
be = 0,6345238 ＋0, 586233 = 0;6931471 : Which 
is true to the ty laſt —— Place F would have 
required, at leaſt, roodoo Terms of the firſt, or com- 
mon, Series. * 


332. Ex. 2. Let the Fluent of r (expreſſing the Arch | 


whoſe Radius is 1 and Tangent x) be required. © © + 
In this Caſe we have a=1, c=1, n=2, x=1+zz, 
= —1, fu—1 re, or q . 5= —3, P, 


; 1 

md the Fluent itſelf = — = 35 (v) + 
2007 5 = « 72 . 
«ok a | —————— 

wht. . . 5 


( 6 ns 
2043+ 2075. 20+7 + * 58 W 22. 


=1, and G6, we ſhall have 1 4 
Eon 7 Tony by 
2 11 26 15 7 15 * 15 f 15 17 * 
2 ² = 
- &c. = 0,785398 = the Fluent of — 2 when z + 


= 1 (=+ of the Periphery of the foreſaid Circle) 
Which Number, brought out by taking, only, 8 Terms 
of the ſecond Series, is more exact than if 100000 


Terms of the common Series 1 — = + ©— > t. | 


"had been ue. And, if = be taken = VL (— 
25 mr 


Tangent of 30% and v=6, as before, the ſame Num- 
ber of Terms will be ſufficient to give the Anſwer, true 
to twice the Decimal Places above exhibited. 

Dd 2 253. Ex. 
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353. Ex. 3. Let the Pluxion propeſed be e* + x * 4 


Here we have, a=e\, l, . = AH, 
l b « (mb9) =b, þ (v+9) = v+4; 
therefore the Fluent ſought 


| (549) = v+4z and (by 

P 5 

Subſtitution) is = = to —L, + Ly 5 

Mer Kian 

2—¹＋œ＋T 227 % BEI: K 1 — , 2* 
5.9.13 CCC _. - 423+Þ+$ ex a 
3 r > MM 
. actos . (FI . 4 


Fluent, will then form an increaſing Geometrical Pro- 


' you write & for e, dp for ya aud by 7 FU [STE 


| 5. 4 79 & 4 5.49. 4 13. „ e men 
Oc. in which (as in all other Caſes) 2 denotes the iat 


Term of the firſt Series. This Fluent approximates Wl remaini 


equally faft with thofe in the fo —— And 
it may be obferved farther, chat the Fluent will alwap 
e however great the Value HF x is taken, I the ſecc 


both a 5020 c, in the — Fluka: aan” x27"; and the 
120 


are ee Quantities. But, if the ſecond Term under 
inculum be negative, the Caſe will be otherwiſe, 2 


— rn 5 
ex == 

ſince the Powers 4 =, in the latter Part of the 1 — & _- 
ptr. p- 


flion. It may, therefore, be of uſe ts ſhew how tbe T1. 


re 
1 —— be varied ſo as to anſwer in this Caſe, 771 


In order thereto, i if in the Equations $=r +9, and 11 


„* 
SE. K „% „ ſoon 
JI. 42 111 112.2 C2 I. e 5 
; er Ec.) = 
„ . 3. hv/ 390] _ 
q+1.5X q+1-9+2.x : me 


you I 


5 ; is * kb ' 4 : — 
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X þ you will "have 1 and 1 + =D 2 
175 | pHi.s _ 
FD ro, 

Oc. = — 
* T1. pT 2. * 8 i 511.2 
— 5+1.5+2. 2 - Os. | | - 5 
Hr 


e if theo firſt Terms eee Series! + 
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. roy 2 
. be taken, and th 
9 q+1 , x- 771. 2 .* 1 T 1 
* of them be denoted by Vs it is plain the firſt of the 
e litt „ 
nates 
* enaning Terms will be * 2 x = 
ways _ F—o+I e a” 
n, if be ſecond = 2 * i 2 » &c. 
ad the Sum of them all (putting q+v=p, und 
under | 2 
wiſe, = D 29 114 = . 
Firſt; e 
N —_ 
Ff the = _ = x14 === 
Pro- . 1 237 
_ 3 — Off Sc. (by the Equation above) and 
414 P TI þ+2- 3 - 
| 5 
EN anſqueny the Sum of the whole Src (x 4 = 
=  g+1.84 © 
Ec.) = 1. + = + == "IN: 
350. | ET 771.2. 472. * 
1 
2 1. —1. —2 . % (v) + i+1x0'9 
AD 1 3 


1 + 2 4 — — 2 + &c. Which, 
271. 2 PpT1. p42. 4 
f D d 3 mul - 
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: 7 3 
multiply'd by =, gives the Fluent of = 


2 
® Art. 348, X "ff 5 (* or 7 ) where | = r—=0, =v 
* +8, 5 (=#+p) = 7+9 and x=4—, 1 ſhall put 
down one Example of the Uſe of this laſt general Ex- 
preffion ; where we will take 5 V 2y=y* or 2— vi 
„h (being the Fluxion of the Area of the Circle whoſ 
Radius is Unity and verſed Sine y) In which Caſe, 


—v +5, p=v+5, 5=2, 23 and therefore the 
N 3 4 3 % N ED 


2 2D. 
Fluent fougat = 21 into x + 23 8 76 


(e F 


57 987 . 9 11 13 
— 2 x 1 + 37 1 — 
0443.2. e 


.. Which, if 5 be taken 
av+5-20+7 2. : 

- „ 
215 and 25 will become _ 3 * 5 oF 25 
©», .. 
397 IO X13 „„ Sdn 
(where A, B, C &c, denote the ſeveral Terms, re- 
ſpectively, without their Signs.) In bringing out which 
Concluſion, fix Terms of the ſecond Series are required: 
But if y be taken the Radius of the foreſaid Circle, 
then four Terms of each Series will be more than ſuffi- 
cient to give the ſame Number of Decimal Places. And 
it may likewiſe be obſerved, that, although no general 
Rule can be laid down for aſſigning the Value of v, ſo 
As to _— the beſt in all Caſes, yet the 2 

| | | | | +2 oe 


Fluent 


— 


a— 52 


expreſ] 


which | 
Values 
being i! 
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will, for the general Part, require the feweſt Terms, 5 
when the Number of thoſe, taken in each Series, is 

nearly the ſame. 
354. But, 


4, and 
* x FI; is rightly expreſſed by | 
1 r 


3 


2 


e 


1 X K 


N 
2 
nn 


2 


*+* 


Way , it followe 


Os. 
+4 (v) wy 


3 


. þ » 


+1 


7 * t 1 


which ! =m+ p+1 ; and where it is requiſite that the 
Values of +1 and þ ſhould be poſitive, otherwiſe, 4 
being infinite, the Fluent (or Compariſon) fails. Hence, 


becauſe the whole | Fluent 


X 


viſor (x) being Nothing) 


242 


1＋2 


- 


a—bz" = o) is found = 


m+1 x nb 1 
„by writing this Value in the Room of 
expounding p by 1, that the whole Fluent of 


. 
2 


Dad 4 


ATI 


after all, another Theorem or Series, ſtill, 
ſeems wanting, to expreſs the Value of the whole Flu- 
ent; when the Quantity under the Yinculum becomes 
equal to Nothing (which, in the Reſolution of Problems, 
is, commonly, what is required.) For, it is plain the 
laſt, above given, anſwers no better, here, than that 
preceding it; becauſe (the Di 
the former Part of it fails. | 
In order, therefore, to determine a proper Form, to 
obtain in this Circumſtance, it will be requiſite to ob- 
ſerve, firſt of all, from. Article 286. that the whole 


Fluent of ab. x —— ſuppoſing that of 
o—bzl" * of to be denoted by 4, will be truly 
expreſſed by P 


(v) * =: In 


I - 
, % 
—— — © 


wbo+2 


of abit 


(041) X ==”; 
_» 'o+r xa. 


*, (when 


: by the common 


es” 
mb 2 
1 N 
— — R 
8 m1 


Whence | 
Tha 


— 


468. 
on That of abs" * X 15 S, by ade, 1 -inftcad v 


=” 
| to T1. T1. 472 5 1 


— 1 &e. - be, continually, taken *; and for tin — 
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2 2. 
5 * mg; 2771 


_ (r): * = Let this, any be. denow! 


by B; then, by the fame driih, the Fluents IP the 


2,2n 33% 36 
ſeveral Terms of the Series I, — 2 25 1 5 | 85 


x 21 


w+ I, will N be n to — 


en into the general Multiplicator a — b. 
will be, reſpectively, y, expounded by thoſe of 4 Kae b 


: 
L 1:74 ES, drawn into B 5 b. 


ing =m+r+1. A 5 
If now Differences af, the Quinledes- v3" = proper 


» i+1 £224 ö 
Ea ual —m—1 be ſubſtituted, the Value of any Term EG 
of the Series, whoſe Diſtance en the firſt, excluſive, 1 — 
is denoted by 5, or whoſe coruponting Term, in the : i+ 

; | _ 1 | 
preceding Series is 9 will be univerlly ex: 1 


preſſe * a — .m+T 1 .. 1 lia whic 
e X . 177. Nr impro 

3 — mee m+2.m+3 fame (w! 
4 ag = : —Z - Nc. Where, 3 
12.3 * t.t+1.7+2 | | Fluent of 


if s be interpreted by 05 1 2,3 C. &c. ſuccelibely, you 
Article al 


Yo r+1. 
Gill have the Values 1; > == Ee, above pxbi Pry 


bited : But, if s be taken as a Fraction, Gian the Value +m+2 72 


of ſuch an intermediate Term will be found as will gi 
| 10 


Site mn Mathematiccl 22 P- 94+ 


The — — 499 | 
. 
be Fluent of . & JT * 2 Pig, in any pe- | 
| | 


poſed Circumltages of 53 which Fluznt, It is evident, 


vill therefore be expreſſed by 12 Xo + * 


—— — 


p 


——ů—— —H—⅜ 
Le. or its Equal — * "8 
. CER | m +1 | 


** "TORS, 
* into 1— E 


* r 71 7 21 932 
3 mt. 2 12 * 244 K 
t by. 1. 1 I bg - 


G &c. (where E, F, & Ec. denote; the Terms im- 
mediately preceding thoſe where be- under their 


4 proper Signs.) Whence, dividing by £ - we hare 
wh Rs REAR = 


t its . * — we 
| 17 SY 1— in 
n+1 —— Of ' . —— 


uſue. 2, E, Ge. for the true Fluentof «= N o 


r_ 5 


From the laſt Fluent that of =- * " o- 


(a which p denotes any poſitive Fracti F proper 
[Mer improper) is very readily obtained : or, if 


ame (when a—bz” = — be denoted 5 A; then 5 


225 Fluent of a—bz" T xz ron, will (according tothe 
, * Article above quoted) be 9 7 i: ad 4s 
"| Bay arms vn 
A +1 42 — 25 

[a]ue +m+2, * p+m 73 0 v Wy % Sha 


poſitive 


{ 
; 
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g 0 
ö _poſitive Integer. "Therefore, by making 21 x Lint 
zr 
* = em x oft "or r+5=þ+1 Rn 
i 
h "the correſponding Fluents muſt, N be equal; nei . 
5 * 5 — 4 Tf 1 * Ws : 6 * 
| ; 2. EE p+r == 1 l by 
[ | 2 Na. +2 (9 v) i Enix nt 2 
. "ws — — Ss ak 2,1 0 
| LI 
: | X n+ 4300 rnb 8 f 9 LL, 
= | . $. 13 
— 58 6 whole Fiat of es: x Wo the b 
— 5 2 2424 i * ee we 
| F * P5712 Hp 
| 8 X 2 (r) X — „ into the Series 3A times th 
Wi r re arlf ſwer wit 
| a 5 141 71.1472 7 $F—2. L F 
| „ 2--t+1 ES . 17 2 2 7 Ex. 
| = cs. where t1=r+m+1 and s = p+M(vhoſe 1 
4.773 of Deſce 
„; v andi being. any whole poſitive Number 1 
pleaſure. . 


Here, 
355. An Example, or two, of * Uſe of this Cor 
cluſion, may be Pe, 5 


1. Let the whole Fluent of e I; ( ehyieli 10 
the Length of I of the Periphery of the Circle whok ©  ©4 


Radius is: Unity) be demanded. In which Caſe, 4 be- - Hs 
ing +1, 21. n — 42, 9 t=r+3 E 
27 +1 — +1 . | 
"La will, 3 ( 5 ſubſtituting theſe Values) b 

leſs yt. X „ ir 

| TT (v) x 37 0701 + Ce. 
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| 
| 
| 
—# — — | 
Alix —into pr 2 ET, 1 1 20 — 2 —1 22 | 
27 „* 2 +1 ha 75 4 » 2r + 3 ; | 
1715 e LT 2v » — 27 -—_ bh | 
hat i, WT | OLA. Gur Which, 
mo 6. 27 +5 1 +7 | | 
= by expounding v dy 5 and r by 3. will become = | 
1 ＋ 1s 5 47,4" jw. J | 
* &c, ——— 5 WOT | 
—— rug f into 1 1 74 Tb 677175 | 
. And 2 2 415 4 
7. 1077 150 6+ 10 —— — 17 I + Sc. = 1, 570g. 
+ | x Wn the bringing out of which: Value, all the 5 above 
wy OE are requiſite : But, of the common Series, 1+ 
—— ns 4 | 
11 — 1 
ky bf _—_ 5+ irq 67 ee moe than 10 
s 1 - tnes that Number of Terms would be neceſſary to an- 
fuer with the ſame Degree of ExaQineſs. 
F. Er. 375 Les the Fluxion rod be —- — 46 
| * A= 
=p+ (whoſe hols Fluent *. 4 2 d, expreſſes the Time 
_ {ef Deſcent of a heavy Body in half the Arch of a Semi- 
bers x ercle, whoſe Radius is 4 . 
1 2 Here, by paris GP — 4 * 75 with 
1 2 e , we have a= 4 WW TT JAE RE 
y — 2, or P=3; alfo 3 Do-) SD -r. 
ref n =r +4: Whence, by taking r and 2, 
beck. ach, equal to 4, the Fluenty itſelf, comes out = 
1 x 2 into = x 2 x 
$ „ bp = WS 7 
SERA, OE. it. 7 
1 4.9 n 12. 13 165 15 
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= 2,6215d* : Which is to 2 24, the Time of De. l/s. 2: 
ſcent along the vertical] Diameter of the foreſaid Circle, 
as 2,6215 to 2,8284, or as 100 to 108, nearly. 


After the ſame Manner the Fluent will be found in 
other Caſes : But, with regard to the atgning of the 
5 


— — — —u—F —— 


S nn ug "TE S IE: 
TE En — DN”. ——ABA: RC NS CET EY 
” 
/ 


Values of r and v, it may be obſerved, that the An- = 
| ſwer will, commonly, be brought out with the le — 
Trouble when vis taken greater by an Unit or two tha 6 
| r; which laſt Quantity muſt be greater or leſs, ac- More 
} cording as a greater or leſs Degree of Exactneſs is ne. | 
| ceſſary. From the foregoing Expreſſions, by varying hus bre 
the Values of v and r, a great Number of 8 
0 8 of — may be 2 But 
this being foreign to my preſent Purpoſe, I am not u | 
Leiſure 8 purſue it tone” FV 122 
356. Hitherto Regard has been had to Fluxions d p 
the Binomial-Kind : But, from thence, the Fluents of Now 
Trinomials may alſo be found; when theſe laſt can be Bi. Ec. 
reduced to Binomials (by Art. 307.) without introducin = 
new Radical Quantities — Beſides which Method, | Fluxion 


ſhall, here, give another, which will anſwer where that 
fails, and is alſo applicable to Adultinomials. _ , 


In order thereto, let the Fluent of a T 


2 EE, be denoted by 4; and let it be required to 


find, from thence, the Fluent of the Radical Muliin- 


+1 


3 
Alſo, 
erm o 
erm it 


* 


mial, or Infinite Series, ac +dx*" Ter + fx" 940 * 2: 
* , Shs , rt 1 f _ * 75 ; . ing tt 


N Make c = cr + ds” + ers, + &c. and 5 af", 


then, æ being g y, if this Value be -ſubſtituted for 


, in the fiſt Equation, it will become * = of? + Toy 
— — 8 F : . = p 
diy + oof Sc. Whenct, by reverting the: Series, (5 FO 
| V An. 
S * 5 — 
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of De. 11. 275.) 75 is found = LETS 
Circle 2 Wy * . 


ind; = * „ - 
ef 2 2 A T 2 8 e 4 


Moreover, 8 . the Fluxion of the Equacin 
hus brought out, and dividing by pn, we haye of *—z 


yarying 

e 'z 5 toon, +252 x | Far. 
. But W * Ref" * 

«pg 4 * 72 era, + 6. 6 
ents of Now let this Valus, with 5 of cx 9 4. 4 3 
* + &c, (given above) be ſubſtituted in the propoſed = 
od, Flurion, and it will become ; + ex" x 1 + 


7 x Ref" a+ * x -i 4 oc. 


= 
1 Alſo, let v denote the Place, or Diſtance, of any 
ired om of this Series from the firſt, excluſive ; then the 
Juli itſelf, drawn into the general Multiplicator, will 
5800 8 expreſſed by a + + ud "wt Y 2 3 (A 
. | ing the correſponding —_ N. S, T, c.) and 

| m+1 F 
= af"; e Fluent thereof 1 Ax 4 + x) * of « 
ted for vn Ta—2n RY " Ty FEE : 
| I = TRI * 924 
yt þ TI. 10 sI. nc 141.3. 5 I 

A e „ena. (Art. 283.) 

a, (vil ES he 1712 


Where, : 
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Th 

Where, g=fp+v—1, mn, t=p+m+1, and the — 
Sign of the laſt Term is + or — according as v is ef 4 
even or odd Number. Now, if in the Fluent thus .O) 
ven, v be expounded by 1; 2, 3, 4, Cc. ſucceſſively, i __ 
is evident the Fluent of the whole Ex n will, in > 


all Circumſtances of z, be obtained. But, if the Co- 


efficient e be negative, ſo that a + cz" may ( by increaſing 
z) become equal to Nothing; then, in that Circun- 


Hance, the Fluent of the foreſaid general Term a T 
| «4 APs (or bel” «232 A 


PR | making =) being; berths =+ | 


+1, +2 p+v, HEL. N f 
* Arte286, fl * 244 (v) x 7 * *, it follows i 


the whole F luent of the given | Exprſion, or its Equi 


2, a" x = ap +* 2 by a 2 5 0 will evi 


AN Ro 771.7 771.1 
1 — . of 
160 11. 


3 
. 2 — Sc. In which, R= 
t. 4141 oy: i -4 


EO WE 2 2 . —— 
5 * 1 5 


3 r 
— X 5 = Ec. and FEM the Flue: 


| repreſented by Ax 1 + 


r m 


ak Wn if the Fluxion given be of the Trin 
mi * (Gen; e, fo He. vaniſhing the whole Fi 


—— 


Then, 


ge” i Le Monner of making Fluents converge. 


and the of - + FED I . . (when 2 - + d. 
thus gj- =0) will, by ſubſticuting for R, 8, 7. Se. be = 4 x: 
vely, it — ————ů 
will, in TE > , p ptr 2 2 1 
the Co. Ne * I. 1 * "4 FT bb 5A 
ereaſi 5 p —— —ͤ — äö I 

ow, 2 2 he a1 = 34 Ec. 5 7 11 
Ta 1.2. 11ß⸗üK—kè bl | 


358. If m+1 and þ are the Halves of any odd Ars 
native-Numbers, the Fluent of a — 1 


3 when a—b=" =o, -will -be equal. to 58 SANS 
2 Ar . T(m+3) x1. . 2 
WIS that 2• 4.681012 m+þ) "il ; 13 2 


being the Periphery of the Circle whoſe Diameter is 
nity. Therefore the Fluent of ab + dx*" +ex3" Sl. | 


[we Tal 45 or its SY N — 1 


x * 5 's Ec. is a in this Caſe, by rs 
he Expreſſion here given, into o the Rt _ I * 


— . 7 


359. An Example or two will hap to  hew the Uk 
what is above delivered. = 


Firſt, . let the Fluent of N —.m 
. 5 a? + pn" | 


ew: the Diviſor becomes ow to > Nothing) | be re- 
Ning. . 4 


e Fluer 


Uo "9 
Tun „ 
ole 0 by computing. 4 — x — =D with 


1 —S as 


Cod % Manerof nating Pune comers, 


the cinema Trinomial à == he? + 2 „ . For 


appears that “ muſt be, here, wrote in roam et 
| DN OATS will be . . 2 
T 12 


22 2 1. and — fr han. | Whence 
have f Gt = 1, 2 8 | | 
„„ G # | 
OE $> nd 66 Tomi. * 


8 — — —ͤ — — the t 
e 4 · 75 72407 7.85 1% 
* * ©. 9 ry there 
a The ſecond Example. wall be, to find * Fler 5 

ME Apſide 9 in an Orbit deſcribed wil —2 
means of a — E orer varying: Rag to 17 "i 
f Power of the Diſtance. Whe 

; n which Caſe the ge Fluxion being | Ser 

X "RE 

X P ta ( 0 dn, 4 (s 
x, 2 3 
Vr AA | raff Darga 4 = 
where A is ſup ſed. the higher Apſe, and CA 10 LSE 
conſequently Cb) equal to Unity) we ſhall, by puttin truly 
2=pP=6, 273 =s, and 1 = Sy luce £ 3.— 
+ 355% —__ 

EVIL 1 + & 
==> IEEE e * 
1 —9 y T="_ 8 of the 
OY Yo. > ws v. 2 . | 


PS WET Ge. * Where the Qua 
| L 


8 N 
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tity under the Radical Sign (now anſwering to the 
Form above preſeribed) being compared with 358 


-b + def. 1 ex; &el, we have. m = — 2, 


' —— 


3 
Sc. Alſo the Value of p with regard to te rd 


Term * A) will be = 4 (becauſe WES 
Vkewiſt 3 its Value i in the ſecond Term {5 7); is = = 3, in 


te third = 2 Ee, In the firſt of theſe Caſes 1 ve, ; 


therefore, N 2 1, R 65 x I} = 


— — 1 — 


2 2 5 4—5 — 3 
= „= 

6 r 

Whence it follom, that the Fl uent 'of the firſt Term 


9 


19 LF weben the 


Quantity under the Radical Sign- becomes equal to No- 


thing (or the man arrives at its lower N will be 


—2 


417 


GO 5 
way expreſſed. by | Pati - Into x +” = oy + 


8 


. 


+ He. | 


In the ſame Männer! it will EE that the Fluent 
of the 1 FROM in that umſtance, is = 


——— — 


— 
5.—4 X —. 8 * 1 =; 2 11 22 1 
4 = 1 8 f 2 WISE . | 


8 


Vis © 
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2 


J 
"7 
c. Ec. 85 


Whence, the Fluent of the whole Series, by 4 
2 theſe ſeveral. Values together, will come aut = 


4 Cc. that of the Found = TY * 


— 


G 
— ＋ 28 + , 


D —8 
6 x 489? 
2XI—, þ—t 


the genera} Multiplicator 4 


« Þ* + e. Which, "drawn i into 
— 8 — He. (the 7 of 
ü gives 


* 
— X 
— — 


1 1 * ants” E ＋ 2 OE 


* 4 ; Sc. for the true Meaſure of the Angle required 


* of the Radius, or U From hence, hy 
writing 180 inſtead of E, ws lll baue the ſame in 
Degrees: Which, laſt of all, by Eh u, e 


— — —— 


—— > 
N—I oe 22: 1 5 

Wheze # is the 3 of ales. of the Fake 

wheatdy the Orbit is and: B, the Defect oh 

of the Meaſure ofthe Celerity, at the higher 

2, below That which the Bodx Th to-have to te. 

volve in a Circle, this laſt _ enoted by vo 
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The ſame Concluſion may be otherwiſe derived, by 
bringing 1 in the transformed Fluxien, under the 
Vinculum; but this Way of going to work, though 
we bave dut one Series to manage, will prove rather 
more troubleſomo than the foregoing: © | 
It will appear from the two preceding Examples, eſ- 
pecially the firft of them,; that this laſt Method of find- 
ing Fluents is, chiefly, uſeful when all the Terms of 
the given-Exprefion, after the two firſt, in reſpe& of 
theſe; are but ſmafl. Which is a Circumſtance that 
frequently ogeurs- in the Reſolution of phyſical Pro- 
blem; fuch as determining the Effect of the Atmo- 
pbere is Reſiſtance upon the Vibration” of Pendulums; 
and the Inequalities of the Planets ariſing from their 
Action on each other. In ſhort, wherever the Girl 


or the Quantity it expreſſes, would belong to the Circls, 
or ſome other of the Conic- Sections, Were it not for 
the Intorpoſſtion of ſome ſmall perturbating Force 
(whereby: new Terms, ſmall in Compariſon of the two 


firſt, are introduced) the ſaid Method will be found of 


very great Service! 


ate 
1611 2 
& 
E e 2 8. E C- 


1 1 
f * 
% 
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% SEC TION MMM 
The Upe of Fluxions in determining the Moti Ml f. 
of Bodies in reſiſting Medium. „ 
2 . HE: Hypot 
GLITTER TEE LS 55 „ which 
ann © 5 BE Force 
36 1. Suppofing that a Bach, let go from a. given Pain * 
' A, with à given Celerity, in a Rigbt-line AQ, i 7 
reſilied by a Medium (or any Force) acting according 6 
10 @ given Power of the Velocity :: To determine the Wl tberefe 
Viellciiy, and alſo the Space run over, at the End of « Reſiſt: 
JV e . Noi 
n 3 5 4 rio vith \ 
25 E T the iven | Celerity at A (meaſur'd by- the would 
Space which would be uniformly deſcribed in any I the 
propered Time r) be put = c, and that at any other Space 
Point B, v; moreover.put AB = x, and the Time 5 

2 B : e 
At | | —— —-— = I we 
C— — D. | 7 ing ne; 
of its Deſctiption = z; and let the Reſiſtance, or Force, From t 
acting upon the Body at A, be ſuch, that, if the ſame TY 
was to be uniformly continued, the 8 would have i e 
all its Motion deſtroyed thereby, in the Time wherein WF» 
it might move, uniformly, over a given Diſtance d ; 
(CD) with its firſt Velocity c: Which Time, let be de- „ 
Then, fince the whole Celerity c would be deſtroy'd in MW © 


the Time r, that Fart of it which would be uniformly ta- jy... 
ken away in the Time r, above propoſed, will be truly re- Wy. Dia 


preſented by = e; or by =; which is equal to it, 4 = 


becauſe the Spaces (+ and v) deſcribed with the ſame 


f 


Ce- 


d in Tohfling Mediums. 
Celerity are always as the Times (rand t). of their 


I 


Description; ; and therefore — 7 = 7 


Hypotheſis ) 28 1 to “, it follows that the Velocity 
Force equal to the Reſiſtance at B, will be expreſſed-by 


of vo” 

7 1 72 or its 8 7 * 

8 the true Meaſure of the F. orce of the ſaid 
Reſiſtance. 

Now, it appears from Art. 218. that, if * F orce 

vith which the Bod is ated on wr the Velocity it 

would generate in the given Time 7) be repreſented by 


=. From whence, by writing —=— 7 = by inſtead. of 


1. 2 
N 


55 we have — lebe Sign of ,. v be- 


1 1 
= N 
ing negative, dernfſo's decreaſes while x  ſnereaſts *. ) 


Hence, the Reſiſtance at B being to that at A (ky 


which might be deſtroyed in the given Time r, by a. 


: Which Expreffion i is, 


E the Relation of the Meaſures of the Velocity and 
Space gone overs will be < expreſſed by the Equation £vs | 


* * * 
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From this Equation,” we get 4 = = do hz . 


_ * 2 —. 

a bar dog Fluent is . n= 2 which 
_ a . takin # = o, and v Sc) becomes pp 
be de- F. W nerd 

| __ 2 5 F c | 

roy'd in LES Wy — N = 23 * Cs btT 


Wh Moreover,. ſince the Time (=) is to the Time r, 26 
ere 


the Diſtance æ to the Diſtance v, we alſo thave's (= 


il to it, 4 == r 5 and conſequently z = 
he ſame , ey, 5 
| Ce- © Ee 3 


. ae, of Badice 


c 
re —1— _ * 1 — th &t 


| writing: 4 for its __ 2). * rom yo Equat exh 
. = | | K b- lyp. 
6 Lo TEA. . TER tat 
from the. preceding Equationg we get - - | 
8 6 2—2 e * 
es a=Ix Fl : Which two equal Values he. g 


ing Fond together, there, at . reſult 7 2 


| 3 —— = 


— . ; bo: 2 Z 
| ConotLary. 5 
362. If n= 2, or, the Reſiſtance be in the Duplicat 995 
Ratio of the Velocity, the Equation my the Re- 
tion of 8 and e, will beg = WEST nc 1 
C 
— But the other Equation a F font failing ane 


x 5 
becomes pass. Aug 7, the Sink of - & Dcict 
Nr ee art Force 


uation 


len fails. | 
PR O B. u. ä 
Wok Q 352 If « Beg, l ge from a given pant 
*. 3 rity, in a Vertical Lind 
jos 54 CAQ, 15 acrel on by an uniform Gravity, \ 
3 1 2 and alſo by a 3 reſting according | ta 
| | any givin Power the elacity; tis pro. 
poſed to determine 1 (lation of the Times, 
ed Re A+ the Velocitie and the Spaces gens dver, 
2.5 Z. J. | Let the. Notation in the pfecedi ing Pro- | 
"DY blem be retained; and let the Force of Gra- 
| T bh: in the given Medium (meaſured by the 
| elocity it might generate. 1 the propoſed 
plicate Ti 4 G) Ye repreſetited b, Then 
he Re- e e "bank added to, 9 bse * 
; 4 . = - the Meafure of the Re. 
An ffanee 15 n as the oY is in its Aſcent, 6 or f Art, 36. 
of = bee we thence get r — + 5 for the whole 
by dix Force ( F) whereby the Motion, at B, i is i affeHcd : : i 
__ LE (by 4rt. 218) (== =) = m = — 51 
3 4 2 "Pc 2 rat 2 
Sr L "Whole Fiyents t Art, 36. 


* — Meth 55 45 


. the He Marmer, lien 1 or the Reibe is 775 
hs Velocity, the Relation of 2 x and 2, wilt be 


exhibited „ the Equations v= * and z tx 


72 Log. = — = tx byp. Log. == 7 Which Caſe, and 


that Sis are the only two wherein che general 80 


E e 4 | may 
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may be had, by the Means of circular on E Loga- be 6 


rithms, from Art. 331. 4 
= HOP - "CoROLLARY 1. e 25 wy 
bolic: 


364. It appears that che Force G of the 1. 


1 
fiance is to (6 ) that of Gravity, in the given Me. > hg 
dium, as 27 to bd“: iow: ris if this Ratio be 


expounded by that of v* to a”, or a" be put = ba", 
it follows that a will. expreſs the Celerity with which the Wl gance 
Reſiſtance would be equal to the Gravity (ſince, when Wl vill“ 
va, the ſaid Ratio eee chat of unn, ) os * 


Cel 
alſo, by fubtinting I for its Equal de ”, we get Ml df 
. be | a mor 

: _—_ © ma | 

2 — . | 3 
e ET bx v'Þ „„ | 

. . CopoLLary. . | a 

OY Tf the Reſiſtance be in the Duplicate Ratio of ay 
' the Celerity, our two laſt Equations, will become + ich r. 
— and « „n F h p 5 
—— b—_— — —— : s 1 
Er et a 

; 2 | $ 

A. 156. mer whereof we get x = rg — * r FREED 


Af x by. Las: ae = © x lyp. Lag: «+4 


ll) OT Bs vv + aa vv T 


(becauſe, here, a. = Id.) F rom bo POE] when v=0,. 
Es the Body to aſcend) there comes out x = 


Ex yp. Log. E += for the Height (42) of the 


| whole Aſcent. Bay i if c 4 taken = — C5 or the Bol 


0 
=—y 


a | "refiling ;  Mediuins. ” 
v to dens from Ref, we hall ths har 
-£ x by. Log, 1— 2 =the Diſtance 4B deſcend- 


ed. Whence, if N be 2 for the Number whoſe Hyper- 
7. it follows, (becauſe, Log. 1— 


bolical Logarithm is © 
ow 2%x 


= Ls * that 1 1 5 and 8 


22 7 
conſequently vr 4 FA —— From which, the Di- 


fance AB being given, the Velocity acquired in the Fall 
will be determined. But, if the Body, firſt, aſcends 
from a given Point A, with a given Ce erity c, and _ 
Celerity, acquired in falling, when it arrives, again, at 

that Point, be required; the ſame may be exhibited in 


a more commodious Form, — of Logarithms, 


C 
al vil be equal to Vang * in 1 8 | 


Furthermore, | 


Cale, is found above to be = I += LA 
vith regard to che Time (z), we hai already found 


- 1. ane; 7 oe * 3 
tat 4 is = ) or = — — 2 
5 * Nr | 


— 90 =) according as the Motion of the Body 
bx aa — Wy 

ö from, or towards the Center of Fe orce. - n. 
the Time itſelf, in the former Cale, will be 4 - 


fawn into the Difference . the two circular Ares: 


whoſe Tangents are — — — and — 2. 108 whereof the com- K 
Whence it e that the- 0 At. 
Timo 


non n Radius is vg .; 


» „5 p 1 
* [| K 92 
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Time of *% white Atcent wil * denoted by Fs 


_ 2 2 Late Ares: 2 
ut, in the other aſe Flu 1 * 
Time of Deſcent, is ce y the bing of 3 
| > ty but by the Difference of the ebe 
Art. 126. 2 of 2 and — drawn into 2 205 There. 
ore, when 2 o, or the Body falls from Reft, thi 


Tine «will be battly = 3 * Tay LEY at 


* yp. Le. * + $=I)* (by fubMitatiag the Vile 

of v 577 1 ve, and ordering the Logarithm in 

Art. 303 his der, in the forementioned 'in 
e 


ee N=1+ - and e ——— = 


a # 
4 £ 


| becomes # = '* \ bp. Ly, * . 


nn 1 bn 


| 66. 15 3 to vol Iſaac Newton we * | 
as Lende of the Air, ts Bodies thoving Ii it, to 
be in the. Dupticate R Ratio of the Ortrrities ® *,; and that 


* That the e is at ; the Square of the ie Cali, the 
Learner may, in ſome. me 4%. conceive, 1 that . 
the amt Body, avith a double Purehly; #ot- bn i Fvite i G's Fe 
Number of reſiſting Particles in Motion, in the Jame time, but a 
alſo as upon cath 8 avith 4 duublb Forte; and thirtfoft miift fuſe Heigh 

4 four-fold Reſiſtance, or a R 270 tional to the Square ll © 
— Velocity. This duould be __ rue, were it hot that 3% 
the Particles 2 put in Motion impel . lying before 72 | 
and thereby prevent, as it ____ Aion of the Body dy. — | 
Dewiation from the: for a  benee ariſe, is hot ea 8 
to determine. 22 — ſeems zin, that the Refiflance Time, 

at the Beginning of aty wery ſabift io (Hill the Air in thr . 
Way of the Body comes duly to — of that Motion) will WM +. 3 
be greater than That ſuſtainad by another equal Body, movi 
with the ſame Celerity, that has been in Motion ſome time. 8 

a 3 


2 Ball, in the Time it might move, uniformly, over a 


Space” (2) which-is to 3 of ity Diameter as the Denſity 


of the Ball to that of the Medium, would have all its 
Motion taken away by a Force equal to that of the Re- 
ſiſtance, uniformly continued: n, from theſe Datu, 
applied to the Theorems. in the preceding Article, we 
ſhall be able to determine the Velocities, and the Times 


of the perpendicular Aſcent and Deſcent of Bodies near 


he Earth's Surface; allowing for the Reſiſtance of the 


Atmoſphere. 


Thus, for Inſtance, let'a Cannon Ball, of * 1 


Diameter (whereof the Denſity, or ſpecific Gravity, is 
to that of Air as 6000 to 1, nearly} be ſuppoſed to be 
projected, perpendicular to the Horizon, with a Velocity 
ſuficient, to cauſe it to aſcend to the Height of half a 
Mile, or 2640 Feet, in vacuo; which Velocity (by Art. 
203.) will be found to anſwer to the Rate of about 412 
Feet per Second: Then, according to the Proportion juſt 


now mentioned, it will de a8 1: 6000: : 3 x 


4 : 64000 


Inches, or 5333 Feet; which is the Value of d in this 
Caſe. Therefore, if the Time r, in the preceding Ar- 
ticle (which may be aſſumed at pleaſure) be here inter- 
pret ay ne Second, = l — a, e 
and 5 be expounded by 5333 F. 412 F. and 3292 
F.“ reſpectively. Which Values being fabſliturct in . 
the ſeveral Equations in the laſt Article, we ſhall get 
1% (V) = 434 F. the Velocity, per S- 
and, wherewith the Reſiſtance would be equal to the 


Gravity, or Weight, of the Ball. 


þ 8 | h 8 1 i 
e 1 + £ = 195 ben. 
Height of the Aſcent, | fo) | 


* 


the whole Time of the Afcent (which is leſs than the 
8 2 5 $ "6 RE | 


F -+% : 22 3 2573˙ 
- * « %. 0 "x 
5 | | 7 4 
r "| — 80 F M6 
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"23219 D 


. * . Fi 
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9 he me f. 
0 4 8 Is = 29% the Veloy, 1. 
bund aoquired i be Deſcent. . 


30. Lad, I x hp: Log. 7 += 


| 11,30 Seconds, the Time of the Deſcent. 


Note, In this Example the Meaſure of the abſolute 
Gravity of the Body, in vacuo, is taken, inſtead of its 
Crore 1 in Air (the Difference, there, being too incon- 
ſiderabſe to be regarded.) But, in Caſes whete the ſpe- 

citic Gravity of the Medium bears a ſenſible Proportion 
to that of the Body, the Force of Gravity (5) muſt 


- (inflead of 321) 


be N Aron by 3272 * — 


ww Bis to M as the ſpecific Grain of the "iow to 


* of the Medium. 
p OB. III. 


» gravitating uniformly in the Direction f Oe 
nes, may dejcribe a given Curve 


5; 25 jy FARE the Reſi/tance, by means e a 
Li 


Let ABC be the given Curve, and BQ, aral. 


to the Axis (or any given Line) AH, be the ere 


Art. aog. 


= ap, that in the DireQion BM, - by 11 But, the 


of Gravitation at any Point B: Make PBR perpendi- 
cular to AH and BQ; and let AP=x, PB=y, 4 Ys x, 
RM (Nb) = x, MN (Bb) =, BN = s, and 'the 
Velocity of the Body at B in the Direction PBR = v. 


Then, the Decreaſe of Velocity in the ſaid Direction, 


which is 2 owing to the Reſiſtance , being re- 
pteſented by — v it follows that the correſ nding De- 


creaſe of Motion in the Direction 8 ng from the 


ſame n m_ be expreſſed by *- — * 2 15 ; 


Celerity 


| pteſer 


mn reſting — 8 


v + Vx 


preſented by v X x1 its  Flaxion Ts will be the 
3A | erte: . : s - 
(6) 8 


wht Alteration of Motion i in the faid DireQion, FIVE 


from the Reſiſtance and the Force of Gravity, con- 


junctiy: From which e the Part owing to = | 


Reſiſtance, found above. to be 5 the Remainder * 55 
vill be the Effect of the Gravity. Which being to 
— Ye the "Effe@t of the about Refitne in} the 


Durction BN, as. 1.60 — 5 —, = the Force of Gravity, 
muſt e be to that A ws —_— ane in 


* 


8 the 1 — of Gravity, 8 by the | 


Velocity it would generate in a given Part of Time (1); 
bring denoted by | nity, the Velocity generated thiredys 


in the Time 00 of drſeriding BY, withthe Celerity 55 | 


$35: 9 wag 


5 oo 
nl l likewiſe be en exprſe by, 2 9 T, the Meaſure of 


on 
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cle in this 24 Direction being, every where, re- 
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[|| 
F 
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— —— — 
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the faid Time : Which being put = =to 6 =) the F. l mi 


Ks of the ſame Quantity, given above, we thence har 15 


** = =? : From whence, not only the Velocity, but 


the Reſiſtance will be found. But, if you would har 
the Reſiſtance expreſſed independent of v; then let the 


Fluxion (2 2 — 22) of the laſt Equation be di 


—1 


vided dy the Rd, which will give © == 
{ P | 13 . YL 
And then, by ſubſituting this Value in — r, you vi 
| gt, for the true Force of the Reiſtance, phe « 
2 (or the e Body) being expounid 


= - 4 » "- oo : 
I X r* £57 CE 2833-14 
aun A 4 0 „ 


Let — Radius Laenge 26d k 
be to meetin produced, in | 
N if the abſolute avity, 3 in the 22 — 2. 
BQ, be denoted, by Unity, its Force in the Direction 
BO, whereby the Body is retained in the Curve, wil 


be repreſented by FS" Therefore, fince the Velo 


ties in Circles are known to be in the Sudduplicas Rath 
8 d Art, ara. of the Radii and of the F orces oy , the Ve- 


jcity at B wil be righuly eee by * 70525 


; or its Equal IT. (For the Curve: at, and inde- 
finitely near, B 3 Arch of a Circle 
whoſe Radius is B And it is evident that the Re- 


an waht Sig PR 
"Tangent, 
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Tangent, hut only ſerves to zetard ] Motion 6 5 
it may, every ere, - 4 due Fropęrtion 30 

ren Force of Gravity ing in the Directio on, BY. 

Flen nce, putting Bg, the Increaſe of the 8 


in the Time (=) « of deſeribing BN, ; by ex- 
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pil bythe uA. 


the Celexity nat wjght be cena by Gif in d. 4 
kid Time I being meaſured thereby, the Ingrcaſes | 7 i 
in BN, ailing from the ſame Cauſe, will therefore wa 
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288. If the Refiflance be ſuppoſed as aby Fal I 
Power of the Velocity drawn into (D) the "fy 

the Medium; then, from hence, the Denſity of m2 ar 

Medium, at every Point of the Curve, may be deter ii © 
"mined : For, the abſolute Celerity at B — * rep ry 
T 


Tented 7 „db Reſiſtance at that Point vill . 


to the fad Hypotheſis b. Fn, 'D; and t 
the Velocity that would be deſtroyed PETERS in 


Time (5) of deſcribing BN, as I. BY. M 1 
| 3 _ In | 
being put = (-H the Efec of the ume nel ; 
Kftance, found above; we then ye DES | WY 

RENE. » 

ay by Gubſtturing for v and ©, becomes D 1 * 

In ä and what; hb 5408 
equal Denſities, the Gravity of the Body in the Me 

dium is ſuppoſed to continue, everywhere, the ſan 

„ WW; that the Attraction inereaſes with the Denſity, i af ay 

that the 3 between the ſpecific . Gravities « a 
the Body and 3 at even Pointy-b- 2. x f 
ſtant Quantity. ua * Goter © 
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Then, x being here =, we have 4 = 2. 5 = | 


. Body, ene 
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EXAMPLE n. 4 
th ' the Curve * a," 

of a. 
a > | * 1 

Riu BO . 3 5 "FR 
pager bn ro 7 f | 9 ET”. 
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ebe) where, as /BQ, and the Reſiſtance 
to the Graviy (or Weight of the _— as 3PB to 
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2 8 ice 
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* > be ths Ceed it Flew 4 HO U. Nettes 
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2 4. and therefore =. is ale = 3 


12 42— ( 4 a ; 5 f „ Fart. zez. 8 

Dr 4 - z » 3 * 4168 5 
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ad therefore = 3 0 * C 
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rr 3 — 4 — 3 
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| SI. an BY 2 
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| evident from | 
0 that the Veloci 15 He 
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Force 

or, its Equal, VF: F: And therefore i its increaſe in i the +3 
Fi. oxy 
Time (> 7) of aeg BN will be 27 cu, 


From which, deduQing (F &. = x =). a he El. Accde 
fect of the centripetal Force, in the fame Time wi 
Dire&ion, the Remainder, — — | 
fedd of the Reſiſtance, Therefore the Refine is n 


B 2 
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! 3 Let the Meaſure (F) of che 1 25 fo 
| By expounded. by any Power y" af. the. Di 
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4 0 = | 


HY” 7 
7 —to Unity. | But, when e — 4 


- 


| hers, 6 * e Reſiſtance, to the cui g 
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* Cale mud move in Spaces intirely void-of Rehiftance ; ; 


agreeable to Art. ide And, if n+3 be negative, an | 


be E. cceleratingy in 1 of a reſiſting F ror, wil be required. 
me and „ enn ; 
the El. 273 If the Denſity of a Medium, wherein a Body 


en Law, the Nature of the Curve, or- Trajectory 
£8 yy be Le from what is delivered in the pre- 


here the fame, and the Reſiſtance as the „ the 
cui then, from Art. 368. we have 25 a= Dz 


to 38 3 « D*## Where, D being a conſtant 
depending upon the given Denſity of. the 


2 
uf, 2. * 268. 271. and comes out == - 
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meter of the Curve at tbe Vertex, | or higheſt Point A there 


iven Velocity of the Body at that Point.) | 
ution anſwers near enough when the Reſiſtance is by 


| ſmall in 3 to the Gravity; in other Circun Wl Log. 


the Series not conyerging, it becomes uſeleſ 


cified is That ſuppoſed to obtain, in reſpeR to the Aj 
near the Earth's: N and its Reſiftahce to Bodie 
| ſhall ſhew, by .a, diſſexent Metho, 
o the Nature of the Curve may be inveſtigated 
r 
A, above the Plane of. the Horizon EC, he denoted 
27 1 des be the Celerity with which th Reiden 
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Moredver, let d be put for the Diſtance. over which th 
Ball might upiformly. move in the Time that the Ms 
dium would deſtroy all its Motion, was the Reſiſtan 
to continue the ſame, all along, as at the: firſt Taſte 
hich Diſtance, according to Sir 1ſaac Newton, 1s, : 
ways, in Proportion to 5 of the Ball's Diameter, 


of deſcribing BN, with the Velocity at B: Whit 


"7 097220 . * => 9 ; 
Value being alſo expreſſed by (vid. Art. 367.) 


e 


point A therefore bo 2 whence ers and 
25 | had T0 1 $3204 
| bag + be conſequently; by Uaking "the Flvent, = = — byp. 
Circun, Bi Log. ng which correQted 8 ver ping 0, e 2 
uſeleſs 
Ove ſpe⸗ 


4 ( he. Log 2 | ©) = hyp. Lex. S . 
Panermore, inc (by — the: Refifta 


Grty wy 


MPT ON. the Cel. 6,745) a6ZE, 05 4 ; 
ind it appea os, heim the aforeſaid Article, nde! ſame 
Ratis is alſo univerſally expreſſed by that of — = to 


7 = _ 5 But, in order to the Reſolution of 


the Equation thus given, let the Tangent of the Angle 
BA (or N) which the Ordinate, PB, makes with 
the Curve (ſuppoſing Radius Unity) he, everywhere, 


repreſented by w : Then, beezuſs r = ¹h, E (FFP . 


=; VI+ wind # = wy (3 being conſtant) 'we 
hall, by ſubſtituting theſe Values in the foreſaid * 


wn, get — ©Z e . whereof the 


Fluent will be given, =; = = 15 TEST 2 w* +54 lf 


Sand w=0) becomes LY — 2 — 4 xl 


> od. re 


with the Celerity 2 — > (at B)i is to the Fares ot G vity | 


1, it follown, from the Equality of theſe Ration that : 


Log, w + VIEW + e. Which corrected (by taking. are 


++ byp. Log. 33 + 65 But, to ſhorten the 5 


PPP————————— IA nec — — 
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Of the Aitin of Bodies 
remaining Part of the Proceſs, let the latter Part of 


| the Equation, or the Fluent of w V1 + W be de- 


| noted by Q. then 0g being = 5 + 2, we have vs 


with the Diſtance deſcribed between the two P 


ö | Bm 4 2 
pe 6 nd conſequently 7 (= . Lag <) 


. 7 os + 209 „ OOTY 
= hyp. Log. - = x byp. Log. 1 + = 


From which two Equations, the Velocity of the Ball, 
and the Diſtance it has maved, when its Direction 
makes any given Angle with the Horizon, may be com- 
puted, let the Medium be as denſe as it will: Alſo, 


from hence, if the Celerity anſwering to any one given 


Angle of Direction be known, the Celerity correſpond- 
ing to any other given Direction may be found, together 
| tions, 
For.v (in the Deſcent of the Body) being, univerſalh, 


de 


equal to rl "ha Value of < expreſſing 


the Celerity at the Vertex A, will be had from that 


| av | 
quation, and comes out = = | "has 


| 1 8 5 ; : | | 

1 29 / —- 
e eee . 
From which, the Celerity at A being known, the reſt 
is obvious. | 


But, in the png Part of the Curve EA, both 


and Q muſt be conſidered as negative, or wrote with 


contrary Signs: And then, from the foregoing Equations, 


| | | * _ 
we ſhall alſo get v = e ==. ; 
| Va- c Vas + 2 


the reſt 
„ both 


e with 


ations, 


75735 


and 


xp Log. 5 en lags 


— 4 * 1 Log, — Anſwering in this Caſe, 2 


"A till remains to GS: ſome notice of the Values of 


x and y (im order to have the Form, 23 well as the 


3 of the Curve.) Theſe, indeed, are * fo 
ealy to bring out as 2 „ Be 

can Me be exhibited in a general 

circular Arcs, or Logarithms (that I have been able to 


diſcover) but may, however, be approximated to any 
required Degree of REY as will appear from what 


10 ows. 
Since z (= AB) is found 24 * bod. Log. 


2:28 by kings FO win ger & = 
th = hav ED (becauſe GU 


aa + 2c 


Tiaras ( = —_— = >; and EY 


 Cdwny 


(= ) = CEE Which Equations, by eng 5 


r to I, as 4 to (or as the Square of the Force of 


Gravity to — of the N a ä 


ee Whenee 


a 
1 74 | 


A 


anner, either by 


ä— Ao 02> RE po 
— u! an EP ED nl wy 


CE eee at ee rl ee OOO 


. r 
———— — ——o—— 
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KC the Motion of B Bodies 


33 3 | 2, 
= 7 Jp 55 
r e. Theſe Exper them 

r Egui 


(brought out by aſſuming —_ + =p + + 85 By n 


Juent ſou he, and proceeding as in Art. 340 
rookies — faſt 4 r is large in compariſon to 2; 
but in other Caſes the required Values wi be had, vit 
leſs Ty from the — Method. 


4 


Motio! 
given 
early 


* | 
7 


Let PKT K and AMTM be two Guives, whereo 


Sup} 
ff the 
n Ele 


OrIZO! 
hen t 


the Ordinates SK and SM, to the common Ahſellſa 1 qir 
| CO W -, 
(= AS) are expreſſed by 7772 and 7.2 oo nd, 


t is alſe 
dove) | 

he Cel, 
qual to 
the R 


Then it is plain, from the foregoin Equations, 
Fs _ Meaſures 2 the Areas of the ſaid —— - 
tiplied by 4, will "oy . the Values of y an 1 ; 


in roßſting Mediums. 


ſwering to any given Value of to (or AS ) the Tangent 


| an 
= d inte of the Angle of Direction; or, or ſpeak more geo- 
metrically, a Square upon AC (ſuppoſing AC = Radius 
= Dang? will. be to either of the ſaid Areas ASKP, 
or AS 
x required-—— But now as to a Way for computing 
theſe Areas (without which what has been ſaid about 


as the given Diſtance d, to the Value of, y or 


preflion them would be to very little Purpoſe) the Method of 


. Equi-diflant Ordinates may here be applied to very good 
I Adrantage (when the foregoing Serieſes do not converge) 
* + iy means whereof the eat uantities may, with à 
4:13] little Trouble, be brought out to a ſufficient Degree of 


't. 30 ze let the Reſiſtance be as great as it will. 
n to According to the ſame Way of proceeding, the Va- 
lues of x and y, in the Aſcent of the Ball, will alſo be 


w- 


TEC HON IL Ea be E,, A OD 
le Get of 74g ed TR) 
From what has been thus far delivered, it will not 
| E to calculate (according to the foregoing 
potheſis) all the principal 9 concerning the 


quired Areas, be taken, every where, 9 to ä 8 


found, if the Ordinates t and am, generating the re- 


— Wvtion and Track of a Ball in the Air, projected with 
en Velocity, at a given Elevation; as will be more 


early ſeen by the Example ſubjoined. - | 
Suppoſe a Cannon Ball of 4 Inches Diameter (where- 
f the Weight is nearly ꝙ Pounds) to be diſcharged at 
n Elevation of 45 Degrees, with a Velocity ſufficient to 
arry it to the Diſtance of one Mile, on the Plane of the 
orizon, were it not for the Reſiſtance of the Air.. 
hen that Velocity, being the ſame as might be freely 
quired in a perpendicular Deſcent of half a Mile , 
| jill be found to anſwer. to the Rate of 412 Feet, per 
D ond, according to Art. 202. and 366. From whence 
endes tis alſo plain, that the Diſtance d (ſo often mentioned 
ves, mull. Celerity 8 ) with which the Reſiſtance would be 
y and * Mgual to the ravity (or Weight of the Ball) anſwers 
WF the Rate of about 414 Feet per Second. - 

1 | | More- 


® Art, 366. 


ore) will here be expounded by 5333 Feet; and that 
e 


S 2025 Feet = the Arch de 


a ö 9 2 2 ; 8 
cent. Alſo (c = = \ = 199 3 Feet, i 
| PER) 110 


0. 3463 and 0.4953, reſpectively. From whence, | 


| ſure of the required Area AFTP: Which, therefor 


— 


Of the Motion of Bodies 

© Moreover, fince the Tangent of the Angle of Fl, hi 

vation, or the firſt Value en 10 Uny ly 
(or Radius) we have & (0 105 +1 + 2 hyp. Ly, 
w+ Vw +1) = 2.1478: From which, and o 
412 * T), wegetz(=4 4 x byp. Log. 1 += ) 


% 


ribed in the whole A. 


the Rate of the Velocity, per Second, bt the highd 
Point: Whence 7 ( = r = 42314 3 by Men 


whereof, the greateſt Altitude of the Ball, and the hi 
rizontal Diſtance correſponding thereto will likewiſe he 
found: For let AF, in the preceding Figure, be take 
= I (the given Value of 1 and let the fame be d 
vided into three Parts by equi-diſtant Ordinates (which 
Number will anfwer ſufficiently exact) then the ſucceſin 
Values of to, for the Ordinates AP, i, &s and II 
being o, 4, J and 1, thoſe of Q will be o, 0.3394,0.71] 
and 1. 147 8, and the Ordinates thenifetyes (or the cor 


, I | a # r 
reſponding Values wr 1 — on) 52 hom ex 19,629 


adding the two Extremes to three times the Sum alli (from 
the two middle Terms, and dividing the whole by 5 

we get o. 3239 for the Value of a mean Ordinate come. 
Which, as AF is here equal to Unity, is alſo the Mer lue o. 


being multiplied by 5333 (4) gives 1727 Feet, for tWivgent 
horizontal Diſtance made good in the whole Aiceat, If : 
8 91 u 4s e tb om w 

; p. 117. of my Mathematical Diffrtations. | ; «4; 


in rehing Mediums. 


of Th Wienco the great Height of the Ball appears to be | 
s Un (= 0.1828 „ 3333). 975 Feet. 


Lag sein 7 2 to r + 2.9) the Ares ACTP will 
del cane out = 0.188 wa ATC = up Sper 
DU Mnultiplied by 5333 (as above) give 1004 F. and 467 
— F. hoe the Applitude, and the Diſtance deſcended, from 
'& x the higheſt Point, when the Direction of the Ball makes 


vas projected. | | 2 4 e b 
But, to have the Direction when the Ball ſtrikes the 
round, and the whole Amplitude of the Projection, 
e muſt find the Value of the Tangent AB, when the 


i \rea ABL is equal to (0.1828) the Area AFm (ſo that 
3 he Deſcent, from the higheſt Point, may become equal 
"Wo the whole Aſcent.) In order thereto, let 0.087 5 

1 the hl TC) be deducted from 0.1828 (AF) and the Re- 
-ewile nainder 0.0953 will be = CTBL; this, divided by 


C (0.1513) quotes 0.63; which would be the Value 


nd from the Law of the Ordinates already computed, 
ut BL will be ſomething greater than CT, and con- 
ently CB leſs than 0.63——T therefore ſuppoſe the 
ſalue of CB. may be about o. 56; and, accordingly, 
roceed to compute the Area of CBLT anſwering to this 


done intermediate Ordinate SM-(0.1715) and find 


(from the Approximation. Sh, 2 mo 4 = * 


come qut = 0.0955: Which is ſo near the required 
due 0.0953, that it will be altogether needleſs to re- 


et. for th *ngent (AB) of the Angle of Direction, when the 
cent. Il frikes the Ground, is 1.56; anſwering to 57: 20”; 
<0 om whence, CBKT being found = 0.0752, the 


bole Area ABKP. will be had = 0.26435, and conſe- 
ntly 0. 2635 * 5$333=1405 F. = the Amplitude in 
whole- Deſcent. © - 7 * 
| ; K ure 


By caking AC: S, and repeating the Operation. (oply p 


f CB, if all the Ordinates CT, SM, &c. were equal: 
ut, as it is obvious from the Nature of the Problem, 


umber 5 by means of CT (0.1513) and BL (0.1852) 


5 CB) 


the Area AF# is found = 0.4828. - 


n Angle with the Horizon equal to that in which it 


Wt the Operation. It is evident from hence, that the f 
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of the Metin of Bodies 
' Furthermore, from the ſaid Value of w and that a 


(= 199 5) given above; we! get . i x by. tb 


wo * more 
| Lag. 77 + 7 —9 = = 1788 Feet, for + he A Arch diferibe 5 
ir's 
in _ Deſcovt ; and, alfo + 9 1425 F. \ 58 ſider: 
Pp y 1:8527, the Secant 70 gives 2 . nery 
for the . of the” Ball, or Rink, ad the End mucl 
N Meh 0 pe —. 
. ing the man ipal of e foregdit | 
ot, it we . pi ' 75 
* b "af? 0 th 
11 Matt 
the F 
EE K Aa © 
: 14 5 * Is THe? > The, 
Wy 1% That the vir the bi bel Point a A of de m 

| Trig 95 will be at the Rate of 199 3 Feet, per & 
con hich is to ET nk the higheſt Point 
of the Parabola 47 that would ;be deſcribed, were i 34. 
| not for the. Re ance, 2 2, to 3 nearly. 83 F 
2˙. ER = 2025 and Ea 2 o r Or. 
ES E =1727 ib Ef 264% 1 3 phi 
4p. AR = 975 and af '= 1320 Feet _ LA 
7 5 9 1788 and ac = 3030 3 iet 
| = 1405 and fe = 2640 ers, 
F. 9 ngle C 57: 20 and e (= go kt AL 
7 at C to that at E, as 264, 5 
to 412, or as 2 to 3, nearly. | war 
"Thule. Proportions, between the Diftances, | noted. 
Air and in vacuo, hold at an Elevation of 48˙ç wh the Fo: 
the Rel nce, at goin 87950 is nearly equal to the Gu ele at 
vity, or eight, 0 the If the Velocity bę re 
than that above heal, or the Body, aged 5. ( 
: ls) its 


* reliing Ab. 
"x byp aber, kei f a ſes denſe, the: Cutye wil — 


"BY more from Dank ly 

Pye Henes ic t ent "appears, that. the Ecfect of thei 
mY Air's Reſiſtance ypon ve wi Motidny, is too con 
d mill. fderable to be intirely diſr * in the Art of Gun- 
s 2647, very. Tis tre "the: Method - iven above” is, by 
End of much, too intricate for common Practice 31 but when 
e Law of the Reſiftance to very ſwift Motions is. once 
oregtitz nee dun (which, According to fome' late 
"if Experiments, ſeems to be in a Ratio greater than that 
FH of the Square of the Celerity) it will be no vety diffcult 

utter to find our” proper + oma; to dorpect 


the Proportions i in common Vſe.- 


— 1 * 21 ; 
bus. of Ret Mi . 141 41 — 4 * 
N T1 0 & + O. Ne IX. * 5 n 2 5 


C 


A of ts 2 "of. Bodies under 7 4 erent F Or my. 
t, per b. PRO B 1 | Pt BIN 


ſt Oint Ts. * _ FEA 75 45, 1 | 


„ were 5. 6 Sp job (AC, ; ndicular "1 to AB, and that a 


1:3 Me ED 5 Ti, , by 

4 53-96 duplicate: T4 of the Di * 

2 WW of the} whole: Force where the 
irectien CA. * 


Won - Par AC= : 7 eds 5 | „ \ . | , B 

* 48 a, THO ns . " 

J - war he of « 5 LE 

inces, iiuoted. by FE : 

5% 8 the Poe 80 a Par- | . * ZI 
cle at D, deing 24% 1 


ſu) its Efficacy in 


i 94 % lan in determining. the! 4 


ö . A $7 {2 ict wa 
= Grad. a , anon t: 47 
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446 . The 6 if Fries . 
the n 3 AC 2 e Reſolution 7 
2 is the | Fluxion. of the —.— 


4 R . i 


whoſe F nene, which ( 55 4. 85) 1 = 


FE 


= —— will, when ae An, be as the Fr 
8 2. I 


6 . e . p R Oo B. II. pg e 


2375. Suppoſing BC DE to 7 4 circular Plan, 
and that a pofug, 1 H, in * thereof AH, is u. 
trafied by. every Paint or. Particle of the Plane ware Feriu 
in the reciprocal duplicate Ratio of - the Diſtances ; is fl 
the whole Force by which he _— le is urged towark 


the Plane, | | 
=} . x | Let AH= a, and 
foro +; Seq then Af 
C hr = r * * B 8 hs 
| N Saf: regen as" m ply" by (p 
Oo % 347% Ce th 
„ Atea bf the Circle 
whoſe Radius is U- 
nity givespx f—i 
- for the Area of the 


5 | N A _ whoſe 
8 8 2 OS : ux n is — 25. 
11 i | But the Force of 2 
N | - Particle at , 

AH 


in the Diegten ha, hes Hir: or E (ite the laſt 


| Problem) therefore 0e Fixes of the whole. For? is 
| | "" ttaly 


. 
. e * LD EY 
4 * ** - Pad iow as 


- > 
x 
w 


in | ditermiting the Atrattin i Bodies. 


ution of truly deßded by aur wy or 1 Equal Vo and the 


There Fre et oy the Fluent of ea , 


— aiged 


Fel nh, In t the „ . we have "DNA 
the 1E. of each Particle, to be as the Square of 


he Diſtance inverſely; that being the Law which is 
ſound to obtain in Nature: But if the Force, according 


ſs will be very little different. 
Thus, let the Attraction be as any Power a) of the 


f a 15. Diſtance : Then (in the laſt Prob. ). the Force .of a 
by Fir WP crticle = b teren H) being as 75 its Force i in the 
to fn 7 

Lo Direction HA will be as =x x or * '; which 


dpd 1 (veto gives 2pax & :. whereof 


25 een 4 ** 22. „ un 
n LET A 


he Fluent 


DF co 


R OB. n. 


3 7. 25 ap uy Attradtin 2 n Dll at 
b Yertax ; the Attractiem 0 each | article. bring as the 
hare of the Diffance i inver th. be n 


put the is EH=a; the Length of the $lant-Side 
1 (or H <5, 3 l as „ 


1 + 7 a p "A . * 
. 1-29 Land . >. £4 : . £ n 
7 { 1121 {7s ohh. „ AA 


oany other Law of Attraction, de required, the Pro- 


x Ta — AH will be as the Force required, 
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We Uſe of Fruxlons 
: x (HA) : HB =. But, by the lat Problen, 


3 * 
the Attradtion of, all the Particles in "the cin 10 
mn orc 
CO in th 
x — © (becauſe: HB =); Which cherefore be The 
ure by #, and the Fluent tal en, we thence b. ne requi 
| ir” J for the Attrattion of ACHB: And this, when: when 
| "— x — - LE 
x=a, will * bj be EH— De. the Force of th takin 
have 
whole Cone DEHF : Which, if "HR be made = HEM Fore: 
„ and KG-perpendicular to HE, will likewiſe be truly de Cylin 
fined by 2þxEG (becauſe HG =p). 2 21 
1 | Conotiany,.. 5 
378. Secing * Attraction of | Ing eie TI 


where, as 2 77 = 9 7 *, it follows tht 


Forces of ſimilar Cones, at their le Veen, are direc 
28 their Altitudes. 7 ,. 01 


in . the AttraBion of Bodies. _ a 


e . PROD. W. 
To the Free of CBRF, 42 
bn N in . Aris; 74. 22 
. flill as in the preceding Problems. 


ut ** 12 CG = = 
e —＋ 28 able) = 4 
| Therefore AT = Vue 


e, Which of 
R Prob. 2.) expreſſes the 


orce of all the Particles R _— 
in the circular Surface WT. | — 


Therefore 2px — == 5 the Fluxion of the 


required Force: Whole Fluent (2þ x * — VFFs) 


;when x = AG, will be = 25 x AG—AB; but when 
x = AH, it will be = 2p x AH—AF: Hence, by 
taking the former of theſe 42 from the latter, we 
have 25 x AB+BF—AF for the 22 of the true 


Force by which a 5 at A is u towards the 


4 1. n ? - * s . 
11 45. 2 . TTY 
ay Yn {i #4 4. + 4 3 e R233 
2 P . 
„ . 8 a 
vs that tl 
4 1 
© we, 
are C 2 


45% - The % of Fruxzons 


.  PROB. v. 
30. The Law of the Force * Rill /# the ane; 
a vers the m—_—_— ation of 4. Sphete A ws 
tu ere a Bs 


1 BS bs —— aw let HB be 
: drawn; alſo put the Radius AO=a, OH=b, AH (b—0) 
2 e, Hy = y,” an and HB = tag ox then — Mn, Gy 


Sete, and conſaquenthy. = x 20— y 205+: (= 
Aux Gn = Br = BH — Hr) = GEM? : From 


e + 260 +x _ 
which Equation. wo get . 1 


ES — a+c=d.)  Whence alſo 2p x 
1 70 


3 1 . 2þ x 2a 


— * — — — 0 
vun 1 HB K » | 2xc+x 2bxe+x _ 


Which multiply'd 'by — =5 gives? * _ Zart — x 


b 


. forthe Fluxionof the requirgd Porce; whereof Fe Fluent 


very ſam 


43255 to 


38 3. 1 
of Matter 
8 at 


ach b 1. 


that the 


lies tend t 
Maſſes dir 


in determining the Ativadtion of Bodies: 49 


e be the Attrafion- of the Segment 
ABS: Which therefore, when B coineides with G and 


x is = 2a, becomes a F, for the Meaſure of the 
Attraction of the whole Sphere, 2.8.1. 


- ConoLtary I. 
381. Hence the Attra8ion ( +) at the Surface | 


of the Sphere, wag b is = a, will be 2 z and 
therefore is directly as the Radius of the —— | 

— I. - 

332 Since 2 1s known to exprefs the Content of | 
Sphers whoſe Radius is 4 :; it is evident that the 4 ws, 
ration (3 #2) os any Sphere is, univerſally, 4s its ; 
Quantity of Matter directly, and the Square of the Dis 


tance from its Center inverſely ; and is, moreover, the 
rery ſame as it would be, was all the Matter in the 
EEO in 2 Point at the Center. Fn. 


ConoLLany II. — 68. a 
en — * 


383. If iuſtead of 2 Co fele, or 2 Ae Particle N 
of Matter, at H, we ſu — ere, haviug iti 
_ at H: Ther, „5 at O and 
H, act each other with the be ſame * 48 
ifeach Maſs was eontracted into its Center, it fol 
that the abſolute Force, with which two fpherical _ 
lies tend towards each other, is as the Product of their 
Maſſes directly, and the Square of the Diſtance of their 

|  Gg 2 Centers 


— ey 


22 then we * have y = EEE = =d+ . 


: = - (by-putting 4 = = 


ply'd: dis gives - — ** 7 , "7; fortheFlu 
Jon of the required Force : Which, becauſe V is 
. xx dxx K 


F luent i 3 * 


The Us of FLuxIons 


Centers inverſely And therefore, if the Maſſes are 0 
given, will be barely as the Square of the Diſtance, g coin 
P R O B. vl. h eco me 
384. To drterniie the ſame a; in the 2%. Problem, th 
Force of each Particle. 1. as any Feuer (n) of th Therade 
Diſtance. of 73 
Let HB = x, and let every thing elſe remain 277 


- 2.7: 26 
and conſequently 5 j== = 
Now the Attraction — all the Particles in the 4 


Surface Bs, is 2 x EHE —Hn 1 


Art. 376.) = : * 72 38 = "7*; Which, mul 


* 


2 7 = 7275 267 will likewiſe be preſe 


5 4 ; , 45 * 
by a+1 wy = + En ms Ode Whereof -t 
25 FLEE D = te, 10 
386. S. 


— + = 
«Ti. +3 x b "n+5 * 26* .: nt; 
Which, when B coincides with. A, or — will be 


Yo a edt, Be 6 Pb, 
2 , ac - +: C* — — : But, whe 
"+I r r 


E determining the Attraftion of Bodies. 
— e G, or x=y = 24 - c 2 it will 


become > A OR —— 


—2653* + 
of ts nigxabdmainta xg? _ pets 
1+1 » NK x 26". 5 #+1 


n+ „ 2 — 25 — n + 7 * c* 
n+3 * 15 x 260 

1+n x 4b & * 2 

n+1 x #n+3xn+5 * * 


becauſe F = 4 1b, and 24b = 24 
el of of the whale Sfb. 9 * hs 


ConoLLany. 
385. Hence, the Attraction at the Surface of 


the sphere ( where c= ©) will be 4 * 
D 


wen, ic n+3 be 


3.7 
298 X 5 | 
A TEE 0 , but, een in 


386. Suppofing Dm. to le 4 RY if unif 

2 Matter, compriz'd by two equal-' and fimilar elliptic 
ms ADBEA and Adbed; indlin'd ta each other, at 
; Ns Vertex A, of either their ſipſt or ſecond Mixes, 
: lefinitely ſmall Angle BAb ; To determine the At. 
B en ef at ibe Point A, 22 the Force of 
0 eh Particle . * to be as the — 7 the Diftance 


nee 3 
. e RR 


IT "a+3x0 A 1 
ee the Difference of theſe two, which is = - 


— _ | 
4 9E X ab + ce. «apts 


453 


454 


"The Uſe f Fr ux ss i 
Let DE be any Ordinate to t e Axis AB, 
AD be drawn; alſo put ABZa, BC x, Cb 


the Sine of the Angle BAl, formed by the two Planz f 5e, + 
Ex — ᷣͤ Xx" 7 

2,7 V 

g 7 . — 

2d x 1. 

7 

n 

an" 

"Fluent, 

wy „ 

5 4 

ITE Rot 

to the Radius 1) d; and Jet the Equation of either 
Curve be * r „ g: Which will aal 2 
to the Conjugate, or Tranſverſe Axis thereof, according de 

as the Value of g is poſitive or negative. — two 

Now it will be, 1 (Radius) : d a=» (AC) 2 __ 2 

d x a—x, the Thiekneſs' of the Cuneus at the Oil 3 4 

dinate (or Section) DE: Moreover, becauſe AD“ = | 

ACD we have AD = Vi +fr—=r ll It m 

i 1 


$ion of the articles in the indefinitely narrow ReQangk 
. | RO 15 1 L 20 * — 1 —＋ a 


of the Force to be found. But when Fx - * — 57 


Whence, , exprefling (by Art. 37 4.) the Attrav 


Which therefore, multiply'd by 4, will give the Fluxio 


in determining the Attraction of Bodies, 
A becomes = 05 x will be = = Sa; there- 


kane fore, by ſubſtituting for h bes will be roma 


as : * 2 
— 18 Xarel 37 * 


5 244 Vite n 2 . — 


— —ö — 
n ere, 
112 L DE 
r 
Pt n 4 | 
= 1 3 | 
- + == 2.4. — Whereof the 
3 _ x = a, will be 1 Te X 24 x 
227 oo 2 ty 
ee” To 5 7.3, X46 5 © 2:46 ” 


FR. 


mas _ ETA a is =fx I 1+g] * = f * 


72 124 45456 U 9 
the ns Seriefes: together 7.) be reduced to ad x 
2 2:46, — 5. 2:4. 0 * & 
= f 8 7.9 
N | : EZ. J. 
It may 1 be obſerved, that the Fluent given above 


1 and 278.) But the Solution here exhibited 
apted to what follows hereafter ;' to which the Þ 
galten itſelf is premiſed as A Lemma. | 


; — 


ht out without an Infinite Series 1755 Art. 


ee en 


455 


456 


roid, and QT perpendicular to the 3 


to AE and PS: And make the Abſciſſa Or x, its cor: 


We Up f FrUxIo ns in 
PROB. VIIL (b:1): 
: OP* - 


387. To determine the Attration at any Point Q in th 
_ Surface of a giuen Spheroid OAPES. 
Let QRL bs perpendicular to the Axis PS of the te 


of the 
ver, 


erating Ellipſis at Q, meeting PS in oreover, 

et QgH be a Section of the Seberojd by a Plane per. 
ndicular to that of the Ellipſis APES, and thro” any 
Point r, in the Axis thereof, draw CBc and 7L parallel 


reſponding Semi- Ordinate ra (or rb) = py, QR =@ 


us 
",, 
0 
2 


and RT = 3; alfo let the Sine (NG) of the Angle 


HQD (to the Radius NQ=1) = p, its Co-ſine Q 
= q, and the Ratio of OA“ to OP“, as any given 
Quantity h to Unity. Now, by reaſon of the ſimilar 
Triangles QrL and QNG, we have L (BR) = px, 
and QL = gx, and therefore Br (RL) = gx — 4 
Alſo, from the Nature of the Ellipſis, AO“: PO? 


65:1) :: RT (%: OR =: Likewiſe AO“: PO* 
GS (>: 1) 


Jicular to 
f the Ar 
e time . 
LD) be 


he prece 


ome” 


7 A 

f the Att 
le Solid, 

n the Dir 


rely; w. 
'roblem, f 


in determining the Attraction of Bodies. 
[CF 1) :: QM: OP*— OR and PO®: A0 (1:50 

" th r — ON 3 BC* = hb x U- FE = x | 
0P'—O N= xOFDORORxRE-RF 


over, proportion) QR*=bx OPT—OR*: Whence, by the Pro- 
Az vy of the Circle, Cach, we get y* (BC*—Br*) =QR*— 
rallel MF *—b x 20K 7 FER a* — gx—a al e 5 


* * »„— 


5 * er N Nr = —Þ 7 * 25 —P F Ip x K: 
ich Equation, by making 1 + Bb, becomes * 


*r (becauſe g* +p*= 1 = QN*: Which being only 


ongs, is an. Ellipſis. 
The Equation of the Curve QaHb being now ob- 
ined, let its Axis QH be ſu _ to revolve Sou Qs 
ua Center (the Plane of the Curye being always 
jicular to that of the Ellipſis APES) an 
f the Arch MN (exprefling the Angle deſcribed from 
e time the ſaid Axis begins its Motion at the Poſition 


LD) he denoted by 4: Then, it is evident from 
he preceding Problem, * 1 249 — ag — 275 * 24 X 


L 22907, EL + + Pr Tc. will be the Fluxion 
f the Attraction of the correſponding Part DH of 
te Solid, upon a Corpuſcle at N. conſidered as acting 
n the Direction HQ (which Expreſſion is found, by, 


— 1 


ven 
ilar rely, writing 249 — 25% 4, and * in the fad. 
Ph ole, for J, d, any. * 7 7.) N | 


Y Hence, 


yg — N 28 — 77 + Bp* K A = Xx2x— * — 
f two Dimenſions, the Curve Hö, whereto it be- 


let the — 


=QR*+bx=2ORx RB—RB3; becauſe (by the former 


457 


458 We Ub f Fiuriosns + 


Hence, by the Reſolution of Forces, the Fluxion of il for the 
the Attraction, in the Directions QR and Qu (per. Ml in the | 


pendicular & to QR) will be truly exhibited by 2 2 p ** 
2 on 
* 24% x — —— Ee, 1 
68. 


now; 1 
Troubl 


FA PREY 0 | 
— 2 —.— 1 : 
2aq 2775 * = 3 EH 3-57. c whole [ 
"La now _ Plane O be ſuppoſed .to nk 5 
about the Point Q, the contrary Way FL former, fron | fs 
OD towards Q f; and let {=g)-the Sine of 2 Acorn. 
RO be denoted by P, and | itw Co-fine* (Qz) 2m = 
Then the Fluxion of the Attraction of the Part 1 
in the foreſaid Directions QR and Fleer 1 
inſtead of p and CDS xr to ol 4 3 
2: 4BP* e F 25 
_— 2 7 2bÞ * 24 X IT RE 
3-5 FS 1 a .; 
and 22 +2 2 ee * 
_ 5. &c, Which being added ts % [( p 


4. former Part, in the fame Dua nd £ 


Art. 142. 9 ſubfliturd inlead of 4+, 4 | 


m T 55 6 

+ 4b into 7 ks A - 75 * 2 
And 

- x pp 255 


2 3 PP 1 2 


 —4binto — x 5 
r 7 FS e 


nn determining the Attrattinn of Bodies. 
ion of for the Fluxion of the Attraction of both Parts 
per. in the foreſaid Directions: Whereof the Fluents, when 


= N coincides with FP, and u with 7 will be the Attrac- 


tion of the whole Spheroid in t ole Directions. But 
„ zul now, in order to determine thefe Fluents with as little 


25 will be een = 2 * 7 
1 5 


21 — 1 — . — I. — = 


r SED x the Arch a who& Sine 


2 „4 0... 2 


TY | Ka W N coincides 50; + and n with 2 
the Sings þ and P, of the Arches MF and * 
re coming equal, and (the Co- ſine) 2 * 15 12 ) 4 


Þ i is evident bat che Sum ofthe Fluents of 2-2 and 


22 de ited 

þ & — 1 * 8 trdly * * by 
15 n 2 — 1 x MF 4 Tak $ oo 0 200=I 
1.4.6666 27 255 2-4- 6 0. 08>. 


97 — 
M. or n — E 7 2 i be f 
| cauſe, 


459 


Trouble as poffible, let n be aſſumed to denote any 
** ; „ 
45% whole poſitive Number ; then the Fluent of 2 * 


3 


466%ſ 8 U N Fivxions 


D. (by reaſon of the 
21 one another, 
ue LE: Ba of to the Flas o 
FEET in the foreſaid Circumſtance, wil 


1 r to be = I 3-5: rn 
. | 2.4.6. 8. 22 73 5 


3 this to the Matter in hand, let the 
t of . Anker poor Once 


found. ions be, univerſally, 
the numeral "Coefficient icient (annexed to B) 00 B) will be defi defined 


by 2: 4 — — . Quantita 
1.3.52 + 3 | 
multiplied thereby, in che firſt Line of the forme 


Fluxion, will be 99% + P. Thereſor 
2: 4.6 . 2 2 
1222 e 0 


neral Term, (from whence, if 1 be expounded by 1, 
2, 3 Cc. ſueceſſively, that whole Line will be pro- 


duced.) But, the Fluent of er p+ + 2B, in the 
Circumſtance abqve ſpecihed, (putting n 1 and FM 


='#)ivoin Wh ons . ln 
2.4.6. 8 242 


Which, awe, mutipli by 2 TELIITT > 6 
3 5.271 


x F. 15 25 . Z. 21 * 24 fe. 2 
— — 
N 2:4-6. 5 7 — 3 8 „ 


*I ES Hos "dr Fluent of t 
| i I 


ſai General Term: Which if » be expo 


in determining the Aiiratian of Bodies. 


a ſuccefively, will become equal to —, 


3 
N B*k 3 


— &c. reſpectirely; ' and therefore the 


3-9 5-7" 79 
8 = 


Multplicator 40) is = gat = 3˙3 5. = 


LAY But now, for the Fluent of the ſecond 
TS--: : 


line: This, it is plain, will be = 46 into > x 


3 5 
FF __2:48 ally Which, in the 


* #- So Ä: 3 
foreſaid Circumſtance, when P = þ, ind intirely vaniſhes. 


Therefore it appears, that the Attraction of the whole 


Spherokd, in the Direction QR, is truly expreſſed by 
27 27 


After the ſame Manner the Fluent of the firſt Line, 


in the latter of our two Fluxions, will be found to 


raiſh : And - — x B" x a Wh 
1.33773 1 


„ be a General Term to the ſecond Line. 


— — 


Whereof the Fluent (by expounding 2m by 22 + 2) 
bh 2-4-0. 2n+2 


appears, from. above, 


Fi x . 2 — * ; Which, when 
SEA 246% ꝗ . 27 77 1 


. 
v9 -Þ I” * is 
* Co FR 27 — TY of 4 1 SA 


& Ya 


3.572 —fV⸗; 


461 


462 30 - The Le of Ftuxrons W A in d 
h u is interpreted by o, 1, 2, 3 Cc. ſucceſlively, come dhe Com 


75 Lc. ol 
. out equal to 3? 5? 7 &c. reſpeQtively : Thee. + ap 
' fore the AttraQion of the Spheroid, in the Direttuſiſſ” 
Qu, is exhibited by — 45 4 — 5 => 


— *, 


= Sc. x OR (becauſe iFÞ x OR = RT.) - 


From which and the Force in the Direction QR 
(found above) not only the Direction of the ablolut 3 - 5 


E ˖˙·¾ 27 


Attraction, but chat Attraction itſelf will be known: 

For, let RI be taken to QR, as. the Force in the Di- 

rection Qy to that in the Direction QR; and ww, by 
10 7 | 


; in determming the Attrathion of Bodies. 


the Compoſition of Forces, Q will be the Direction of 
the Attraction, or the Eine in which a Corpuſcle at Q 
tends to deſcend: And the Attraction itſelf, in that Di- 
xetion, (being to that in QR, as QI to QR) will be 

b 4 x1 — — — — Se. X I 
s 773 Is {hon Q 


wich, kae 45 i. condlnt will all be as T — 


IL 


— —— Ce. X . Es 855 2174 


* 
__ 


> "CoRoLLARY, 
388. Since, by Conſtruction, RI: QR-::r FF x 
E 
3 | 1. * 
% Ä j 5 
15.7 Sc. X 4 — k * 
e TI 3 — &c. :: RO : RI; 
jtence (by Diviion) 2 « i 3 66: WM 


— 

c 
K 
i 

| 

| 

| 


-M-2* , i: gon Caro 
\ + == & on ( F) Or, and 
1 


— + — c. :: OT: Ol. 1 


Hence it appears that. the Direction OT, of the 
dſolute Attraction, divides the Part pn, Axis 
VT, intercepted by the Center and Normal, in a 


en Ratio.; And that the Attmction itteff (being to. 


_ The Uſe vf FLuxtons OD 


find by = = + = C. „ iv 
| where a th (id Line of en U. | 


ScHoLtU . 


389 Alchough the foregoi oregoing a are ex. 
- hib by infimte Serieſes, yet the Sums of thoſe 8. 
| rieſes are explicable by means of the Arch of a Circle, 


Thus, let the Series 1 ei. (which i 


3 
one of the two original ones above found) be put =, 
Bans = ul 


by Subſtitution, and multiplyin 
the whole Equation by #*, we ſhall have LL, 
7 ere. = i, and conſequently & — 77 7— 


Sc. As: Where, the former Part of the Equ 
tion is known to expreſs the Arch of a Circle, whole 


© Art. 142. Tangent i is e (B* 7 and Radius Unity “: Wbereſe 
putting that Arch 4, we have = n, and ca 
fon J 3 F--- *- 
r — &c 
ſequently 8 7 315 7 c 


Moreover, ſince it appear that 


it is evid 


tio of g | 
. QF 


1+Bx' 


in determining the Attrattion of Bodies. 


_ + > Ge: by the ſame Method will come 
git) it is evident W 23, 


out = = 


$5 5-7 
282 870 FRET” : — 12 
5 + 7:9 W 1 55 = 
fe Se. 10+ 1—A&DEE 


* and conſequently 75. — 


75 5 7 [70 — 3 2 | 
Ax II — : Which is the Value of the other 


original Series fund above: Fr rom whence that of 
* 3. + 2 will ao be had = 


bs Sf ns Hs 
L 4 — | - | 
Wer 2.5 a | As | TRE GEE. N 
12214 7 7 | B- * 5 32 FS een 
T 8 2 — 
( ** 2.55 5 o)Se3 
And 5 | 
3 3B* 
242. — Ko $= wo; ya 
e fuk = —B,& 5 0 = me 


it is evident that OT will be to Ol, in the conſtant, Ra- 
tio of g to þ; and that the Forces in the Directions 


Q. G. and Qy, will be as g x U, g x N, and Fx 


1+D OR reſpeAtively.: When 1+B = peg. 1 


Hh po. 


4 1 A 4 42 2 


465 


—— 


—— — — —_ — 


. —— — — — 
——ͤ—ä——— HD ISIS — — EI Eon . 


— — 
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_ The Uſb of Foxions | ” 


ogg RRR 7 = OM 6 

ox . . . Direct. 
390. To determine the Artractiam at — rout D with 18 
EPs a given Spheroid OAP „ fee the 2 


a 


G. * 
He. x 
and 7 
are the 


301. 


where 
towards 
rAly a 


Let Oapes be another Spheroid, concentric with, aud 
ſimilar. to, the given one; whole, Surface DM &. 
paſſes through the given Point D; atfoter FDF and Huf ö 
be taken as two oppoſite, indefinitely ſſender, Cones 2. 
(or Pyramids) conceived to be formed by drawing inmu - % have 
merable Lines HDF, „DF Cc. through the common Vun the 
Vertex P) which | Cones (or Pyramids) having te that ur- 
ſame Angle, may be conſidered as ſimilar; and ſo theit i rſbectiu 
Forces, at D, will be as the Altitudes DF and DH V my 4 
ſaid For, 
Whole co. 


towards F, through the, — Action orf the two op- 


poſite Cones, will be as DF — DH, or as DM becaule Let 1 
(by the Property F the Ellipfis) MF is, in all Poſitions, 1 per 
| equal to is an „ e l [ax TO iK aan ane 
Hence it appears that, the Barts of Matter FN tie give 
and HD5, without the Sphergid apes. ( apa he Dire 
in contrary Dire&ſons) can ** no 2 t 7 : _ {i 
And this, being every. where the Caſe, the whole; ef- the Attr 
cacious, Foleg at D ne che One be that of the preſſed b 
Spheroid Oapes. 5 IDN. 
- Hence, if the Ratio of Oa to Op“ (or of OA® to OP MW . 


in determining the Attbabtitn of Bodies. 
88 it follows, from thente, that the Attraction at D, in - 
Directions DM and DN (perpendicular to PS and AE; 


vithin 7 

oh the next Hig. will be ex pounded by — 
buen ig) ” 5 7 
Cc. x Pit of or by their B LF x DM- 
ind fx © + B x DN: Where the Values 3 
re the ſame as given in the preceding Anicle, | 


CoRroLLARY. 


391. Hence the Force wherewith A Corpuſele, any 
where within a given 8 _—_ is attracted, either, 
towards the Axis, or the Plane of its Equitor, is di- 
rely as the Diftance thetefrom: | 


P ROB. X. 


2. Sub 2 edbery N of Matter in a $ urs 
to baue a Ted to Fecede, both, from the Axis P 
from the P he gte Ci Ci rel; by Means of Porcel 
that dr6 as the Dee f Fom the ſaid His, and Plaue; 


it any Point D, tends to move through the Action the 
faid Forces and the Attraftion conjundtly ; and likewiſe the 
whole eum pound Port in that Direttin. by 142 


Let DM and DN 
de perpendicular t +4 
od and 2 and ler 
2 Forces, in 7 
tw Birection of thoſe 
ines (independent of 
the Attraction) be ex- 
the preſſed by m DM and 
e reſpectively. 


F 


refpefively ; ta find the * DI verein a Corpuſch, 


47 


P — rs 
N . * — — — 
. 


46 8. | 


equal to g—m X = 


ES The Uſe of Frux ions 


_ Therefore, fince (by the laſt Problem) che Force 
of Attraction in the ſaid DireQions is defined by g x DM. 


and f x 1 + B x DN, the whole. reſulting Forces 


will be trul denoted by g—m X DM, and f x 143— 


* DN: Whence (by the Compoſition of Forces) it 


will be, g—m: fx TB DN (OM) : Ml; 
whence the Point I is given 


Alſo DM : DI:: g—m x DM (the Force in the 


Direction DM): g—mx Dl, the Force in DI. . l 


i 3 N N 1 | 
„ R OB. x. 


Every thing being ſuppoſed as In the | preceding 


393 
| Prall it is required to determine the Force of all the 


Particles in the Line (or Column) QDO tending to the 
Center O of the Spheroie. 


Let IH be perpendicular to 0 produced ( ſee the 
laft Fig. ) then the abſolute Force, in the Died Dl, 


being g—m x DI, that in the Direction DH, whereby 


a Corpuſcle at D is urged towards the Center, will be 


g—m'x DH. Let now OD (confidered as variable) 
be denoted by x ; then becauſe the Ratio of OM to Ml 
is given (being every where as g m to FX IT 5-1 
by the Precedent) and the Triangles ODM and IOH are 
milar, it follows that the Ratio pf OD to OH will be 
iven, or conſtant; and conſequently that of DH to 
H, likewiſe : Let therefore this Ratio of DH to OH 


be expreſſed by that of 7 to 5, and we ſhall have DH z 


— and conſequently (7—m x DH) the Force at D, 


Xx 


Which therefore being multi- 


plied 


Ratio ( 
3 g— 
(or as | 


the El] 


ways pt 
In whit 


the Ell 
X OD 
when I 


and is, 
More 


9 0 1 . 
v0 . 
* 


in deterniing the Artractun of Bodies. 469 
pie plied by *, and the F luent taken, there comes out 


—— AS * DO * DH, for the whole 
Force of the Line or - Column OD at the Center, 


E. 1. 


* 


| | ConoLLany, | 
304. 9 If hs given Forces m and n be ſuch that the 
Ratio of OM to MI, MI, ( which is found to be univerſally 


g—m to fx 1+ 1+B—n) may become as 1: 11 
(or as O“: 401) it is evident (from the Property of 
the Ellipſis) that the Line of Direction DI will be al- 
vays perpendicular to the Surface of the Spheroid Oapes. 
In which Caſe OD x DH is alſo (by the Nature of 


the Ellipſis) = Oa* : And therefore the Force (— 
x OD x DH) of OD i is = = (== x On: Which, 5 


when D coincides with Q, will become — x AO*; 
and is, therefore, a conftant Quantity. | ; 
Moreove. fince in this Caſe, g—m: F * 17 — yy 


n 
Tr 1+B (by Hypotheſis) we. have m — TEB 2 


1 Which Equation, if n be taken ken = 0, gives 5 
5 2B 4B* 6B, TM Az 

2 = — &c, *, 

ef 4. one” ea, 

But, if m be taken = o. it will then give 12 -T 


223 48 6B 
— 3 


2 5 „ and 1 = the Arch whoſe Tangent is g and 
m_ Mb | 


® Art, 389. 


——— 
. 


- 472 


Te Uſe of Fruxions 8 7 


PROP. XII. N ſequer 
cauſe | 


an oblate Spheraid OAPES, whereof th rcle 
7555 oth E ns Dons AE, is 10 25 the 8 R. 
Axis PS, in am given Ratio of 1+ B to 1, revolun Wl Proble 
ahout its Hobs: in ſuch a Time, that the centrifugal Force, DI is 
at the . Equator A, is to the Aitragiion at the 6-7 of WM that th 


a ; Sphere whoſe Radius is oo in the Ratio 75 5 0 22 
48 63 


APE) 
— Se. to —: 1 in that Caſe, ev lows t 
5:7 * 7-9 "Ad 2 Wd FLY 
Particle of the Spheroid will be in Equilibrio; ſ that will be 
though the Cobgfien of the Parts was to caſe the Figure iſt 1 droftat 
would remain unchanged. | LE either 
| hath n. 
face D 
it is e 
can en! 


396. 
Gravita 


Spheroi 


x DI = 


it is evident (by commiring 1 So) that 49, will re- 


preſent the Attraction at the Surface of the Sphere 397. 
whoſe Radius | is. AO: Whence (by Hypotheſis) the i, put 

2B WW Þ of the ſ⸗ 
centrifugal F orce at A( putting; 22853 — ſo that t 
6 B3 I $5: 5 75 may be 
— ah will be culy defined 4 by mx AO; and con- isknow! 


7:9, | of that 8 


ſoguently 


ſequently That, at an 
cauſe the cer 15 


Circles In g es, are known to be direct] 
the Radii ®,) Hence, and from the Corollary to the laſt 


Problem, it appears that the Direction of Gravitation 
DI is always perpendicular to the Surface apes; and 


hath no Tender 
face Dye (the Gravitation, b. 
it is evident, from, chanics, 


Cechgnics, that no Motion at all 
can enſue, in any Direction. e 


ConorlanvY I. 

23 4. 65. 
ARE 
Gravitation (g M x DI) at any Point D in the 


396. Since m is = 


' + 


Spheroid will therefore be as ES + > . 
A LF RON | 
x DI = = x DI (ite Ar. 89. 
Ry 22 
397. If the Time of Revolution be given = 95 and 
be put to denote the Time wherein a (ſolid) Sphere, 


of the ſame Denſity with the Spheroid, muſt revolve; 
ſo that the centrifugal Force, at the Equator thereof, 
may be equal to the Gravity : Then, as this laſt Time 
is known to continue the ſame, whatever the Magnitude 


of that Sphere is + ; and the centrifugal Forces, in equal + Art. 214, 
ty H Circles, and 381. 


h 4 | 


The Uſe of FLuxIons 


Circles, are alſo known to be inverſely as the Squares 


of the periodic Times——it follows, that p* : g* :: Z AQ 


(the Attraction, or centrifugal Force, re ſpeRing the 


Sphere OA, e in the Time 70 FG 57 
+ = Sc, X . AO, the ee Force of the 
'Spheroid at A, revolving i in the Time g. Fram wh 
P ion we ” — 2B + = Se — 


25 0 r (Art. 394.) Whens . Help of h 


| v Art. 277. 


Trigonometrical- Canon, the Value of (2 9 and, 
conſequently, the Ratio of the two principal Diameten, 
will be found; ſo that all the Parts of ws Spheroid 


But, when 7 is ſmall, 
the Solution by an Infinite Series is preferable: For, then 


may remain in Eguilibrio. 


= ap * : 
the Series _ — 5 We. ( 77 converging ſuf- 


ficiently ſwift, we ſhall, by the — thereof, find 


Ms 25 x L 4. I2T.X 7 1 
= e Fe en Taki 


Caſe the Ratio of the Equatoreal Diameter to the Axis 


if we take og the firſt Term 1 the Series, will be, a 


. + 5 horas} + 5 _ 


Which, if K = 265 or the centrifugal Naser e at 


the Equator be to the Gravity as r'to 289 (that being 
the Proportion at the Equator of the Earth 1 A will 


"yams out as 231 to 230 


And that 
a Fluid re 
Diameter 


in 4 


298. 


our fore; 
when 7 1 
Value th 
of t. exc 


Wher 


have — 
Which, 
+ 76 — 
= 25529 
Vi+O, 


&, reſp 
ible for 


continue 


ſevolutic 


orm its 1 


Thus, 


common 


| Axis i 


in determining the Attraition of Bodies. 4 


re i „ e ME. - 


50. Becauſe; 11 AA. the latter Part of 


5 ) our foregoing Equation will be equal to Nothing, both 

men 7 is Nothing and Infinite, it is evident that the 
the Value thereof cannot, in any intermediate Circumſtance 
of t. exceed a certain aſſignable Quantity. ' 


rhich Wherefore, to determine this Limit of the Value of 


* 


3 L; (beyond which the Problem becomes impoſſible) | 


AL, or its Double 


f the et the Fluxion of 37 2 
. | 24 
be taken and put = o, and you will 


— eo err oo eos 


— — 
. ——————————————————— 
— — 


eters, _—— | 
wa have = 9 + . X At + H+f x 4+6& = o: | 
mall, . * 1 
l if = —— wi to . 
PO Which, becauſe 4 "TFP. will, be reduced 0 8 Fe? 


* 
* 
2 — — =D — = —— — * 22 - . — 


47% 1 TH N TFA So; wheret is found 
; fu- z 2,5293, from . whence the correſponding Values of 


[ 
1 


find NV/ITS, and 7 come out = 2, 7198, and 0.580; 


Cc. reſpectively. Hence it appears that it is impoſ- 
ſible for the Parts of the Spheroid, in a fluid State, to 
continue at Reſt among themſelves, when the Time of 


evolution is ſo great that S exceeds 0,5805 Ec. 


And that, of all the Spheroids which can be aſſumed by 
a Fluid revolving about an Axis, That whoſe Equatoreal 
Diameter is to its Axis as 2,7198 to Unity, will per- 
orm its Revolutions in the ſhorteſt Time, : 
Thus, for Example, if a (ſolid) Sphere of the ſame 
common Denſity with the Earth was to revolve about 
Axis in the Time of 843 Minutes, the centrifugal 


47 


® Art, 217. 


ſtituting this Value of p in the general Equation 


each other (by Hypotheſis) we have d' (=AE*Ps$) 
- 3 : / 


141 


4 


De Uo of Fruxtons 
Force at the Equator thereof would, it is known, te 


equal to the Gravity *: Therefore, by king. 52 89 


= o, 58do5 Sc. the Time p will come out <M+'_ 


wherein a Fluid, of the ſame common Denſity with h But,! 
Earth, can revolve, ſo as to preſerve its ſpherdidal Non can 
gure. And this holds univerſally, let the Magnitude latter 
the Body, or Fluid, be what it will. (zin 1. 

| > CoralLarRy IV. ED 

200. Hence alſo may be determined the SphergidM..;; 
2 a ſpherical Bady (of Ice or any other Mate ON 
revolving in a given Time s, will converge to, wie e taken 
reduced to a fluid State *. 12 | 72452 

For, ſince the Momenta of Rotation, in equal Spher eme _ 
and Spheroids, are to one another, in a Ratio con 
pounded of the direct Ratio of their Equatoreal D o, . 
meters, and the inverſe Ratio of the T imes of thi | 
Rotation, it follows, if 4 he put = the Diameter i Hence! 
the given Sphere, and E = the Equatoreal Diameter oil an £q 

* Ge 
the required Spheroid, that — 8 ＋ (becauſe the Qu : lefs th 
tity of Motion about the Axis is not affected by thi. Axis. 
 AdGtien of the Particles one upon another, while th 55 

Figure of the Fluid is changing.) Moreover, fin If q be 


the Maſſes of the Sphere and Spheroid are alfa equal t 


cedin 
rm whi 


tberical E 


: From which two Equations, exterminatin 


out its 4 
ne, be rec 
wards the 
de from t 


d, there ariſes p=3+ Ax s, for the Time of N 
volution of the required Spheroid : Whence, by fu 

1 
P 


* The Author ina Note, page 135 of his Macellamn 
Frags in 4t0, has corrected an Overſight in this Corll: . 
7 | Sphero! 


the remaining Part of this Article is rendered erroneous. 


. 2 
by taking here ＋ X- 5 (inſtead af 5 ') wherel 


in determining the Attraftion of Bodies, 


wn. 
(S 
out. 


— 
— 


14 x A— 1 


Value of t, and the Spheroid itſelf, will be giren. 
But, ſince the Value of the latter Part of the Equa- 


on can never exceed a cextain aGgpabls Quanti 
latter propoſed can therefore by only — 


ertain Limitations; In order to determine theſe Limi- 


vith the 
idal Fi 


ituce gf 


ghergil 
Matter 
3 1 wh — 


1 
: taken and put = ©, and it will be found that 
+24 +27 x A — 155 — 27t = 0: Whence 7 


Op mes out = 7.5, and the correſponding Value of 
al D = 0,927, nearly. bs | 
of thei veins 4 pe | 

nah, Hence the Parts of the Fluid cannot poſſibly come 


an Equilibrium among themſelves, when the Time 
eQua | ; 
| by tt 
hile th 
Tr, ſino 
equal ( 
PS) 


ninatin 


is leſs than - 7 „but will continue to recede from 


2947 
e Axis, in Inſinitum. 


N „ 

weding Corollary) s will be equal 91 2 1 31. 

rom which it appears, that, if the Earth (or a 

terical Body of the ſame Denſity) was to revolve 
H M 


of Rut its Axis in leſs than 1: 31; and, in the monn 
by ful 
I . 
n 
cellantn 
orollar 


wards the Equator would aſcend, and continue to re- 
ie from the Axis, in Infinitum. | 


Corollary V. 


400. Seeing the Values of f and 4 are given when 


where! a 
tation 


neous. 


tom the Solution of which the 


' ; 4 — 
tions, let the Fluxion of 1 T x 3+ x A— 3t 


> M | 3 
If be taken = 842 (as in the Example to the 
M 
ne, be reduced to a State of Fluidity, the Parts thereof 


Spberoid is given, jt follows that the Gravi- 


475 


476 


Te Ub of Froxions se “ 
| ; t=ws i” ; 12 3 5 8 
tation ( _— x QI) at any Point in the Surface o 
a Spheroid, whereof the Parts are kept in Equiilityi 
by their Rotation about the Axis, will be Ls 
a Perpendicular to the Surface at that Point, continue 
to the Axis of the Figure. Therefore the Gravitatin 


403. 7 


ire whe 


15 it 
ines 


at the Equator is to that at either of the Poles, as th taken as 
Equatoreal Diameter to the Axis inverſly, | Let O 
3 | EE opoſed -] 
CoroLLakry VI. PS 2 
: | ; ies, dra! 
401. But, if the Spheroid differs but little from Wiſſotc Bod 
Sphere, the Exceſs of QI above AO will (by the Poli: forme 
perty of the Ellipſis) be nearly as -OR*. Whence lo the 
appears that the Increaſe of Gravitation, in going froſty O: 
the Equator to the Pole, is as the Square of the Sine e Plane 
Latitude, nearly. e ular to t 
. e | put N. 
CokRohLARY VII. he Diſtar 
| i 5 ; te Bod! 
402. Moreover, ſince the Ratio of the Equator the Ser 
Diameter to the Axis is found, in this Caſe, to be ti Body 
| „ ä 8 55 d let its 
a ww, 0f 3 + 4570 I +, the Exceſs of that Diameter above ii lit of the 
. ; 3 ay any Q 
Axis will be to the Axis as 7; to Unity; that is, as Mhity. T 
of the centrifugal Force at the Equator to the me: mas 
Force of Gravity. Whence, as the centrifugal For s that th 
in unequal Circles, are univerſally as the Radii dire4ll 
and the Squares of the periodic Times inverſly, it f il be exp! 
Jows that the foreſaid Exceſs (in Figures nearly ſpherical , 
will be as the Radii directly, and as the Denſity and Hing acc 
Square of the Time of Rotation inverſly : From whi 1 
Proportions, the Ratios of the greateſt and leaſt Diameti / *> it 
of the Planets may be inferred from each other; (ul. ... 
poſing the Times of their Rotation, about their Af n © 
to be known. ): * 


11 


in determining the Artractim of Bodies. 477 
 PROB. XIII. 

403. To determine the Figure which a Fluid will ac- 

ire tohen, beſides the mutual Gravitation of the Parts 

of, it is attrafted by another Boay, F; remote, that 

ines 


nes drawn from it to the Surface of the Fluid, may 
taken as Parallels. O'S Ws 


let OAPES be te M M M 


opoſed Fluid, and let 
Sand MQ be Right- | 
es, drawn from the re- | 
te Body MH; whereof | 
e former MPS paſſes Yee: : 
o the Center of Gra- 

ty O: Moreover, let 


e Plane AE be perpen- i 
ular to the Axis MOS; 18 9 
E 5 


|. 


put NQ=a and OM | 
he Diſtance of the. re- N 


te Body) d; allo 

t the ater es of | 
e Body (at M) = r, 55 
d let — Denſity de to Lat — 

at of the Fluid APES, ' - 
any Quantity to | 8 f n 
ity. Then, ſince, according to the foregoing Cal- 
tions, the Attraction at the Surface of a Sphere (of 
ven Denſity) is expreſſed by 4 of the Radius, it fol- 

* that the Attraction of the Body A, at its Surface, 

ll be explicable by EQ And therefore, the Force 


hing according to the Square of the Diſtance in. * Art, 382. 
ily *, it will be, d* (MN) : r* 7 = : the 


tration of M, at the | Diſtance MN : Alſo d—al* 

Mo hi . . 
): :: : r its a the 
| | Diſtance 


* 


* 
” 
0 
- 


cauſe (by Hypotheſis) 4 Is very great jn feſpect of ; 


as the Diſtances NQ, Ne, from the Plane AE, it apyea 


5 Which, by reſtoring the Value of E becomes PS: Al 
21 I: 21— . ; 3 | __ 


- The Ve of Fioxions in 0 
Diſtance 3 Whehee the Diffetente of theſe 5 
8 vr? 

F e e 


We. We will be as the Foree whereby 2 Corpuſele at 0 
2 to recede from the Plane AE: Which k 


will (by n all the Terms _ the ) be & 
preſſed by =— > „ 4, or its | = * NQ. 


In the very fame Manner, the Forte wh 
Corpuſcle at , below the Flags AE, tends bs td miſeqjue 


therefrom, will be defined by 345 * Ny. 
Now, therefore, ſeeing theſe 1 every when 


he e Diſt 
noted by 


Hence 
pr od uce 
other as 
L Wen 
ly: as 


(V Art. 93 * 304.) that the Figure OAPES will 
a Spheroſd; whereof the Equatioh, for the Relation 


its two E Diatheters oy putting 1 =) is : 
1 2 3-5 * 5-7 n 

the Ratio of PS“ to AE* is RMA by that of 1 

1+B,) Hence, by reverting the Series, e have B 


l2 BY e. and conſequently s: AE: | 


I e H* T2 2 1 nearly 


in determining the Attradim of Bodiet. 


ConoLLary, | 


dich k 0 Becauſe. P ” expteſſes the "I of | the apparent 


mixdiarterar of = y 2, ts the Radius 1). evtl at 
he te Diſtance. OM, it follows, if the ſald Sine be de- 


mſequently, by Diviſion, PS: PS AE ER. 


Hence it appears that the Forces of the 1 to 

l rroduce Tides at the EattH's Surface, are to one an- 

ben er as their Denſities, and the Cubes of their apparent 

E con — 4 For the Sines of m Ares are 
ly as was Ives). 


EXAMPLE: 


"mw If : be taken = the Sine of 16. (exprefiing the 
mean Apparent Semi-dameter: of the Moon) and v = 


— (che Ratio of her Denſity with reſpect to that of 


te Earth) our laſt Properetont Will becoine PS: PS — 
AL :: x :"*0;000006F1y : - Whericey if Ps be taken = 
42000000 Feet (the eaſure of the Earth's Dice 


F 
[ — AE wil come out = = 323. 


joted by c, that PS: AE: +99 =. & ; and | 


- ' 
% * 


11 1 — —— w ˙ In 
— — — — — — * 
- 


— —.— — 
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| of the Application of FLUXIONS fo Zhe Re. 


Of Problems De Maximis & Mininis 


other. 
ſions ! 


SECTION >» 


+ 2n1 


=_—_ of fuch Kinds of Problems Dy 5 bein 
Maxxis ET MINIMIS, as: depend un 
a particular 1 * n i to K = — 
determined. LA; TI 


Hen 

1 SHALL, begin this Seeton with —_ 32 
ee en oe 7 * as 

55 "THEOREM. 85 


| ag | If t the Relation of two ſowing uantities a nimun, 
u be required, fo that, when the Fluent of y u beam BG 


equal to a given Pal, ther of LES 2 may * 


2 —1 


Maximum or 2 Nini 2. 1 ee. 
muſt be fuch that 2 — may be, 


f 3er 344 
3 


where, the 4 or equal to a conflant 8 E: 
The Demonſtration nero. nts upon: the fil 
ſequent 211 | 


by alter 
involve 
by alten 


reſt ren 


Luna. 7 * BY 


. proved : 


56 ＋ 2! 


Minimu 


x Bp Þ 


ame Ar 
ſpecified 


407. If as + bp = : 2, wherein * ey So] uk 
terminate, the Value of A x 4 aaTpp + B (pit 


A, 
will be " Maximum or Minimum, when 8 


ed — „ TND are * to ex 


_ 0 l 


lis 


depending upon a particular Curve. 
other. F FR by taking the Fluxions of both Expreſ- 
fons we have 44 + Ig = o, and 2n aa x as ft 
+ 2555 x CET ll * o : ; From whence, * and 
g being exterminated; there reſults 2 4 + pp 


* 1 ; 
2 x 88 T | 2E. D. 
Hence, if as + 38 + oy ＋ 4% &c. = © (where 
4 6, 7, A Sc. are indeterminate) it follows that A 
x as + pp” + * i + Cx vo £1 
+D x ad Þ+ ppl" &c. will be a Maximum or Mi- 


num, when all the Quantities = * aa T ppl”, 


to each other. For that Expreſſion is a Maximum (or 
Minimum) when it cannot be increaſed (or decreaſed) 
by altering the Values of the indeterminate Quantities 
nvoived therein; but it may be increaſed (or decreaſed) 


reſt remain unchanged ; unleſs 25 x aa + pp and 


BB 


TI C x _ Er + &c, is a Maximum or 

Minimum, the Quantities = 4 oF ” | and 5 
1 * 44 T 

x BB + y˙ cannot be unequal : And, by the very 


ame Argument, no other two of the Quantities above 
ſpecified can be unequal, | | 


7§Ü˙ 1, 


7 x 55 * 728 1 2 X 7 A), "vie Sc. are equal 


by altering only two of them (as & and g) whilſt the 


Tx B& pp are equal to each other. (This is 


proved above.) Therefore, when 4 * 44 T þþ * 1 
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NI 


Of Problems De Maximis & Minimis 
If, in the Right-line PR, there be hom aſſumei 
NN e, NF = 6, Gi. and upon beg, as Bats 


2 pr 
FSW ae 
Gl- T | 
FIR. - 
2 
R T ie E N i 1 9 
TY | oo aL 
S 


Recangles NK, NK be ſuppoſed, whoſe Alitudes N, 
KK &c. are denoted by a, b, c, d Gt. it is evident thata 
+ bp + cy + dh Ge (= ©) will be expreſſed by the 
Sum of all the ſaid Rectangles, or the whole Polygon 

M oreover, if, in the Right. ine PL ( perpendiculx 
to PR) there be taken MM, Mit &c. each equal to 


p, and, upon theſe equal Baſes, Rectangles Mv, MV 
&.. be conſtituted, whoſe Altitades are denoted by 


Quantitic 


jill bec 


1x EE, 2x BEM, wi is mee 11 
F” a p DA ee e 
plain that the Value of 2X DET + EE 3 
P. IS definite] 
TY Cx ED. will be truly * by the 
" 


whole 


8 


— frtichier Carte... - 43 
ne — 2 Mi, Which Po 
4 2 Maximum — Anon ( 4 


T + Dx BEA + &c. is a Maximum or 


Mi nimum; 3 that i 18, when all the megane 25 ** 


, = „, E are equal to 


2 —1 2 Ani 


nu 
* 


each other (as 5 been proved above.) | 
Let now, 4; B, C, D &. be expounded by any = 


Powers, (MP”s MP” MP, Se.) of the reſpetive 
Diſtances from a given Point P z and let, at the ſame 
time, the correſponding Values of a; by e, d — be 


nepreted by any other propoſed Powers MP“, Mp“, 


MP» Ec. of the ſame given Diſtances: Then the 
rea of the Polygon N will be expreſſed by MP” x 4 


+ MP" * 8 + Mr x y Sc. () and that of the 


gon Mi, by MP” x 2 + Mp" * EET 


+ ie * EET + Cc. And the foreſaid equal. 


ae — -£ 2 3 em os Ko Ge. 


28—1 


2—1 | 
jill become MP” * AER” M/“ | 


1 5 2 — „Ec. reſpeAtively 


Now 1 the Number of the Rectangles be ſuppoſed - 
definitely great, and _ Breadths indefinitely _— 
i 2 ſo 


484 Of Problems De Maximis & Minimis 


ſo that the Area of each of the two Polygons NJ and Quat 
Mb may be taken for that of its circumſcribing Curye: MW Dem 
Moreover, let # and y be put to repreſent the Diſtance 

of any two correſponding Ordinates EF and GI from 
the given Point P; and let 5 be every where expreſſed 


| WL i . 
by p (=MM=MM= Sc.) Then, « being a gener! 


Value for any of the Quantities a, 8, , J &c. (or NN, TH 
NN Ec.) it follows; | Firſt, that the Fluxion of the Gi 
Area 'of the Curve NEFK (the Ordinate being, every wa 
where, = y) will be truly defined by y"z; Second. DC, 
ly, that the Fluxion of the Area MGIV (by ſubſti. WW. we 
tuting y, 2 and 5 inſtead of their Equals) will be % 
—F\ and tt 
” fn 4-*\n | | | 5 5 | 8 — 
JEM nan, laſtly, that the Value of each 5 
; yan—1 5 8 the 4 
| 7 | | 85 ſince, 
of the equal Quantities, MP * Lc | A Fluent 
3 HER | N That o 
8 8 theſe t. 
Mr E, . above ſpecified, vil I, — 
| * | | Is J.X uu ” 
; n—=I 22 — 
: > OE . iy og ER HL 
be expreſſed by 2 LE — . Wm WM Theore: 
the Theorem is manifeſt. | N | 3 md m = 
408. If R and $ be aſſumed to denote any Functions Or 
of y (that is, any two Quantities expreſſed in Terms of WF ._ 
y and given Coefficients; then, in order to have the "nd 
| . Fl _— | ti 
Fluent of S x — — a Maximum or Minimun, m_ 
„ — — | ind orde 
when that of Ry becomes equal to a given Value, it is 2 
| A i dn tf Toys. 7 


; ED 


requiſite that * 


——— ſhould be a conſtant 
22 — 1 . ; 
* „ Q} ; 

Quan- 1 


| depending upon a particular Curve. 485 


is 
V/ MY Quantity: This, alſo; is evident from the preceding 
— — and may be of Uſe when the above | 
ſtance, Ml premiſed Theorem is not ſufficiently general. | | 
I from * A | 
zenerd il 409. To determine the Nature of the Curve ACE ;.ſo | 
NN that, the Length of the Arch AE being given, the Area | 
rn, ABE hel be a Maximum. | ' 
glen CL (as uſual) the Ab- _—_ i | 
eben ina AD, ; the Ordinate 1 
econd. DC, y; and the Arch Ac, 1 
* 2 we have 4 = M ; 
t de and therefore yz + = Xx | 
each zz—jj|* = the Fluxion of + 
5 the Area ADC. Now, 
5 ſince, by = Quellion, the A 8 B 
— Fluent of y X zz — Mä is to be a Maximum, when 
That of æ becomes equal to a given Quantity (ACE) let 
Th theſe two Fluxlons be, reſpectively, compared with 
ny * —D" 5 5 ; : ; - ER 4 | 
| . (as given in the foregoing 
ene Theorem f.) By which means, 1 =, r = 1, 4 E, H Art. 406, 
M end ney mma weet 
Sug: 2 Lf. 1 * — 
ndm = 0; and conſequently *— —.— . 
Actions eh 0) 4892-8 | ; . [ 
rms of 7 A | 
— S * * Zz—5j|.. *; Which (according to the ſaid 
Theorem) being, every where, equal to a conſtant 
Quantity, we ſhall, by putting that Quantity = a, 
mumumn, i g | 9 22 a Th ; 
5 and ordering the Equation, get x = = ge and x 
e, Kh 3 4 1 5 "Wh 8 „ : 
_ 7 = ) = = and, conſequently, (by 
nſtant WW - | ; Tin © Ed taking 
Quan- „ | 8 


486 Of Problems De Maximis & Minimis | 


taking the Fluent) x = 2 7 or nary 
= ; which is the common Equation of a Cir, 


E. E. I. comp 
Conor LARx. | 

410. It follows from hence, that the greateſt An: | 
that can poſſibly be contain'd by à Right-line (A 2 
Joining two given Points, and any Curve-line ACE off conſt: 
a given Length, terminating in the ſame Points, vil in Pr 
be when the ſaid Curve- line is an Arch of a Circle. # | 
| V ini 

| P ROB. II. . 

411. The Length of the Arch AE (ſee the precedn . 
Figure) being given, to determine the Nature of th heir] 
Curve, fo that the Solid generated by the Rotation tin 
- may be a Maximum, 8 TEE oy 
Au. 145. Since the Fluent of * x 2 (= 77 fore - 


is required to be. a Maximum, when that of has 
given Value ACE, every thing will remain as in oft, . | 
laſt Problem; only, r muſt here be = 2: And ther ing 


fore (by the Theorem) we have y*s x | Sj * = molog 


2 5 . TE: ay N d * 'r 1 8 18 

| Whence * * 8 3 1 com equently # ( . 
i) :. Which Values, if 3 M 413 
Va -=, 1 15 volutici 

put = @ (in order to have the Powers homologou 2 

3 e 3; | ys 25 - 

will became e .., . = TBE; Length 
Whence-z and x will be known. 2; E. J. If A 
ran MRP 


412 The Superficies generated by the Arch of a C. Vh 


in its Ratation,: about tis Aris, being given; to Ute 
the Curve, ſo that the Sulidzitſelf, may be a Maximum. 


| © Becauſe the Fluent of 7 X 2*—57z Þ is to be 
F art. 145* Maximum, when that of ys becomes equal to 2 7 as 


Apending apun @ particular Curve. 487 
Quantity 5 let the * luxions here exhibited be therefore 
compared with LEG ES andy" (given in the Fe | 


Theorem.) By W whereof (r being 22, 1 = a 


1=2, and m = I) we have v N 2 — 
conſtant Quantity ;) which is the very Equation * * Art, 406. | 
in Prob. 1. belonging to a Circle. . 


If the Solid be ſuppaſed given, and the Superficies a 
Minimum, we ſhall come at the very ſame Concluſion : * = 


For, y*z and y x XX ES (which are a as 
their Fluzions) being compared with y* ard 2 
we haye 7 =, r, and 1 τ ; and there- 4 


ore Fe equal to a conſtant Quantity: Which 
being denoted by = (fo that the Terms may be ho- 


mologous) there comes out az = y V 3* Þ j* * + * whence 
uur . =o (45 defate. ) 4 55 


Pp ROB. IV. 


413. To determine tbe Curve HF B, from whoſe * 
volution a 575 R Hal! be generated ; 775 
N in 29 in the hls 1 4 D 2 
will be leſs re than any other Solid of 1 ven | 
Logth DA and Baſe BC. . 


If AE R EF=», Fp=z A Cc. it is 3 from 
the Principles of © for that the reſiſting Force of 


2 Particle of the Medium at F (being as the Square of 
the Sine of the _ of Inclination gFg) will be truly 


W * 5 (9). Moreover, fince | 
„ the 


2 
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3 15 


4 


C 


Now, ſince it is required 


2 


the | Fluent of — — 


aximis & Minimis 
the whole Number of Par. 


_ ticles acting upon FHKG 
proportional to the 


Area of the Circle FG, 
or as y*; the Fluxion 


hereof (25) drawn into 


, 5 Pk . 
3 | 
give 7e = for the 
' Fluxion of the Reſiſtance 


(by the Queſtion) to have 


( or JI xXxx +I ey 2 
_—_ 
# 


Maximum, when That of à becomes equal to a given 


J 


(r being = 1 2, n= 


+ Art. 406. yz K K + jj} * 


$03 


Quantity (AD), let theſe two Fluxions be therefore 
a 7 3 i * L 7 - 3 
* Art. 406. compared with 2 — Bl and 771 *, Whence 


— I, and m=0) we get 


= 4 (a conſtant Quantity +) ; and 


conſequently yj*3 = a x ## + jj] : Whereof the Flu- 
ent will be found, by Art. 264. That the Curve does not 
meet its Axis in the extreme Point A, but has an Or- 


dinate AH at that Point (as repreſented in the Figure) is 
evident from the foregoing-Equation. For ## + jj| 


Fe“) being, always, greater than 5**- (pg\* x Fp), 


5 muſt therefore be greater than a, in the ſame Propor- 


tion; and ſo, can never be equal-to Nothing. 


Now, as it is demonſtrable that the Angle AHF muſt 
be 2 of a Right-Angle, AH (the leaſt Value of y) will 


therefore be = 4a (ſince # and 5 are, in this 


Ircum- 


ſtance, 


> Flu- 
1 Or- 
re) is 
+ I 
Fp), 


muſt 
will 
cum- 


tance, 


depending upon à particular Curve. 
ſtance, equal to each other.) But, what a, itſelf, 
ought to be, mult be determined from the given Values 
of AD and BD, and the Reſolution of the foreſaid 
Equation. - | 0 |; * 


p R O B. v. 


414. To determine the Solid of the legſt Reſiſtance, ſup- 
peng the Area of the generating Plane AHBD, 2 its 


greateſt Ordinate DB to be given; (ſee the preceding 


Ligure.) 
Since (by the laſt Article) the Fluxion of the Re- 


fiſtance is expreſſed by — » and that of the 
E * 
Area AEFH by yz, it is plain (from the premiſed Theo- 


rem F) that XX 2 L is 2 conſtant Quantity. Art. 406. 


: 2 © 3 f 
Whence, - Fe 2 or its Equal Ee „ being 
oy FEES) 95 r 
erery where the ſame, the Angle pFq muſt alſo be in- 
variable ; and conſequent! HFB a Right-line. There- 
fore the Solid of the leaſt Reſiſtance is (in this Caſe) 
either a whole Cone, or the Fruſtrum of a, greater, 


Cone. But it is eaſy to ſnew, that, when the Area of 


the generating Plane AB is given fo ſmall, that the 
Angle B may be taken equal to the Half of a Right- 
aple.; I ſay, it is demonſtrable, in this Caſe, that the 
Fruſtrum ſo ariſing will be leſs. reſiſted than a whole 
Cone, or any other Fruſtrum, whereof the Baſe and the 
Area of the generating Plane are the ſame. 

In like manner the Solid of le Re/ance, when its 


Bulk and greateſt Diameter are given, may be deter- 
nined : The Equation of the generating Curve being 


js x i= + wy * I 


_ —==, or af =yx TYR: 


Whereof the Solution is given in Art. 264. 


PROB, 
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* 
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| 5 R O B. VL. | = 5 
41 5. Te daermine the Line, abs which a + Body, þ Ti 
its own Gravity, will, deſcend, from one -gtven Point A repo 
to another B, in the ſhorteſt Time poſſible. 1 
1 8 = 2 
| : Whie 
| | =, 2 7 
| — f 
| Q ors | the Q 
RE ſame 
XX Xx. 
| Let AD __—_ and BC 3 to the 6 
| Horizon, interf each other in C; and let 1 8 
| Ordinate to the Curve parallel to BC: Then (ca 0 
it AB, x; PQ, y c.) the elerity at Q will be exprei 416 
by y* 3 alſo the Fluxion of the Time of Deſcent auff , 
e AQ will be truly defined by f #, 0 its Equal Y L 
2 - If 2 
x . Here, therefore, the Fluent of y* x 5 
calle 
*x + IR is to be a Minimum, when that of & arrives t city at 
F Art. 405. a _ Value (AC). Whence, by the Theorem fl , 
It 
| „ i hk muſt be = a conſtant Quantity 
| Which (to have the Terms homologous) let be depot the Fl 
l op 4 3 7) Then of; = XxX Fx + Fa PR 
ft | whence # = 4 I 2. ; . 8 ea 


== V- 
9 


US, 


55 (= ##] 15 


depending bibo 2 Curve. 491 
. * and conſequently 2=20—24 *. | 


Therefore, when ya, 2 is = 2a; 188. two cor= | 
reſpanding Velyes let be denoted DV and AV; and | 
let — To to AD, meet in E; then VE | 
(VD —ED) being = 4 — 5, and vQ (AV—AQ) ' 


= I J, it follows that = 


VD (a): VE (a9) i VA* (: VM? (40 = 
Which is ene of the moſt remaxkable Properties of the | 
Cycloid ; the Curve which, therefore, anſwers the Con- | | 
r 1 

e Celeri uppoſed as any Function S) pf | 
the Quantity % the Problem will be reſolved * | 
ame nr The Equation of the Curve being 


#4. Xx . 
3 : e f ® Art, 408. 


- ESQ 
416. To find the Nature of the Curve A „ af, 
uhh a heavy Body muſt deſcend from an >. Lie 
RC-10. 4 vertical Line CD, ſo that the Area CAE may 
be gion, and the Tine of che Diſeent a Minimum. 


If the Ordinate F h 4 P C 


city at I be denoted by © 


; it is evident that 


the Fluent of 7 Xx 


muſt be a Minimum” | 
when 1 that X FL amounts wa 2 given Vale | 
Therefore 
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' the Point of Contact, will be a 
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Therefore (by the Theorem already mention'd ſo 


often) we have F * As +) "=s*7:;; and 


conſequently = = = 3 which, by Wri- 


EM W e 1 . 3 
og 7 _— of u, becomes # = 7, nr Whence 
x will be known. But, if the Celerity was to be every 
where uniform, then (u being = 0). we ſhould hare 
* = =; and therefore x = a— V: 

V mes | as, Ss 95 


Which anſwers to à Circle. 


LEMMA. 


417. J upon a Tangent EP, from any Point C i 
the GRE of 1 Circle 25 , a Por Ndicular 
CP be let fall, the Chord (CE) joining that Point and 
ean- Proportional be- 
tween the ſaid Perpendicular CP and the Diameter Cf 
of the Circle. cs; fouls had 8 
: | For, the Angles P and 
- CEF being both Right; 
and alſo CEP = F, the 
Triangles CPE and CEF 
are ſimilar: And there- 
fore CP: CE :; CE: CF, 
, 2. E. D. 


4 


= 3 
PRO B. vIII. 


118. In the mixt-lin'd Triangle ACB, the Lengths of 


all the Sides (whereof CA and CB are Right-lines) art 
ſuppoſed given; "tis required. to find the 


d the Nature of the 
Curve-/ide AEB, ſo that the Area may be a Maximum. 


Ul 


ut 


Pu 
and . 
then, 


ACE 


the F 
gener 


in y, 
CB, 
There 
we ha 
=aq 


poſed 
2 
2 


quent] 
Which 


wherec 
Nov 
eyident 
tinu'd 
from tt 
quiſite 


propoſe 


410. 
ite; 
another 
or Virt 
Ratio 0 
Action: 


is depending upon a particular Curve. 
Put the Arch AE = z, F 


and the Ordinate CE = y; 
then, the Fluxion of the Area 


ACE being = vs* 25 a ® 


+; op - 
the Fluent of y x z&.— j]*, 
generated in the Time where- 
iny, from CA, increaſes to 
CB, muſt be a Maximum: 
Therefore, by the Theorem 7, 


we have y= * & — ä 


ä 2 


Gp and conſe- 


Vaz—jj 


| „ X . 
quently 7 Fp on, CP: CE (9) :: CE (y).: 4: 


Which Proportion, by the Lemma, anſwers to a Circle; 
7 whereof the Quantity @ is the Diameter. 0 
P and Now, that AEB muſt be an Arch of a Circle is alſo 
Night; evident from Prob, 1. but, that the ſame Arch, con- 
tinu'd out, will paſs thro? the Angle C, does not appear 
 CEF tom thence. This is known from above; and is re- 


there- quiſite in finding the particular Circle anſwering to any 


: CF, propoſed Data. 


EE. _ 
419. To find the Path AEB which a Body muſt de- 


ſcribe in moving uniformly from one given Point A to 
anther. B; ſo that, being every where acted on by a Force, 


* Art. 113. 


+ Arts 405. 


FA . 
8, or = = >. But, if CP be ſup- 
poled perpendicular to the Tangent EP, then will 


gths e Virtue, which varies according to the Inverſe-Duplicate- 


's) are Wl Ratio of the Diftances from a given Center C, the whoke 
of the Aftion 4 the Body ſhall be a Minimum. 4 | 


Putting 
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\ : +4 © Putti AE = ' 
E K eg S „ 4 (medal 
An. 134. Iy ſmall) = *, Eoms, 


_ intetſeQing CE in T, we ſhall have Ti (the Meaſur 


and Fd (vi —p) 
— 
— 
(S xw+yl") 
for the Meaſure of the 
Force which acts upon 
the Body in deſcribing 
ö the Particle E, (a)! 
C | Moreover, if from the 
ven Radius (r) an Arch K Tis of a Circle be deſcribed, 


r iz we have-. 


of the Angle ECe) = _ "© Therefore, fince the 


Fluent of j* x 1 + 5 [ is required to be a A. 
imum, and the cotemporary Fluent of 5 « (between 
CA and CB) a given Quantity * it follows, from the 
Theorem premiſed at the Beginning of the Section, 
that 7 πτπ] X wu yl muſt be equal to a con- "I 
. : £ - 19 2 * | u 
ſtant Quantity ( 2 and conſequently : SY 


( = [Since A —_— ) = 2: Which is the very Equz- autant 


E a ; 


tion found in the preceding Problem. Therefore; if thro' N mologe 


the three given Points A, B, and C, the Circumference W 
of a Circle be deſcribed, the Arch thereof terminated BW... 
by A and B will be the Path of the Body. 2. E. I. 


CoROLLARY. | ee 
420. If FR be a Tangent to the Circle, at the Ex- 


tremity of the Diameter CF, and CA and CE _ my 
| : uce 


if thro 
ference 
ninated 


E.! 


he Ex- 
be pro- 
duced 


luced to meet it in R and Q, it follows that the whole 

Action upon the Body, in deſfcribitig the Arch AE, 

Part RQ of 

„ Alſo, produced to 

meet FR in Se an d EF be drawn, it is plain that the 
and | 


Triangles C as alſo CEe and C are 
Ea; Whence phy CE G): CF (a): 87 67 


oa (or on = N and CE (9): Ee(4):: Oy () 


will be pro 
the ſaid 


limal 10 —— 
latter C. 1 Figure.) 


Here every thing will remain as in the- preceding 


fwblem; any y muſt be wrote inſtead * 


depending upon a particular Curve. 


rtional to the correſpondin 
wa For, if Ce 


— =: Which (a being conſtant) i is as (4 . 


the Force that acts upon the Body in deſcribing Es (2). 
Aud, as this * where 1 the whole Action in 
e Nn, therefore be proportional to RO. 
Which Force (it is eaſy to prove) will be to that ex- 
ated on the Body in moving through the Chord AE, as 
the Chord to 1 Arch. 


PRO B. X. = 
421. To determine the Path in which 4 Be may move 
ene given Point A, to anther B, in the eft Time 


be; the Velocity to be, every where, propor- 
a — 


herefore we have y e EM * uu + yy * = 4 
mftant Quantity: Which Quantity (to have the Terms 


omologous) let be denoted by - 4 = then, by Reduction, 
— | Ed 3 89 
* D E * 


d conſequently CP = * Hence, if p =, or the 
5 | a | 
5 | Ve- 


Ii 
[ 
j 
[| 
| 
\ 
| 
| 
| 
| 
| 
1 
| 
[ 


- ——— —— tc CR 
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Velocity be conſtant; then CP being every where =, 
the Body muſt, in this Caſe, ; deſcribe. a Right-line 
But, if 5 = =1, then CP. being = = 2 


Art. 74. be a logarithmic Spiral, whoſe 8 is C®: "Except 
in that particular Caſe, "where CA = CB, when it x 
| generates to a Circle. 


 Laftly, if þ=2z the Curve will be a Cindy (byth 
| preceding Lemma) whoſe Diameter is 7 =, and whale 


496 


3 the Curve will 


 Periphery paſſes through the given Point C. - 

After the ſame manner, the Value of CP (upon 
" which the Nature of the Curve depends) may be de 
termined, when the Velocity is expounded by any given 
F unction (S) of the Diſtance (y) from the Center « 


1 80 Force: And (by writing 8 in the room of F. E ] 


will come out CP ==; ; where b and c repreſent con. 


ſtant Quantities. 
When the Velocity is That which the Body may ac- 
quire, in deſcending through BE, by a centripetal Force 


expreſſed by V, then the Value of $ (the Meaſure d 


7 Art. te 221 that Velocity) being SEE by V — 8 


8 
(where CB= a) we therefore have CP 


C 
for the Equation of the Curve of the ſwifteſt Deſcent 


varying as any Power p of the Diſtance. 
24322. Beſides the Problems already reſolved in thi: 
Section, there are others of the ſame 
confined to more particular ö and require 
different Method of Solution. 


Thus 


according to this laſt Hypotheſis of a W Fore: 


ature which are 


Thi 
given! 
a Cur 
Nature 
require 
the F. 
comes 
Quant; 
of Ræ 
come 
piven ( 
nimum 
Equati; 
with in 
lution | 
But, by 
was dei 
three in 
neral A 
will be 
RE , 


x 
anti. 


423. 
Inventic 
above, 


of Coro 


Equatio 


the Nati 
ind corr 
the Flue 
2s the V 
Caſes, ii 


be conc 


is depending upon a particular Curve. 497 
e 2; Thus, if 2, R and & be ſuppoſed to denote an 
* given N Functions, of the Ordinate (y) of 

28 a Curve ANM, and the | . ; | F 5 M 
ve will Nature of the Curve be — ̃ 
required, ſo that, wenn 1 a 
the Fluentæof Dx be- 
comes equal to a given 
Quantity, the Fluent 
of Rz may alſo be- 
come equal to another x | 

given Quantity, and That of Sz, a Maximum or Mi- 
mum: Then, becauſe there is, in this Caſe, a ſecond 
Equation, or new Condition, beyond what is to be met 


Except 
it de- 


(by th 
| whoſe 


( 5 ” vith in any of the foregoing Problems, the Method of So- 
10 lution hitherto explained, will, therefore, be inſufficient. 
2 of But, by a Proceſs ſimilar to that whereby the ſaid Method 


1 67 was demonſtrated (aſſuming, here, three Expreſſions, and 
. 

R eeral Anſwer to this Problem (under all its Reſtrictions) 

will be obtained: And is exhibited by the Equation, 


3 HEE ; wherein p and 9 denote conſtant 


nt con- 


nay a2c- .; | 


Force Quantities, RES: 3 
aſure d 423. Though it ſeems unneceſſary to put down the 


lavention of this Equation, after what has been hinted 
above, yet it may not be improper. to obſerve, by way 


of Corollary, that, if Q = 1, R =I, and S = „, the 
Equation wil then become ＋ FT 9"; expreſſing 
he Nature of the Curve, when, the whole Abſciſſa (AM) 
ind correſponding Arch( AN) being both given Quantities, 
the Fluent of & is a Maximum or Minimum, according 

23 the Value of n is poſitive.or negative: In both which 
Caſes, it is very eaſy to perceive, that the Curve muſt. 


Jeſcent 
i] Force 
in 'thi 
hich are 
equire 


de concave to AM, and that the Value of =, or its 


three indeterminate Quantities, inſtead of two *) a ge- Art. 40% 


| 


- 
. 
—— r ———— 
. Ä ——— —Pöv— nr - r ett ee — 
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Equal p + gy", muſt, therefore, decreaſe as y increaſes; Flic 
whence we may infer that the Sign of gy” muſt be ne- from 
gative in the former Caſe, and poſitive in the latter. 
Ex. Let the Curve ABDE, be the Catengria; 
formed by a ſlender Chain, or perfectly flexible Cord, 


. aid 


ſuſpended by its two Extremes in the horizontal Line 
AE: Then, ſince its Center of Gravity muſt be the 
32 loweſt poſſible, the Fluent of yz, when AC AE, muſt 
* Art. 173. therefore be a Maximum: Whence (u being here =1) 


our Equation (= = + *y becomes = = þ 424. | 


But, in order to reduce it to a more convenient If ti 
Form, let the Diſtance (DF) of the loweſt Point of the 

Curve from the horizontal-Line AE be put 5; then, ( 4 
when y (BC) becomes = b, + will be = =; and L 
therefore the Equation, in that Circumſtance, is I =þ . 30 
— gb; whence p I + gb, and conſequently >= | 5 
1 +gb —gy=I+qxb—y: Which, by putting {MW When 


= (DH) 545 and 45 7 is reduced to — = 1 git 4 


+ = From whence . (=a Fx =a+# 


X 2*—5*; and conſequently BD = V 2as + 5s. i 58 wh 
For another Example (wherein the Exponent » will 2. 3+ 


be negative) let the required Curve be That __y ber ſou 
2 | 5 W ic f 


— 


| Line 
be the 
„ mult 
re =1) 


27 


renient 
of the 
then, 
and 

* — 
2 


x 


utting 


which a Body — deſcend, b 


depending upon a particither Curde. 
its own Gravity, 


from one given Point A to aribther B, in leſs Time 
than through any other Line of the ſame Length. In 


which Caſe, the Fluent of 27 = being a Minimum, 
when x and z become —_ to given Quantities, out E- 
quation (by writing — 4 for n) will here become 


2 p ＋ ay * : From whence exterminating x, or 
x 


z, by means of the Equation #* + 5* = , the Fluent 


wo alſo be determined. 


* „ 
8 


SECTION XI. 


The Reſolution of Problems of various Kinds: 
KOOKS 
_ N byperbdlical Logarithm being given, 


6 
it is propoſed to find the natural Number anſwer= 
ing therets, 


If the Number fought be denoted by I + x, we ſhall 
(by Art. 126.) have 3 = - _— 


Let Ay + BY + G Se. = x; then 4; + 2Þy 

+ 3005 Cc. = &, and our Equation will become 
+ 45 + By'5 + 8851 i 6, 

— 45 — 2By — 300 — 4Dy5 Ce. : 

Whence, by comparing yo : 3 we 

3 
. 5 

=== Ec. Therefore I + P + = 2 + = £7 


. 7 4 
FE 8 
e ez 
oug 

Kk2 


2, 
de 


PROB. 


— rj} S- So. 


Sc. 1 the 1 


4 


Let x= 
And y= a ＋ bz* Tc + dz* + e r. 
Then, by Subſtitution and "Tranipolition, our two 


The Roti of Proflens 


„ 1 9 Ld 
3 "7 


'PROB. II. 


425. The Radius 40 0 RE oe 2 
ABD being given; to find wel Sine BC, and e OC 
of that Arch. 


Let AO (BO) =, AB = =, Ac — 5 


6 oo 
0 e A 
Bb = , Bn , and bn = Becauſe of the amin 
Triangles OBC and Bub, it will be 
OB (r) : BC (9): : Bb (=) : Bu (4 
And OB (r) : OC. ra): : Bb 5 bn 00 
From which we have 
nn | 155 
| And 75 = 75 —=xk- . 5 
Ax TBZ + * D EZ. Gg. 


Equations will become | 
* + azz + bz*s + oz + d Er. No 10 
— Bx 37 CE *r Dz'z—5r Ez*z c. 


And 


rai + arbai + areas + At Ser &c. | PE 


ri + Azz TBZ K + CZ + Dz*z N.. 


From which, by equatin E the homologous Terms, we get 
A=o, a ark, _—_ tt D c. 

By tn C 
Allo 9=1, e 5 c= — 237 1 —5 &c 


3 There 


426. Te 


The 
xXl. x 
(by Prob 


ber + 


writing 


t The 
artful I þ 
yn 14 — 

riend, u 
it WAI W 


ular 


here 


of various Kinds; 


Therefore 2rB= 1 50 — . 9 7 5 


2 =—S, Ge. and conſequently B= = 62 o, : 


F > OT. 
== FR TE 1e : 


De tn 2 
38. 0p" * 7. 7 5 


Sc. 


When, alſo b 182 = "Gy 4 (=4D) = Pas 


- Ee. Se. 


1 


2 | 1 27 


8 23 
-_ — 


425 Y- „ ie eee 
105 And OO c.) = = = — 


243 1 ITE. en: 
ROB. mn. 


426. To fun- vau⸗ of x, when x” is Minimum. 


The Logarithm of V =x x1. x; whoſe Fluxion 
zx x + being = o, we have I: * 1. But 


U Prob, 1.) the Number whoſe hyp. Log. is y will 
ber + y +L+ 2 72 5 = Sc. Therefore, by ; 


22 3 
witing — 1 inflead 07 , we e x =1— I + 


« % 


t The Subfancs of this . 5 the —— and 
ad from a Letter 


artful I bawe ſeen to that uſeful Problem) 
yn 1'd ——— Needler ; which was put into my Hand; by a 
ri 


end, who receiv'd it from the late Dr. Halley, to whom : 


it was wrote. 


„ 


Hence it r is evident that y (= ax + + ae.) : 
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ze Rejelution of Problems 
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rel Ec. Fo, 367575 
Ec. | 8 
"PROD Iv. 
427. To divide @ given Number (a) fo that the con- 
tinuel Product of all its Parts may be a Maximum. 


It is evident (from Art. 23.) that all the Parts muſt 
be equal: If, therefore, any one of them be denoted 
by x, their Number will be = and we ſhall | have 

: | Pp 


F 


= L. xa Maximum alſo: And its Fluxion — * L a 
„ Art. 23, — = O“: Whence H-L. x 1. and conſequently 
and 126. oa . Op 

F 
+ Art. 424. z#=1I+1T+ 7 * 3 * 2 3 ? Fa = 2.71828 
&c. Therefore the next inferior, or ſuperior, Num- 


ber to 2,7971828 &c. that will exactly meaſure the 
given Number a, is the required Value of each Part: 


| s 10 
Thus, let a —= IO z then becauſe 2.71 828 ct = 4 


nearly, the Number of Parts, in this Caſe, will be 4, 


and the Value of each = 7 . 


"MN To divide a given Angle AOB into two Parts 
AOC and BOC, fo that the Product of any given Powers, 
AP" x BQ, of their Sina AP and BQ. may be 0 


Let 


Let 
the Arc 
dicular 1 


and BQ 


we have 
ſequent! 


More 
of the 


and tha 
Art. 
. 


7.—7 


a aa 
or 
7 7* 


former 


r — 
1 — 
and the 
poſition 
(by fam. 
m+n:1 
Indices 
ference, 
dine of 
This Pre 
it will be 
chanical 


N 


of the Arch AC is = —== 

„ \ V ring 
d that of BC 5 

and that © = _—_ 


| of various Kind, oz 


Let AP, produced, cut the Radius OB in D, and 
the Arch AB in F; likewiſe let FE and AL be * 
dicular to OB, and join O, F: Putting AO rr, AP 
and BQ=y; Then, becauſe y is to be a Maximum, 
we have n N * * Igo; and con- 
ſequently nyc = — may» | . 

Moreover, ſince the Fluxion 


(Art. 142.) we alſo have 
ry c | . 


77. 


+ — 


rx 3 
— 0 


—x * "Q- 
which multiply'd by the 


O — 
* r* Vr—2 N 


% 


TW 2 — 

at &c, = — . 

former * ion, Cc. gives VR = 
— - x 8 

. = — = mx: Whence, becauſe O 
cs” | d 


(r-): QB (3) :: OP (/-): PD = 
7 — x? | 

* have = x PD (=ms) = m x AP; 
and. therefore PD : AP :: m: n; whence (by Com- 
poſition and Diviſion) AD: DF :: n: m—n: But 
(by fam. Triang.) AD: DF :: AL: EF; conſequently 
m+n:m—n: AL: FE; that is, as the Sum of the 
Indices of the two propoſed Powers is to their Dif- 
ference, ſo the Sine of the whole given Angle to the 
dine of the Difference of -its two, required, Parts. 
This Proportion is given in Words, at length, becauſe * 
it will be found of frequent Uſe in the Solution of me- 


chanical Problems, 13 a 5 


or n X 


| 
| 
! 
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82 about, and the greatgſt Parallelogram in, a given 
ur ve 


429. To ſhew that the leaft Triangle that can be 


alf the Baſe BT of the Triangle, 


FS. 4 


— . 


— 


I OTE 


B 


„ 


It appears from. Art. 25. and is demonſtrable by 


common Geometry, that the greateſt Parallelogram that 
can be inſcrib'd in the Triangle BTR (ſuppoſing the 
Poſition of TR to remain the ſame) will be that whoſe 
Baſe BF is half the Baſe BT of the Triangle : There- 


fore, as a greater Figure cannot poſſibly be inſcribed in 


the Curve BAC than in. the Triangle BTR circum- 
ſcribing it, the greateſt Parallelogram that can be in- 
ſcribed, either in the Triangle or the Curve, muſt be 
That above ſpecified. 

But now, to make it alſo appear that the Triangle 


BTR is a Minimum when FT=BF ; let Bir be any 


other circumſcribing Triangle, and let the two Tan- 
nts TER and ter interſet each other in P. Then, 
R being = ET, it is plain that RP is leſs than PT, 


and Pr (leſs than PR leſs than PT) leſs than Pr: There- 


fore, the Sides PR and Py of the Tongs Rr being 
leſs than the Sides, PT and Pr of the Triangle TP, 


and the oppoſite Angles RPr and TP? equal to each 


other, it follows that the Triangle PRr is leſs than TP; 
and conſequently, by adding the Trapezium BTPr to 
both, it appears that BTR is leſs than Bir. - 

| 9 LE | | o- 


* 


ABC, concaue to its Axis, will be when the Sub. * 


tangent F is to the Baſe BF. of -the Paralleligram, 
or a ns ee TNT Sn 


430. 
half the 

In the 
inſcribed 
in, and 2 
given Ci 
twice the 
of the Cc 
other in t 


431. 7 
Poſition of 
rom then 
ix AP, b 
wen Num 


F 


3 


If CP ani 
om Art. 3 
lat of AP. 
that of ; 
e three Ar 
en all top 
wen Ratio 
ele RS T 

are in t 
R and 8 


bat of A 
that of APF, as a to c. Therefore, the Sines of 
e three Angles BPE, APE, and APF (which Angles, 
ken all together, make two 8 being in the 
ren Ratio of a, þ and c, it fo k 


le RST be conſtructed, whoſe Sides RS, ST and 


„ " various Kinds. 1 0c. 
F « SY » * ” * ow * hd "4 505: 
: | ; : ; | 5 


: . = My 3 4 | „ 
-- ColoLiany,” 555 264. 58 
, : 5 * © > : 


— e 


430. Hence the, enen inſcribed, Parallelogram is 


half the leaſt circumſcribing. Triangle. 
In the ſame Way it may be proved, that the 


inſcribed Cylinder, and the leaſt circumſcribing Cone, 
in, and about, the Solid generated by Revolution of a 
zen Curve, will be when the Sub-tangent is equal to 


twice the Altitude of the Cylinder, or à of the Altitude - 
of the Cone: And that the two Figures will be to each 
other in the Ratio of 4 to h;). . 


pP RO B. VII. 


431. Three Points A, B, C being givm, to fd h. 
Piition of a fourth Point P. ſo that, if Lines *p 4 wth 


rom thence to the three former, the Sum e the Produtts - | 
ix AP, b x BP, and c xCP (where a, b and e denote - 


wen Numbers) ſhall be a Minimum. | 
8 — 1 ö ; 4 + 


If CP and BP be produced to E and F, it will appear - 
om Art. 35. and 36. that the Sine of BPE muſt be to, 
PE, as a to 5; and the Sine of CPF (BPE)-_ 


lows, that, if a Tri- 


are in the ſaid Ratio of a, b and e, the Angles. 
Rand S oppolite thereto, will be reſpeRively equal 


06 


BM :: Tang. BRO: Tang. B 


The Reſolution of Problems 
to the fore-mention'd Angles BPE, APE, and APF, 
From whence, all the Angles at the Point P being gi- 
ven, the Poſition of that Point is given by common 


Geometry g > 


But it is obſervable, that, when one of the' three 


given Quantities a, b, c (ſuppoſe a) is equal to, or 


greater than, the Sum of the other two, a Triangle 


cannot then be formed whoſe Sides are pr tonal to 
the ſaid Quantities: In that Caſe the Point P will fall 
in the Point (A) correſponding -to the greateſt Quan- 
tity (a). For, it is plain that bx AB is lefs than bx BP 
T AP; and that cxAC is leſs than cxCP+cx AP; 
whence, by adding the Leſsto the Leſs, and the Greater 
to the Greater, it alſo appears that bx AB+cX AC muſt 


be leſs than 5x BP+: x CP+bÞ+c x AP leſs than 
b xBP+cxCP+axAP; becauſe a (by Hypotheſis) 
is equal to, or greater than, b+c. | | 


R O B. vn. 


432. To determine in what Latitude a Right-line per- 
endicular to the Surface of the Earth, and Anither 
drawn, from the ſame Point, to the Center, make the 
greateſ! Angle, poſſible, with each other; the Ratio of the 
Axis and the Equatoreal Diameter being ſuppoſed given. 


Let AE repreſent the Equa- 
toreal Diameter, and SP the 
Axis of the Earth (taken as 
an oblate Spheroid) alſo let 
RO and RM repreſent the 
two Lines ſpecified in the 
Problem, whereof let the latter 
(perpendicular to ARS) meet 
SPinM; and let RB be per- 
pendicular to SP. 


| = 3 
It is evident, from the Property of the Ellipſis, that 
SPD: AE*:: BO: BM. And n 
KM ; whence, by * 
a 5 E 


lity, S. 
fore, b 
—SP wt 
Tang. 
Angles 
thoſe A. 
follows 
BRO : 
Now 
conſtan! 
obvious 
oreateſt 
BKM + 
BRM + 
Therefo 
is a Ma. 
$P* : A 
the Ang 
Compler 
+ BRO 
dent tha! 
= 45* 4 


433.0 
that, wh 
frea ſhall 


The g 


te put = c, and, by ordering the Equation, you will 


of various Kinds. 


lity, SP“: AE* :: Tang. BRO : Tang. BRM; there- 


fore, by Compoſition and Diviſion, AE*+SP* : AE 


—SP* :: Tang, BRM + Tang. BRO : Tang. BRM— + 


Tang. BRO. But, the Sum of the Tangents of any two 
Jngles is. to. their Difference, as the Sing of the Sum of 
thoſe Angles to the Sine of their Difference ; whence it 
follows that AE* + SPL: AE*—SP* :; Sine. BH 
BRO : Sine. BRM — BRO(ORM). © 5 

Now, ſince the Ratio of the two firſt Terms is 
conſtant, or in every Part of the Ellipſis the fame, it is 
obvious that the Angle ORM, or its Sine, will be the 
greateſt poffible, when its Antecedent (the Sine of 
Bk&M+BKO) is the greateſt poſſible, that is when 
BRM + BRO = a Right-Angle and its Sine = Radius. 
Therefore, in the propoſed Circumſtance, when ORM 
is 2a Maximum, our laſt Proportion will become AE* + 
$P* : AE*—SP? :: Radius: Sine of ORM : And half 
the Angle, ſo found, added 450, will give (BRM) the 
Complement of the required Latitude; becaufe BRM 
+ BRO (or 2BRM—ORM) being = 90“, it is evi- 
dent that 2BRM=9go0 + ORM, and conſequently BRM 
= 459 + x ORM, | | 


PROB. IX. 
433. Of all the Semi-cubical Paratolas, to determine 


that, whereof, the Length of the Curve being given, the 


trea ſhall be a Maximum. 


The general Equation is ax* = y*: Moreover, the 
| a 
Area is univerſally = =, and the Length of the Curve 


RE: 
27a | 


get 


- 
> > A — n —  —— 


Vid. p. 56. of m Trigenonatry. 


N50. Art. 137.) Let the laſt of theſe 


r ⁵ —2— ͤ 1 ⁰˙¹˙¹ — — 8 — 
ys ries — — Vrarees ho 1 
— — * _ — - 
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— = 


| 
\ || 
$8 
SH 
Si 


zos 


\ 4 
* _ , 4 * 
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— 4 muſt likewiſe be a Maxim : Which, put into 


| I 
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8575 : * IEEE We. | Whence, * (and 
gat 55 


5 conſequendy 0 being a alan, it is evident _ 


af X27 + A 


5 Nat 7 


. or its Equal a 


58 be F, 


boreal 


Fluxions and reduced; gives a =" * * SELLS; 


Whence x r and y will alſo be found.” 
5 R OB. x. 


| 4 34. 75 determine the Ratio of the Periphery of any given 


Bllipfs to that of its circumſcribing Circle. 
Call the Semi-tranſverſe Axis CB, a; the Semi-con- 


| Jugate yu e; any Ordinate 9 7; and its rs 


5 6 

CD from the Center, +: Then (by the Nature of the 
Curve) y W 2 we have 3 3 = 
Des 


a/ aa — Xx 


at 


: Which by making 42 


ay ag — Xx 


3 and K 2 A 2 


at — kr 
— 
— 

7⁴ —. 


(by thro 
whel Fl 


* x 
„ 


2.124 
denotes 
riphery « 

nene, 


to that 
3 


2.2 
2.2 


&c. to 
precedin 


Call t 
conjugate 
any Ordi 
35 and 


Nature o 


au Kinds; © 
| Va perry 


285 will * reduced to & = = 
aa ag — xs © 


r 2 2 4 
2 throwing the Numerator into a Series) whereof the 


1 Fluent, when x becomes = = 2 will: he. 2 — 
» = 4 x 1 242 — 2 1 2 
ito R | 
* = I &c. (by Art. 286.) where * 
38 be Length of the Arch GiB, or 1 of the Pa. 
riphery of the circumſcribing Circle. 
Hence it follows that the A af the Ellphs i is 
to 12 of its men Circle, a5 1— — — 
Ven % os Y 22 | 
2 5 2 Sc. or ag I — 
On- 2 224.4 2 224.4 6. 6 s 
nc; t 4 1-408 2 
729 4 * ES IE F * CTF 


&e. to Unity: Where J, B, C, D &c. denote the 
. under their proper — 


f R OB. Xl. 


4 5. To determine the Difference between the Length 
the Arch of a Semi-hyperbola Nn produced, and 
in Aſymptote. | 


the Call the. Semi- tranſverſe Axis (AC), a; 5 the hy 

conjugate (or its Equal AE); 5 the Diſtance (CF) of 
= Wl any Ordinate from the Center, x ; the Ordinate itſelf, 
; and the Arch correſponding, z:* Then, from t che 
* the Curve we have 2 


whence | 


7. ©; 5 32 


. 
ll 


8310. 


Z (* 1 J is anirerſally expreſſed by 
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CN whe GE AE 
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Therefor 
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1 WOES 
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: = lenoted 
Fluent of the firſt Term hereof, = 7 into | — WA mY 


\ddition a 
ples, vari 
uns are ( 
cle, 


xx 


+ — 6 


VEL a BF x CE 5 
— * its Equal =—F— : Which, if B 


be parallel to the Aſymptote EC, will (becauſe - 


! 


of various Kinds. 


CE :: BF: BN) be alſo truly repreſented by BN: And 
this Line BN, when or z becomes infinite, will co- 
incide with the Aſymptote. Therefore the Fluent 
of the remaining Terms is the Difference ſought : 


Which Fluent, when «i= 1, or y = © (putting = | 
nity 


= ; a 
2 2.2.4 2.2.4.4. 6. 


: of the Periphery of the Circle whoſe Ra 


2.2. 4.4.6. 6. 8 8. 

92 (by Art. 286.) but = o when «= o (or y is infinite). 
Therefore the Exceſs of the Aſymptote above the Curve 

| s truly exhibited by the preceding Series. 2. E. J. 

lk a be taken = 1, and 5 o, then d will become 

T1: And therefore, the Curve in this Cafe falling 


G . N | . 1 9 
, no its Axis AG, we have A x — Nom — + 
«= | | | h 2 74 


EE. SLY 
ex-. 2. 4. 4. 6 + 2 „„ „ 


„ 3 
Ni 
of of the Periphery of the Circle whoſe Radius is 
Unity. And, from the Problem preceding the laſt, it 


ill likewiſe appeat, that the Sum of the Series 1 — 


..... 
. 2 4.240 E ITTT be 


heſe two Serieſes are equal to each other. From the 
addition and Subtraction of which and their Mul- 
ples, various other Serieſes may be produced, whoſe 
jums are explicable by means of the Periphery of a 
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A. 236. 1 L: LI = Li 


436. To determine the Nature of the Curve CDH, 
| which will interſeft any Number of fimilar and concentric 


fame Center O and Vertex A, at Right- Angles. 


Let RT be a Tangent to any one of the propoſe: 
Conic Sections ARF, at the Interſection R, 1 
585 RY | 
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rr 


6 
* 


z 
H. 
* 


: Normal to the El. 
lipſis AMB, meet 

: x Semi-diameters of 
their reſpective Ellipſes, let the given Ratio of AC* to 


Ellipſes AMB, amb & c. at Right- _ 
—— ==" 3 Bot ths Tangent 
5 . By = — aw AY iT; 
T, 8 and, ſuppoſing AC, 
EE. CM, 2C, Cm & 
CM* (or of aC* to CH Ce.) be that of 1 to n: Put- 
ting CE = x, ED = y, Dp (Ee) = , and db =. 
k is a known Property of the Ellipſis that AC“: 


DT, which is 4 
1 EA Cc B to be the principal 


CM: CE: ET; therefore ET =nx : Moreover EI 
| (ns) Dp (+) :: ED (3) : pd (3) by ſimilar Triangles) 


whence 2 5 or 2 71 . 3 
L: 4 * (where à denotes 
any conſtant Quantity at Pleaſure.) Hence we alſo 


- 


have L:. n x L 2 = L:L, and coniſequent)y 
5 „ | 


| ” 5 8 
* i 221 
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427. To find the Equation F a Curve ERD that wil 
1 Naser of Ellibſes, + - Hyperbolas,” having t 


the Axis 


r=, | 


in the 
Whence 
and Rx, 


1 * N 
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438. 4 
from tw 


along Fw 


aber: 
which 4 
te a Tang 
2 4 i 2 


Let. D 
dicular th 


ane 


0 A B 0. E 0 | 
the Axis AO in T; and put AO=a, OBD, BR=y, 
m=#, Ru 3. Then (per Guigh BT = ==, 


7 3 


in the Elles, and = 1 —, „ in the Hyperbola : : 
Whence, by reaſon of the ſimilar Triangles TBR, 


1 and Ren, it will be = (BT) : 7 (BR) 2 —3 
92 — 4 422 
g's) a): 5 @n): Therefore + - = _ Es 3 


1; 


xi, and „ + 2 Eu ee . 


*. Where d denotes a conſtant Quantity, depending 
on the | _ Value of AE. | 


PRO B. XIV. 


438. Let tro Points » and m move, at the ame 8 
3 two given Poſitions B and C, with equal Celerities, 
along 15 . lines BA and BC perpendicular to each 
her, : ro poſed to determine the Curve ASC, wo 
which a 25 Joining the HY? Points ſhall, always, 5 
2 a Ting cit. =: : 


9 


Let: DS. and ev be aw to BA, and; 875 8 
dicular thereto: Putting BC=a, CD x, SD= Jy, Sr 
S ndr =, e G, ſim. — 5. 7 


2 


8 


bn Wheice Cm (EDB—Dm) = =x— 5. and Be (By 


+ bn) = =y + = 2. Which two laſt 1 be- 


cauſe the Velocities of the Bodies are equal, muſt alſo 
be equal to each õthet, that is, x — = =, + Dl, 
Hence, by making r conſtant, + and Akin the Flunon 


of the whole Equation, we get x HD = 


y= 


2 e oi = FA from which there 


the Fluent on both Sides 9 taken, we have * 
2 20 2 — 20 a—x, and conſequently 1 229 
5 Which Equation pertains t6 the common Pa- 


rabola. 663 Us 


ariſes Ne y,; and 7 = 


439 
tities ( 


to eacl 


— - 


of wa 10517 Bb Ao 


= Otherwiſe more wniverſatly, thu. 
439. Put Cm = v and Bn = u and. let thut Oui 

tities (inſtead of being equal) baye any given Relation 

to each other. Then, ſince the abfolute Celerity of m 

is expreſſed by &, its angular Celevicy, in a Diss Aion per- 
pendicalar to d, by whieh the Line S tende id re. 

ove about the Point of Contact $ as a Coater, will 

te truly defined by . x (Al. 39) 

ln the ſame manner the angular Celerity of u, about 

be Point b, vil be defined by gn av, Now; 

235 theſe Celerities muſt be to. each other az the Di- 

| ſtances Sm and Sz from the Center S (or directly as 
(8 be Radii) we have Sm : Sr (:: DS: bn) :: Sin. Bmn X 
: Sin. Bum x w; whence, becauſe Sin. Bu: Sin. 

Bum :: Bn (w) : Bm ſa -v) we alſo have DS: In:: 


vx R e Therefore, by Compolition, DS: 
allo Ds + bn) w :: ]]: ww + = x , and conſe- 


2. Wendy DS 


- 22 a 
EEE —-— Whence bn (w— 
wo þa—V XxX w 
clon Or mm... 
D) = —— ; and BD (8 
wo 44 — X ww | 


255 


here i — . 9 T From whence che Curve itſelf 
wo +g—vXw FFF 

vill be given. £ | 5 x4 

If v and w be taken equal to each other (as aboye) 

, Y 1 ; ; 2 


7 a NT yg S 


= oe © $15 = 
= a — 20 + ; in hieh laſt, if for wp its Equal 
FE. T6 © 


546 
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77 be ſubſtituted, we ſhall have BD = @ — 2g 


* y; and co fequently CD (a — BD) = 275725 | ww 
a 4 550 4 1 X PR O B. XV. | F 1 5: 


— . Suppeſng a T to proceed, uniformly bh, alm 1— 
„ beds 2 . 2333 we 
ſame, always direftl 'towards it, with a Celerity which Ml _ 
is to that of T, in any given Ratio, of 1 ton; it is pro. . 
poſed to find the Equation of the Curve AS D deſcribed by 
the latter. ; wa. 333 „ 
Let the Tangent AB, which makes Right-Angle 
with BC, be put = a4, BR=x, RS=y, and AS z. 


4 . 
—— — . 
« 
mY . 
. 


h fince ST 
C V 
2 | 46 CC 
| 5 | vr I the 
Then the Subtangent RT being = =, we have BI form, va 
=x+ =: Moreover, ſince the Diſtances BT and 

3 de Cun 

AS gone over in the ſame Lime, 2 Celerities 1 ” 
FF Fluent of 


— 1 Whence, in Fluxions (making 5 conſtant) F 
| 1 


Sz and conſequently = ( ==) = ==} 
5 and conſequently 7 (=74 V+ 


8 _ | 


RC. 
=}, ; ; 
| 2328 — 2. and 2x = — 
7) Ee hob 21 
＋ | ConoLLARY. 
| IF rhe Velocity of 8 be greater than that of 7 
ples K . nity) the two Bodies will concur 
=%: wa over a Diſtance exprefied by 
1 2 becauſe, when y becomes = 0, 2x is barely = 
— But if the Velocity of 8 be leſs than that of _ 
7, it is plain that $ can never come up with T. But its 
5 a © 
— 
neareſt Approach will be when A xs: For, 
7 12 
ince ST is univerfally = © - +2 — , let the Flux- 
7 2d 
jon of is Expreſſion be taken and put equal to No- 
din EN defend os ap ER 48 
I the Celerties of & and 2, inſtead of being uni- 
re BI form, vary accord W Law ; then, OE 
ht: r by B, the Equation of 
= _S, 
Ihe C — Aud 
wake eee 
| 
5 J ten helen of Ep = = deing L. 4 Vf +2, An. 126. 
* 2 I 


N 


14 


we 


- — —— —— —Æ—E—k y 
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We Reſolution of Problems 
0 we ſhall have N 1 x - . 5 which; _ ordered, 
ve & A Ie Whence x will be found. 


FT 


443. To determine the Fruflum CDEF of a Tri 
gular-Priſm, ef a given Baſe CF and Altitude BA; 
which, moving in a Medium, inthe Direction of its 


Length BA, Mall be reſted the leaft poſſible, , : © 


£25 : 


REES <q Draw CH parallel to BA meet- 
HQ C ing ED, produced, in H: More- 
N. ip over, let HP, PQ ano PR be per- 
3 pendicular to CD, CH and DH 
| reſpectively. .. ; 
B dince the Number of refiſting 
Particles acting upon DC. is as 
DH, and the Force of each 28 
; „ | 1 
(pi) the Square. of the Sine of 
| the Angle of Incidence DPR, 
the whole Reſiſtance. ſuſtained by; DC will therefore be 
„ F775 
expreſſed by - pz or DR, which is equal to it (by 
the Similarity of the Triangles DHP and DPR) Whence 
the Reſiſtance upon ADC is truly expreſſed by AR (AD 
+ DR) and is 2 Minimum when its Defect (PQ) be- 
low the given Quantity AH (or BC) is a Maximum: 
But PQ is a Maximum when CQ and HQ are equal ; 
becauſe, the Angle CPH being Right, a Semi- circle de- 
ſcribed upon CH will always paſg through the Point P; 
nd it is well known that the greateſt Ordinate in a 


4 Semi- circle is That which divides the Diameter into two 


equal Parts. 


% 


'. . Hence the Angle DCH, when. the Reſiſtance upon 


Ab is a Minimum, will be juſt the Half of a Right- 


Angle, provided BC be given greater than BA; ot - 


/ various. Kinds. ; 


The Fluent of which (by Art. 126.) is — 1K Log. 7 


—— 75 + : But whe ge. 5:18 =. 0, 


42 71 * 
and then the Zaun bechnies - 231 
therefore the Fluent, duly . is 1 K 


* EVFEE. 


Om iſe ( without am 8 BD 


2 


1444 
4 41 


7 — 
* 


"from hich; by FIN both sa, 


— 


4 * 
+ * 2453 3 3 6 '4 
* i + - — — 54 


Wbenee it is evident er 


* "ILY 4 


fc? 4 


+ { 
C1 


=, „or Log. £ U 


1 


Fa 
ry 


13 


o 4 


24 is found 2 


72 3 905 $1 4 
L ==; whoſe Fluent is 2x = — af 4 
+ 6 th 4 i ? PF 5 11 2 
2 wes =p 2 7 G 1 4 1 
N 5 1 and then 

8 4 21 
1 5 — — 2 — — 

12 Wr Lo ehErefore the 
2 * . 
F 1 

luent correfted is 2x = Ty 4 TY 7 
224 > 264 | : 


— 


8 Put ST = P and RT = 2 Thi 6 ſince the 


S 


2 


51 


abſolute Velocity of the Body S is denoted by- Unity 
that with which the Ordinate SR is carry'd towards = 


Body 7 will be denoted by 
which mee from u the Velocity of T, leaves n — — 
Þ fe 0 he relate Celerity with which T recedes from 


X 10 S (h An. 35.) 


R: 
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1 — 2 P. and conſequently n, D DxÞ 


The Rejolutios of Problems 


R: After che fame Manher, if from 5 # the Colecty 
of Tin the Direction 'ST produced, there be tien Ji 
the Celerity of $ in the ſame Direction, the Remainder, 


2 will be che Oelerity with which T reeds 
from̃ ©: Therefore, the Fluxions of Quantities. being a 


. the Celerities of their Increaſe, we have 1 Pp : 7 


ut, ſince the Quantities P and Q are concerned exact 

. alike;2he Eguation thus derived will, in alt ;probability, 
become more ſimple, by ſubſtituting for their Sum and 

Difference: Let therefore P+,Q.= 5, and H—Y= 55 


; or, Which i is the fame, let P: == ==, nd 2=— =o 
Then, by Subſtitution, we ſhall have = v=o Dr ne: 
both Sid 
© Kr 2 SKEW e s + wy 2 — If ſeve 
2 vi 1 1 means of 
trafted, c. — 70 3 or 147 x Mfoint P, 
my giver 


= F—# * =4- - whoſe Fluent (corrected) is 1 of the Pa 
* * Lo = VEL 

8. 5 =i=mx g. v+2nx Log. a, or Log. f. = 
= Log. v. Whence 5 = a vi, ad lf the Pa 
conſequently in H A 12 But av Sr * 
xBT —RD ue: RB) = therefore gs x e = 


ta ahi n n ion 25 
7 8 1 55 and v = 1 whence 5 (= 


= FL S v 0 | ** b 4 4 F be 


8 


ie Kal. ; 


(6 Ferter a dyes, the Tenſion will be n * 


For it is very plain that, their ing both at the fame 
time, no Fm — Ay oo. gs — on 2 


| FO 4 


3 It be Forces F and F be reſpoctivel n 
by the Maſſes, or Weights, 4 the Bodies 4 and B; the 


Tenſi an of 4 Thread will then become 248 


AFB: 
Whence it appears that the Tenſion of a Thread ſliding 
over a Pin or Pulley, by means of two unequal Weights 
4 and B, ſuſpended at the Ends thereof, is equal to 


„ Ml 24B 44B | 
= IB : The Double whereof, or Tip is the Weight 


—v Wl hich the Pin or Pulley ſuſtains, while the Bodies are 
— n Motion; becauſe the Thread hangs double, or on 
© both Sides the Pulley. 
con- If ſeveral Bodies A, B, C, D &c. communicati - by 
' {Wneans of a ws, or Wire AF, be urged towards a 
Ca. Point P, in the Direction of the String or Wire, by 
my give giren F orres p, 4, r, 5 Ee. e, the Tenſion 
In of the Part AB will be 


TEL B+ C+2D &c. — 1 Es; 
Io A + 34 6+ 9 Be 

and of the Part Be 

-RT —— PN « 0 rng wo rt. | 
n e GT 3 


* 524 | The. Reſolution of P. mr 


aL 
All which eaſily follows from above ; ; and will an. 
wer alſo in thoſe: Caſes where ſome of the Forces are 
ſuppoſed to act in the contrary Direction, if Ne __ 
2 e de conſidered as a a negative Quantity.” 


P R O B. XIX. 5 4 "901 44 
Let it be required to raiſe a given Weight N, + | 
r Heigh ht-BC, along an E Plane AC, by means — 
another given Weight „ connected to the former: by'q | 
flexible Rope NzM, moving over 4d. Pulley at C: 3 fo fd I t 
tbe Tenſion of the Nope; ; alſo the 2 and Length Reſol 
: 4 the 18 fe that the Tis «9 hy wh ment, may . nh 0 
„ n is well üben th ticle « 
2 che Force by which V Direc 
tends to deſcend alone WF the Re 
Na the Plane AC, or a& of the 
in oppoſition to IM (ſup- WM which 
poſing BC=a, and AC Theref 
9 WS. Is as th 
Vs) will be — or Effe 
£0 10 as S. A 
Therefore u — — . we hay 
or 


Angle 

Hy — 
Bodies are accelerated: But it is likewiſe demonſtrable Es 

that the Lime of deſcribing any Line by means of a Ve 445. 
locity uniformly accelerated, is in the ſubduplicate Ratid dhe Caſe 
of the Length thereof, di <Qly, and the ſubduplicatf the Sine 
Art. 20% Ratio of the acceleratin ng Force, inverſely *: Whencee mall hay 
it follows that the N of es AC will be . . 
RBE ( : 


repreſented” by = :: Whoſe Fluxion (0 
that of its * kw. made equal to Nothing, . wi 
be found = SA or . 2N + 5 4 *. Hence th 2-4 in 


1 


— — — 4 


is the efficacious Foree, by which the 


Bidies ende, 


an» 


. of e 


viſe, the Whole Prim C Ap will be leſs reſiſted chan | 
any Fruſtum 9 of e * I 


2490 KL P R 0 B. XVII. D119 f 

YE Ta determine the Angle RBE: which a Plane EBF 
muſt. make. with the Wind lowing, in a given. Direttion 
RB, /o that the Plane itſelf may be urged in another given 
Direction BA with the greateſt Force ye PX TT 

It is known, from the A : : * Wh. 
Reſolution of Forces, that . 
the Force whereby the Plane 
EF is urged in the given „ ET 
Direction BA, by a Par- E e 
ticle of Air, acting i in the 1 
Direction RB, is directly as. Trad | 
the Rectangle of the 8Sines . . i... 
of the 3 (ABE, RBE) | R 
which the two given Directions make with the Plane: 
Therefore, ſince the Number of Particles acting on EF 


is as the Sine of RBE, ir follows that the whole Force, 


or Effect, of the Wind, i in the Direction BA, will be 
25 8. ABE Sgu. S. RBE; b which being a Marimum, g 
we haye (by Prob. 5.) 3: 1 :: Sine of the whole given 


Ange RBA: Sine e Whence the Angles 
RBE SEATS VAI EIT 2. J. 


Ti PELM 1143 5; 993 


Conotiany. 


445. If the Angle RBA be a Right one (which is 
the Caſe with regard to the Sails of 1 Windmill) then 


the Sine of RBE - ABE being = 4 5333 Ce we | 
ſhall have:RBE — ABE = WP : 28” 3 2 1 


r (he bee. 


7 B 2 * 4 > 


P R 0 B. XVIII. 


446. If tus Bodier A und B, joined 5 4 String, be 
urged in. oppoſite Directions, tawards .P and Q. by any 
tiven Forces F and f, uniform continued; it is propoſed to 


nll ind the Tenſion of the String, or the Force whereby the 


Badies endeavour to recede from each other. 
Since - 


| 
| 
| 


2a 


Bodies are, conſtant! * wrged towards P. 


_ the Motion generated in 4, alone, will de 


; pon the five, rr 75 * = x 7 


The Reſolution of Rroblems 
Since F f is the abſalute Force by Which: thor two 


Motion, generated in Both, in any Time 7. at there. 
fore be expreſſed by FF x T: Where, becauſe both 
Bodies (by reaſon of the String) acquire the ſame Ve. 


7 * E X T7,or thus Pa af ths Jil Gf 


7 But the Motion of a. had it not been 


etarded the Stri (or B) would haye 450. 
9 T; Hei we Foo of FO by. the 25 


| * Prop or 
- ain i 


* 


FA | 
2 = L429, x 7; Which, divided by the Time 75 1% Kn 


A+ FB i cular to 
(wherein chat Loſs or Efet is produced) gires 4 ſpectivelj 


for the Tenfion of the Thread, or the * orce ſufficient to "1 
cauſe the ſaid Loſs or Motion, — 


m, ſome etherwiſs © 5 Mechanic 
447. Boost the Force E, was it to aft denk, woul i: 
communicate, by means of the String, the ſame Ve-l!Ml | __.. 
er * = ** the — — 4 ee which act 
employ” hich the 'd 3 
pio d upon B, by wal Ing is » * ubata the 
(the Quar 


B 
lupport. it, 


be == TIB * F, or 5—z — "And, from the very ſame 
Argument, if the gpg alone, the Tenſion 
of the Thread would be 4. g: Therefore, xen bot 


* 
16 C3 67-4 
K Rang of 4 


** of "various Kinds.” _ .. 


Time of the Aſcent will be the leaſt poſſible, when the 
wo Sine of the Plane's Inclination is to the Radius, as the 
ial Fower (4) is to twice the Weight (M) to be raiſed. 
re. The Tenſion of the Rope will be determined from 


e. dee 1aft Problem, (by writing N for 4, = for E. If 


5 | MF Pn OE 
by for B. and A for II and comes out. V i. 
| 5 3 "DEL 
m vc BRO 


| 450. Let AC repreſent a Piece of Timber, moveable 
about a Center C, making any Angle ACG with the 
. Plane of the Horizon CG ; to determine the Poſition of a 
| Prop or Supporter OS, of 'a given Length, which ſhall 
ſuſtain it - with the greateſt Facility, in any given Poſi- 
un; and alſo what Inclination AC will have to the H- 
rizon when the leaſl Force that can ſuſtain it, is greater 
than the leaſt Force in any other Poſition. . ES 


Let R be the Center of Gra- H A 
rl Mb, of the Beam AC, and let | 
© *» Wl Rn, Rm and CD be perpendi-. ER 
FB ff cular to AC, CG and OS re- 
J. ſpeRtively : Putting SO, CR 
f Er, Cm x, and the Weight 
nt to of — — rf - * 

hen, by the Principles of IE : 
N * 


$> £ £4 


O F | 


333 


2s Rm: Rn, or as, 75 x : t: =) ; > "ay Force 
which acting at R, in the Direction Rn, is ſufficient to 
N ſuſtain the Beam AC ; ſecondly, as CO: CR (r):: — 


>. 


I (the Quantity laſt found) : the Force able to- 


ſupport it, at, O, in a perpendicular Direction; and, 


* 
: * 
1 1 4 
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The apts of Problems 


laſtly, as en: CO: 85 ct · Force, a ar Weight 


actually fuſtained by the given Prop 80. Which Force 
wilt therefore be the Jeſt poflible when the Perpendi- 
cular CO is the greateſt pollibley, let the Angle of In- 
clination GCA be what it will: But of all Triangle, 
having the ſame Baſe (OS) and vertical Angle le (800) 
the Iofceles one is known to have the greate: 
dicylar: Therefore the Triangle CSO will be len 
and the Angles S and O equal to each other, when the 
Weight ſuſtain'd by the Prop OS is a Minimum. 
But, now, ta give 2 Solution to the latter Part of 
the Problem, ar to w (ſuppoſing the Angles. S aud 


O to be equal) when == D * 1 is a Maxinum, let CD 
produced meet R in F; and then, becauſe of the ſimi- 


lar N CDS and CF . * mall have. ED: x 


(Cm) :: SD (1a): MF, or c = as, ; and conks 


mt TE x: Bu, dcr ble 


8 


the Angle CR, we al have, r+x (CR+Cm) : : 1 


(Gn) . Vr— (R); Fn = Me 


| quently;gyy 2 * w'=: 


Xx — Whence the Foes 5 x u, aQting 
17 14 1s. 


| upon. the Supporter, is likewiſe truly expreſſed by 


2b r— . 
—— 
144 Ter 


Wbereof the Fluxion being taken and 


pur qual to Nothing G we yet # = L 5: T. 


Therefore R Tm (. go | 


fine of RCG=5r ; 50) ; Us Inclination required. 
9 


PROB, 


ting AH 
=y, an 

2 4 — oy 
8 2 
2 62) 
Fes 
Fluxion, 


Momenti 
th be in A 


51, we h 


ud 75 


— 


* 1 * . 2 1 8 * "ay * 
, . þ 2 1 
[A of * 4 1 


R OB. Kl. 


8 t 4 0 the Poſition 2e Bun OD Maven 
way 4* about one End C as a Center, and fyftained at the _ 
wi WY , er D by e gde Walght Q, append to 6 Cord 


In. e e ene r 


0 Let G be the 
6 — Chas of Gra- 
es vity of the Beam; 
WR "alſo let DF, GK 
and CH be per- 

- pendicular to the 

Plane of the Ho- 
- Fizony' and CL. 


| : | and AH parallel 
to the fame: Put- 
ting Aktes, CHs, ca CG 2A, DL, CL 
2% and the Weight of the Beam u. Then AF 
20 , DF Ia, and AD (VAFT+DF®) = 
i- 2 ar : which _ (becauſe y? FR 
x =) will alfo be = 7 of ＋ * 7 2bx—20) = | 
FT 26x = 24y (by putting = N NA e) whoſe 


54 2 


Fluxion, TY ara er multiply'd by 2, is the 


Momentum of the Weight 9, ſuppoſing the Beam to 
w be in ande ere decauſs DC : DL:: CG: 


1 


n and rd ws w, i the 8 of - the Bram atfelF in a 

Pertical Direction. 

- Wherefore m— theſe Moments ue} to each other 

— 3 OD to the rinciples of Mechanics) we get 
. 

nen — RY : X,. ie 0 ee 

N pa 
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F+xO4=0O, we have 2) + 2 = o, or — j = 
. ; Rs . — 


BC inſtead of a Pin at C: Whence it follows that the 


The Refolution of Problems 


7 And therefore (by Subſtitution) b#.+ F dee 
e , 


97 + 2 —'2ay: From. whence, and the foregoing are e 

Equation x* 4. c, both x and y may be determined. | 

e e ee Om + Wn 
; The Jams fe - 


452. It is evident, from Mechanics, that the Force pende, 


which, acting in the Direction DF, would ſuſtain the Lengt 


End D, is to the whole Weight w, as CG to CD; horiz0 
and therefore is = 8 x we Tt is likewiſe known Let 


that two Forces acting in the different Directions DF 
and DA, ſo as to have the ſame. Effect in ſuſtaining 


PC, or cauſing It to move about the Point C, muſt be 
to each other, inverſely, as the Sines of the Angles of 


Incidence FDC and ADC. Therefore we have S. FDC 
ö. ADC :: 2:08 X z from which given Ratio of 
the Sines, the Angles themſelves will be found, by an 
algebraic Proceſs independent of Fluxions. 


RR OY 
453. If the Poſition of CD be ſuppoſed given, and 


the Tenſion of AD (or the Weight © ) be required: | Tt ap 
Fhen, from the foregoing Proportion, we ſhall have Q | 
FDC * Th * . Which'will alte expreſs the 10 


Tenſion of AD when the End C is ſuſtained by a Cord 555 


Tenſions of two Cords AD and NT ſuſtaining a Beam Force 0 
or Rod CD, at its Extremes D and C, are expreſſed by 1 


S. FDC. CG / — S. RCD DG ä 
a. 4 15 there- For ces, 


e warius Kinds. 
therefore are to each other 28 0G. - DG: 
33 S. BCD x'CG to 8. ADC x DG reſpectively; bo- 
cauſe the Sine of FDC and that of its Supplement HCD 
are equal to each other. n i | 


PRO B. XXIL 


„ n determine the Paſtion of C Bram DC, ff 
_ 2 its Extrenys by uw Cor 45 and BC 7 2 
| the from tus given Print A and B in the ſame 
2 ; Tote e Line AB. ow 2 | 25 "oy by, 


own Let G be the Center of Gravie "of the Beam, 15 
let DF and CH be perpendicular cg AB. — 


ning „ 

ſt de N A. pace 4 . - 1 HB 
es of | | | * + 1 © 
*DC f 

. 1 

io of 

y an D 


all P 


rere, from the Corol. to the laſt Problem, that 
YEW the Tenſion of AD is to that of BC, as RR to 
Ow TECH whence (by the Reſolution of Forces) the 
; h e Ws 


ed by is to the Force of BC, in the oppoſite Direction, as 
A 08 50 S. ADF DG * BCH , 5 
there- Forces, that the Beam may remain in Equilibrio, muſt 

| " con- 


Beam Force of AD, in à Direction parallel to the Horizon, 


530 


FAU FADF © TE 


The Reſolution of Problems | 


conſequently be equal to each other; and therefor 


S. BCD S. BCH' DG 
But now, to determine 


the Angles themſelves, from this Equation and the given 
Lengths of AB, BC Cc. let AD and BC be 2 
to meet each other in P, and let PQ, prom icular to 
AB, be drawn; putting AR = a, AD =b, BC a 
DC=2, DG=f, CG=g, Apr, and BP=;. ; 


Then, becauſe AB: A BP: : AP—BP: 40-50 


= , , we have AQ =: * AB * I 
1 AP*—BP* 

8 — N ; and conſequent]y . 'the Coꝛſine of 
* AB*+ AP*—BP* 

A (= Sine ADF) to the Radius = AFA 


Whence, from the fame Argument, it is evident that 
the Co- ſine of B (= Sine CH) will be expreſſed by 


AB*+BP* APL AP? + BP*—AB?; 
io "2AB x BÞ 3 and Thatof A Bb AFN BFR 


PD* + PC%— 
And alſo by —— Dre which two laſt Quan- 


ities being equal to each other, we have PD x PC x 


AP*+1 BP*— AB*=AP x BP x PD*+PT*—DCG:; that 


is e +y Da. xy x IN 1 = . 


Moreover, ſince PC: PD :: S. ADC (or PDC): S. BCD 
.PD' S. BED S. BCH 


(or PCD) we 5 have 5e = S A560 = "FRE 5. ADF X 


_ G (by the firſt Equation) ; ; whence c X PD X 


3 ADF = DG x PC x8. BCH; that is CG x PD 


AB*+ AP*—BP* _  AB*+BP*—AP* 
Fx Ap SDOxPCx e 
+» « % 5 — : PE C 


(AF) \ 

Beca 
Equilih: 
ſequent 
be eve] 
the Dif 
will be 
of the 
this R: 
that is, 
de=bz 
x BC) 


— 


CGxPD x BP x ABFAFBF=DG x PC x AP x 
ABT BP*—AF?, which, in algebraic Terms, is gy x 


= = fr x5—ecx# +3 —x*. From 
Equation the Values of x and | 


whence and the preceding 
J will be known, 7 
P R O B. XXIII. | 

455. Suppoſing a Beam CD, moveable about one End 
C, as a Center, to be ſuſlained at the other End D by 


» + Fi 


.means of a given Weight P, hanging at a Rope paſſing 


wer a Pulley at a given Point A, vertical to C; it is pro- 
poſed to find the Curve APK along which the Weight muſt 
aſcend, or deſcend, ſo as to be, every where, a juſt Coun- 
terpoiſe to the Beam. 


let, a Semi-circle HDR 
be deſcribed, and let 
DB and PF be perpen- 
dicular to the vertical 
Line AHCR; alſo let 
CD=a, CA, AH 


e HB==,and the Length 
| Ke of the Rope DAP=m; 
Sul. i 4 likewiſe let HQ (Y) be 


(AF) when D coincides with . 

Becauſe the Weight and the Beam are always in 
Equilibrio, by Hypotheſis, their Momenta, and con- 
ſequently their Velocities, in a vertical Direction, muſt 
be every where in! At : 
the Diſtance QF (O &) aſcended by the Weight P. 
will be, to the Diſtance HB deſcended by the End 
of the Beam D likewiſe in a conſtant Ratio: Let 
this Ratio be that of 5 to any given Quantity 4, 
that is, let þ —x: 2 :: 6: d, and we ſhall have 45 
db; : Moreoyer, we have AD* (CD*+ AC*—2AC 


x BC) STK ab ENTE AT zl 


= © — 2dh + 2dsx ; Whence AP (m— AD) = m— 
| M m 2 | 


Ha, 


the given Value of «- 


where in a conſtant Ratio; and therefore 


From the Center C. 
with the Radius CO, 


531 


0 
— 


which a ty) 


True Refalution of Problems 
V — aa ahh, and fherefgre, y* (AP* — F.) * 


EY rams; 77 NE "Rs: Arte HoSE4'F DL. E. I. 


N e a Curye may.be faung, along 
2 55 Weg ſespding, {hall he every. Where ig 

qui 75755 wit jSor-of er Water W the Arch 
of a giyen Curve. es 


'PROB. xx. 


436. Ta ford ** 13 4 ah ABH, to 
Meigbt P, ſuſpended. by a String PED 


E, muft ſind, 2 tbet pr" Tenfun 


over g Pulley. 


_—_ 
| the String Mey vary according to any given Law. 


Let EC be perpepdicular, and 
100 CP parallel, to the Plane of the 
Hg rizon 3 alſo let AER, AC=x, 
- CB= =», EP =v, ang let the Ten- 
ſion of the String (or the Force 
| 2275 at the . 1 be 7 


„ 


| itſelf mol _ to the 1 Force 25 wee in that 


Ratio, and conſequently P= 
Fi urthermore, s ECE Fes and BC*= Bk 
. we baue ff S T: From which. Eaus- 
„ when the Relation. of P. and Vi is given, the 
Gur _ itſelf will alſo be known. 
an tor Example, ley, the Ratio of P to 2, be 
conſtant, ar; that, of m ton, then , being , we 
have: (by king the; Fluent) .m + u — 4 Vene; 
. 


„Sers Were? G ++. 7 


—_— 4.4 * 


eam 
the laſt 


2 * 
ABH i 


ef diols ROWE: 
* === O 4 4 m*— A. 


Yo 1 J cg? 725 


k fan Hyparbalae 
Whic is, 8 Nie hy 
Again, 4s a ſeeond Example, let the tending Force | 


Abe to the Weight P, as DE"46 AO N, t 8s 
E * ® (auppofing 15 an 75 ky given 


2 2444 


Ling AF. ) N ſince 2= a= — = I x P, 2 | 
| * 


8 ” 


- ww *; „ ? 
2 7. 


x Ps (=) = Pie we hae: F= r * 


fm "0 


C 
TED RS” OTE * 
oy 1. 4 50 is = — = 
: "+ I 7 * 
. ; whites, ST, aT. 
l a+ x 
5 ny and „ (8p) = 5 —* 
SUING! 5 X 16 189 dis Ake 20 b: 5 = 6224 
| —— Ar dat 
f T7 ESE: 2 Ci 43 2 4 DO IgE 
D) a * * 2 „ m+1. Sis 
Veioht che Relation of- x 1 9, of the Value of Bc, is allo 5 
eight known. ETS 2 


n that But if a «+ n= 15 (which wil be hs Caſe 


IM when the Force acting at D i is equal, to that by which 
E. — Beam or Rod is m̃ nals to move about a enter, as ji 


Equiy the laſt un v will. then become, barely, = =b — 


n, the . 1 
. pany HATE rand th therefore 0 

be ; 
4 b -W- 24. — Therefore 
zhence Ana is, in this IEG a Line of ho fourth Order. | 
«A | | Mg ; Ne Fon | 
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® Art. 22. 


: Art, 142. Radius vue, will be = = 7 


8 have © 75S 


The Reſolution of Problems 


; - PROB. XXV. . 
55. Suppofin a R of Licht ABO t be » afted 
at the Surface' 0 1 2. MQND after- 
wards refliid any 1 Number (n) of Times, within 


the Sphere; to determine the Diſlance ＋ 7 Incident Ray 
AB Jrom the Axis MN, 'fo that the Arch MBCDE, 5 


tercepted by the given. Point M ne the * Roy at 
E, may be a e 


Let the Radius 
O = I, the Sine 
of Incidence BR= 

k, and the Sine of 
Refraction OP, 
and let the given 
Ratio of the two 
laſt be that of pto g. 
Since all the An- 

| J gles of Incidence 
| | and ReflexionBCO 
1 0. CDO Se.. 

3 ö ual, the Arcs 
BC, o ad DE a alſo 1 an [ conſequently 


MBCDE = MB+»+1 x 1 MB+2n+2Xx BO: 
Whoſe: Fluxion is to be equal to Nothing *. Now 
the Fluxion of the Arch _ Races Sine is Ll and 
+ S 


png? 


and that of 


the Goh BQ, whoſe Co-fine (OF) is 5, = 2 


2 T 2 „ 
— BELLS =o: But 
1 i— y* 


— 


Hence we have 


12 
fince x: yup: 7 and ſo we 


e — 03 3 whenee | putting 


I—x" 
= 


o we 


itting 


m — 


cular to the Curve, bs 


vature with ARB at 


— =, 4 . 4 » Trp 7 
> * * * 93 2 — 
” Tu. * - FI - 13 4 L 1 : 
E varioul Kinds. 
N . - 
: 4 «4, a 2 - _ ” 
N 


n = 2n#2) & is fond = A : run 
| | 3 


7 "FAR | 


2n+2 leſs than 2, the Arch MBCD continually in- 


creaſes with BM; and therefore is the leaſt poſkible, 


when B coincides with Ma * 
4 p ROB. XXVI. 


8. If two Rays of Light PR and Fr, from & given 


2 


other, be reflefied at a given Curve Surface ARB; . 


propoſed to determine the Concourſe, or Focus, Q. of the, 
59 Rays RQand rQ, 0 £ n 
"Let 10, rel. 
the Radius of a Circle 
having the ſame Cur- 


R; make PH and QM 
perpendicular to RO, 
join Q, O; and put R 
r, PR=y, RH =, A\ 1 

Then, becauſe the Angle of Reflection ORQ is equal 
to the Angle of Incidence ORP, the Triangles ROM 
and RPH will be ſimilar, and therefore y: V:: &: R 


= =: Whence O (RO* + RGC-ARO0 x RM) 


But, ſince this Quantity O continues the ſame 


(by Hypotheſis) whether we regard one Ray or the 


ther (that is, whether y. ſtands for PR or Pr) its 
Fluxion muſt therefore be equal to Nothing; that 
4 | m4 | | is, 
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| 2 But (iy Art. ase cerefor x 


Mc” t. 


. Moreover . An. 73 ö r= 25 
55 therefore | . 


—2 t _ 


is, 245 S 0: Wherce 


2 


5 2 
being 2 — 2 we mal ha 2 fm) | 
Therefore in this Caſe the Incident and Refleed Rays 


are equal to each other, 
Ex, 2. Let ARB * ſuppoſed to degeserate. into 2 
Right: line: In which Caſe v being conſtant, its Fluxion 


© is = 05 and therefore 2 (= DE) mx: Which 


being negative, indicates . the 3 92 not converge 
after Reſſection, but, on the co diyerge from 2 
Point on the contrary Side ef Al: the Diftancey. 
Which is very to detnonſtrate * 8 n 


. is 4 "iN : 


x o55 

| PROB. in. 1 (64 11 1 

5 £8 100 Rp of Light FR ond Br, fro „ iures 

p39 p, acted at a given Curve Surface "AR 5 


determine the Laa Q of the refratied. Rays RQ 2 


Let the Lines RO, RH Sc. be drawn, and denoted 1 
ad in the preceding, Prablem: Moreover, let tlie Sint of K 
Incidence RH (ta the Radius 1) be. 2 dy n r 
and let it be to 3 a in the | 


__ Ratio of: I to 7% RY V 1m 7 


Then 


. HR WTI UF" 
i xy +? = 1 


of Various kid 


Then ( by Me )r: ns 


; QM = #525 n 


_ 2 V 1—1*s*, Prom whence, coming the ths us 
of the preceding Problem, we ufo get 1 


arne and its Huxion ce 8 


e =0z or = — T1; X I 


＋ ** 200 = O. But (by 40 35.) 2 = —1j; there- 
fore — 25 = + rj5xX1—ns + nrzs = 0: 
Moreoyer (by Irs; 7 1 (Radi us): 3 (Sine of PRH) :: 

(PR): VF — * (PH) whence we have y = 


2 3 4 
„* , 1 . 


25 — p kd - ka 4 BY 


2s 
— 


Altuted in the forsgoing Equation, it becomes — 5 


— 


Vice = 1 4 Li * r * 


, | 
] = ceo + mo + 155 x 


un De bee 
— + * + 


Wir i pus 


== which Values, of 5. and gs, being ſub- | 


$37 


| 
ll 
| 
ll. 
| 


c 
— — — ny — - 
— — — —— äEꝑFꝑ—ẽ —8ꝛ 


— —— ä— 


— ———— — 2 — — — 


| 
| 
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' conſequently z = — — 


The Reſolution of Problems 


| nav — raub = 0. But (by Art. 73.) 7 = Y, 


therefore — zywy + wy + nzv'y — nyzvv=0, and 


Tm xm — St 
From this Solution, that of the preceding Problem 
is eaſily derived: Alſo from hence the Cauſtic (or the 
Curve which is the Locus of all the Points Q thus 
found) will likewiſe be given. | 


PRO B. XXVIII 
460. To find the Time of the Vibration of a Pendulum 
Or > r 


N | Let AB denote the Pen- 
[Aduaulum ina vertical Poſition; 
and from any Point D in the 
given Arch CBH, wherein 
the Vibrations are perform'd, 
draw Df parallel to CH; and 
let AB=a, BE c, Bf=x, 
and BD=z: By the Nature 


ax + 
' Vaax—xx 


: Whenee the 


Fluxion of the Time, being 


Art, 207, a will be defined b 3 — 
; 1 - ; 1 


1 


ax. - FA 


— — ſ — 


| * . — — 
V ex — xx X 24 — 4 Vcx — xx 


% 4: A 5 4 
. ga” 
wy a7 ace 7 


Whereof the Fluent, 


+ 2:40. 8. 16a | 
when 


of the Circle we have = = 


ah = ( (or p Ny =o) is, (dre 142, and 286.) 
dae * : 


EH „ 
42 
1 2. 2,646.68. 8 2000 
&c. Which therefore is proportional to the Time 1 
half one Vibration; where 5 ſtands for the Semi- Peri- 
n of the . whoſe Radius i is 1 R | 


e . 


467. FRE the Time of the perpendicalar Dane - 
of a Body through any: you ven Right- line u, computed- 
_— to the ſame. Method, is as the Fluent of 


2 or 2. 7 it follows that the Time of falling 


along the Diameter BF 1 24). or the Cord CB * will * Art. 205. 


be truly defined by 2724 24. Which therefore i is fa the , 
Tims .of the Deſcent thro' the Arch CDB, as. 7 to 3 


ee eee | 
WY AG? | Ee. From 3 
FS: Ko : wy — * 


as the Time of falling. thro the Diameter BF, is abſo- 
lutely given, by Art. 202. the true Time of Vibration 
will alſo be known. UE +$.- | 


| * Cen 5 

462. If the Arch in which the Pendulum vibrates be 
very ſmall, the above Proportion will become, nearly, 
as 4 to-p From which it appears, that the Time of 
Deſcent thro' any ver * fmall Arch. CB is to that along 
the Chord CB, as the Nen of any Circle i is to four 
times its Diameter. 


n n! C1 


i/ 4 5 & + 


463. 1 we have a Method for © Fe how 
far a ody = deſcends in æ given Time; by — 


Art. 201. 


og att s 


r+, 


Slide ef the: Perpendicular . be 


The brag of - Problems 


8 of Vibration le en Pendu] um: For, if 
be aſſt med for the ef which: A Body Would 


deſcend drin foul Ar Tuer of one whole Vibration, in 
the very ;ſoal) Ach CRH ; then, the DiftaniteF &. 
the Squares ef the * * r . 


2 0 BN: 3 ch is, ED the e Dia. 


277775 
meter 977 a Cyeit iv t hinf ine Scars of 113 Pifiphey, 
1⁰ — the 1 8850 6f "tHe Pe — to | the ante a 


— Laaste) iveil-be As 2: TIE N.. 2 39:2 
2 193 Inches, the Diſtance: Whi 
fall in the Krit Second uf Flme⸗ 15 010 

1 10 2 Conn IV. _ * 100 — 


464. Moreo ry from the foregoing Series, the e Tink 
ich x Peitaufun, vibratldg. f af exeedRng kf 


Arch; Ky when tde-to vibrate — Arch 
of — i nay alſo he deduced: 


Por let 0 denote the Number ef $6cdhds 
in 24 Hours (or any other given Time) then the Num- 
Ber of Vibratibns, . Fime Au be as 


— = —— — 2 2 * r which chr 


—2 


: | 
. a m Mm int N 1 


1 * — 1 een LEST EFT) FS , 1 « r * X 
"oF i LEES MARS — — \y 
. * » 

TIFP p 


nh” 


2 . 3 + k Brew 
1 2% 2& * ee . 


5c 
8a 250 
Nuwy if the Number of 


ge. (by dividing by, the METAR 
deſeribell 


on each 


ropieſentes} by Ds the 
Arch 


ir Ach ith, en each Side, will be == 714755 Ge. x @ 


15 R n which, it the Value of D be not more than 
* about. 15 r 20 Degrees, will he nearly nearly: equal to.i its 


Chord, repreſented by F — (=v/BF * BE.) From 


3 ives i= =T x; 2 
885 8 05% 1 e556 2 58586 


* 0 
= =T * — T nearly: Which, when T is interpreted 


by 36400 Secopde (or qne whole Day) becomes = 12 * 
Di, nearly: And ſo many are the Seconds whieh will be 
loſi per Diem in the Ach B. Ftom whence we gather, 
that if the Pendulum meaſures true Time in any ſmall 
Arch, whoſe Degrees on each Side the Perpendicular 
are denated. by A, the Number of Seconds laſt per Dim 
in another _ whoſe Degrees are B, will be nearly 


M in an Arch of 5 Degrees, 
1 =: 15 6003-45, 5. Dhoni 92 XXIX. 
| 465. Th determine' the Meridional Parts anfigering 


Time any propoſed Latitude, according to Wright's pale, | 


I, I 22d to the true ſpheroidal 7p of the arth, 


tar Loet DAR be the 
1 * Axis, A AB the Se- N B 
55 mi-equatoręal Dia- 


meter, and DBR a 
„Meridian, of the 
ator.) ¶ Earth; alſo let bn 
be an. Ordinate to 
each the Ellipſis DBR; 


Arch pu ingAD(SAR) & a 


which Equation we ker = = | This Value, - 


repreſented by Ix FN; Thus, if a Pendulum 


meaſures true Time, in an Arch of 3 Degrees, it will 


be as loſe 104 Seconds a — in an 8 of 4 and 


4 


542 


have, by Trigonometry, as æ& A — 
bp 1 
— 1 ; N 
ras :: Radius (1): 33 and — 
* 1 + 6*x* =dx ; from which Equation x is found = 
s 

| : : Whence = alſo ea 

V d*—b's Farr ; | 
bg — d*— 48 
2 === (becauſe 2 = 1 + #) and, 


The Reſolution: Problem. 


2. BA d, Ab=xs, | bu=y, Bu- gz, and the Meri- 


dional Diſtance (in Parts of the Semi-Axis AD) u. 
Then, by the Nature of the e we have y A 


W 3 en : 2 Cy 


4 + : Which, by putting * = = 


—T, | will be reduced to 5 - 
1— x* | 


by the Nature of the ProjeQion, it will be as bn 
| EIN 
(4Vi=#"): AB (4) :: 4 4 — =J: : 


1 — 


'Whence, 


Vixr 


f 2 . 3 which is the Fluxion of the Quantity 
1—x 

required: But we are now to get the ſame thing ex- 
preſſed in Terms of the Latitude of the Place 3. In 
order thereto, putting the Sine of that Latitude , we 


TD ') ; 


FI "7 


ax 

ty, VT (=) = = = Wnieh 
ſeyeral Values being ſubſtituted in chat of fu, found above, 

it will become cb. 3 
* * : 'S X Vi Fe 2 X 
d* — 22.9 by 
— 2 1 
4 * y =): 4 eb X1 


_—_ „ which reſolved | 


into two Parts, for the more ay finding the Fluent, 


r- 
7 gives u = KA * r. Whereof the whos 
wy being taken, we have 
5 14 
4 2. 302585 &c. * 1 X Log 2 r 
472 
* Py) ph 
158 —2 5 aid te £24 x Log I 


But, as 3, 141 50 &c. x 2d (the Meaſure of the whole 


s by Wl Periphery of the Earth at the Equator, in Parts of the 


| _ 3 Semni-Axis A) is to 21600 (the Meaſure of the ſame 
13 2 Periphery in . _ ſo is 19 foreſaid Lacs 
lue of & to 
F 


the correſponding Value 


of u, in Geographical Miles, or the Metidional r 
required, Ys 


Conor ART. f | 
| 466. If the Earth be conſidered as differing but little 
nd = Item a Sphere, d will be nearly =1, and conſequently | 
ff = -i) the Value of b, very ſmall: Therefore, in 


* 
J. Cale, che latter Part of our Fluent * 2 , 
| — Log. W += will become nearly = = 34406*s (hen 
Wnieh i , 24k Ns | 

D ) 57 But ir the Ea 


apr as 2a perfect Sphere, this laſt Expreſſion val 
iſh, and ſa the Value of « will became e 


* There i: a Miſtake in p. 4 and 44. of my Dif creations 
reſolved I forgetting te divide by the Me 2.3025 44 0 which 
N dar. 


544 © The Ryſulutioniof Problems 


„Log 5. Which Logarithm, it is eaſy to prove, 
expreſſes tioe the. artificial Tangent af half the giver 
Latitude increaſed by 45 Degrees (Radius being Dei 
Wherefore, if the Meridional Parts anſwering to any 
given Latitude, thus found (from a Table of logarithmic 
, Tangents) when the Earth is conſidered as à perfect 
Sphere, be denoted by AV, it follows that the Merifional 
Parts anſwering to the ſame Latitude, when the Earth 
is taken as a Spheroid, will be nearly equal to 4 — 
; 3440 Which, becauſe AD (1): AB (VI To) 
o Art. 397-230 ben will (by ſubſtituting the Value of & hence 
ariſing) be reduced to 300. Whence the follow- 

| 9 M 
As Radius, to the Sine of the given Latitude, ſo is 30 L 
ta a Fourth- Proportional ; which ſubtratted from the M.. Ellip 
ridional Parts when the Earth is taken as a Sphere (found WM Hori 
as above] gives the Meridional Parts anſwering to the ſame perpe 
Latitude, when it is conſidered as an oblate Spheroid. 


Thus, for Example, let the given Latitude be 50˙: the 8 
'Then, firſt, for the Meridiona Parts in the Sphere; great 
we muſt, according to the foregoing Preſcript, take the (CD 

Logarithmic Tangent of 25? +45*, or 70*: Which, Rad 
by the Table, is found = d, 43893 &c. This multi- (Rad 
ply'd by the conftant Multiplicator 7916 (=2 x 3958) 

: rm_ 347 gr the Meridional Parts in the 8 


=_ 


hen by ule above, it will be as Radius to tbe 
Sine of 509, ſo is 30 to 233 which ſubtracted fron WW dius) 

3475, leaves $ 3452 for the Meridional Parts anſwering 
to 50* Latitude, in the Spheroid. | ove 
PROB, XXX. . 


467. To determine the Paths whith Shadews of O 
jene describe, upon the Plane of the Horizon, during tht 
| Sun's apparent diurnal Revell | 
i Let CSODT be the Plans of the n, and AV 


tte perpendicular Height of the Object: Then, ſince 
the Bays intercepted by the higheft Point V, would 
in 


un's diurnal Rævwolutionz farm” a conical bur 


1 


face VDFEH about that Point as a Vertex; BP Axis 
PV produced paſſes thro” the Pole of the World; it is 
evident that the Path of. the Shadow, being the Inter- 


e Horizon with OS 


Let its trew principal — therefore es 


Ellipfis, that is, when the Sun never deſcends below the 
Horizon) be CD and ST; alſo let DPE and CG be 
perpendicular to VP the Axis of the Cone, and CQ 


icular to DV: Putting the Sine of (QC) twice 
the Sun's Declination VEP=f; the Sine of (DCV his 


greater Meridional Altitude = g, and that of the 1 r 
(CDV) 3. 2 (by plane Trig.) g: 1 N 


(Radius) 2 cv = 7 and 5 (Sine of CDV: 7 (ev) 


| = (Sine of DVC) : DC 5: Moreover, x (Ra- | 
dius): 7 (CV) :: 2 (the Sine of the Comp. Decl. 


GVC) : 0 And in the very fame Manner it 
ct nd DP = + But GCxDP = OS? 


(vid. Au. 41.) whence we have ST (208) 2 74: 


From which, and the Te Axin(DO = £,) By 


— 8 8. E. J. 
Nn Lama. 


o - —— . 
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: 7 ab ; LEMMA. . . 
468. In any ſpherical Triangle, i Radius be 

Unity, the Pro of the 5 of Fe two of {Phot 
drawn into the 65K of the Angle they include, added te 
the Product of their Co-fines, is equal to the Co-ſine of the 


remaining Side, N 
This is demonſtrated by the Writers upon Spherics. 


| PR O B. XXXI. 
469. The Elevation of the Pole and the Declination of 


| the Sun being given, to find at what Time of the Day t 


Azimitth of the Sun increaſes the ſloweſt. 
1 4597 p It is evident that the 
: Time ſought will be when 
the Fluxion of the Hour 
Angle P, bears the greateſt 
Ratio poſſible to That of 
the Azimuth Z. 
Now the Fluxion of the 
Angle P is to that of Z, 
univerſally, as Rad. x S. 20 
— | S. PO x Co-ſ. O (by Art. 
© 256. Caſe 2.) Conſequently 


- is a Minimum, in this 


"Rad. S. 20 710 


Cafe, becauſe PO may be conſidered as conſtant. 


Let now the Sine of PO be put =p, its Co-fine=4, 
the Co-ſine of PZ , that of ZO = x, and that of 


O=y; then, the Sine of 'ZO being = Vi-, we 
have (by the Lemma) þ V 1—x* Xx y+dx=b; whence 


.* +—**—. and;therefo ES (= £ 
L = = pu cee . GQ. ging; 


64 | : 8 | 
7 Which put into Fluxions, and re- 
. | 8 T4 duced, 


| of various Kinds. 


duced, gives x = Fond. for the Sine of the 


Sun's Altitude at the Time required: Whence the Time | 


itſelf is given. 
| PA B. XXXII. 


470. To determine the Ratio of the Heat received from | 


the Sun in different Latitudes, during the Time 7 one 
whole Day, or any Part thereof. 


Let p= the Sies of the Sun's Polar-Diftance PO (ſee 
the laſt Fig.) 
dt its Co- ſine, or the Sine of the Declination. 
b= the Sine of the Pole's Elevation. | 
c= its Co-ſine, or the Sine of PZ. 
x= the Angle (P) expreſſing the Time from Noon. 
x= its Sine, and V 1—x* = its Co- ſine. 
Then (by the foregoing Lemma) we ſhall have 
x T—=x* + bd= Co-line ZO'= Sine of the Sun's 
Altitude. 


Now, it is known that the Mins of Rays falling in 


any given Particle of Time, upon a given horizontal 

Plane, is as that Time and the Sine of the Sun's Alti- 

tude conjunctly: Therefore the Number of Rays falling 
* 

in the Time æ, or 9 


= (vid. 4. 142.) will 


be defined by ex + ůdæ . Whoſe Fluent r ith 
therefore, as the Heat required. 

Where it may be obſerved, 

1. That when the Latitude and Declination are of 
different Kinds, or PO is greater than 90 Degrees, 
the Value of d is to be conſidered as a negative * 
tit 

: 2. That, if the Expreſſion for the Heat found above 
be divided by the Square of the Sun's Diſtance from the 
Earth, the Quotient will exhibit the Ratio of the Heat, 
allowing for the Excentricity of the Earth's Orbit. 


was 


— Co- | 
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CoRoLLary * 


471. If the Place propoſed be at the Equator, the 
Heat, received in half one diurnal Revolution, will be 
barely as p; becauſe b So, c , and „ 


| CoxolLART II. 
ö 472. But if the Place be at the Pole, then the Heat 


will be as d X 3, 141 59 Ce. fince, in this Caſe, eo 
1. and 4 Semi- Cirele) 3,4159 Ea. TAS 


Lemma. 


473. The Number 4 hr Particles of Light, gbd by the 


Sun, upon the EE in a given Time, is proportional 
to the 45 gle Grid about his Canter in that Tims. Es 


For, let S repreſent the Center 
of the Sun, AER the Orbit of the 
Earth (or That of any other Planet) 

and let E and r be two Points there- 
in as near as poſſible to each other: 

Since the Triangle ESr may be 
taken as rectilineal, its Area, if 
the Angle ESr be ſuppoſes given, 
or every where the ſame, will be 
as SE x Sr, or SE“: And there- 
fore the Time of ,defcribing Er 
being CIR as that Area) is alſo explicable by SE“: 

* the Intenſity of the Light, or Heat, at the Diſtance of 


SE i iS as AE Therefore the Intenſity compounded 
with the Time (or the whole Number of Particles re- 


ceived in that Time) will conſequently be a3 85 x SE* 


(i): Which being every where the ſame, the Propo-. 
ſition 1 is manifeſt. 


PROB. XXXIII. 


474. To determine the Ratio of the Heat received fron ; 
tha Sun at the Equator and either of the Oy during 


I 


the Time of one whale Year, or any Part . 


ny e various Kinds. 


If the Sine of the 
Sun's Declinatiofi be 
denoted 75 d and its 
Co-ſine b the 
Heat . at the H, 
Romy n= the Pole, 

half one di- 
— Revolution of 
the Sun, will be as 9 
and d x 3, 14159 Se. A R 
reſpectively (by the 
Corollaries to the preceding Problem "A 


Let. the Sun's Lon itude, conſidered as variable, be 


no denoted by x, We its Sine by 3; and Jet F be put 


for the Sine of the Obliqu 22 Ag" Ecliptic : Then 
— 7 


{per Spherlcs) we ſhall have „ and conſequently 5 
(=v3—#) = FF. Wherefore, ſeeing the 
_ of Heat in the {two Places, for one Half-Day, is 


of i- se Sc. let each of theſe 


Terms be multiplied by . (= #) * expreſings ao. | 


the Quantity of Heat falling upon the Earth in the 
Time of yr = s ( 12 the foregoing 7 then 


the Produ@ts - -, and 3.147 * 7 
1— 


be the Fluxions of the 5 Heat, 3 to &, ” 
But now to exhibit the Fluents hereof, let ACB be 
an Ellipfis whoſe greater Semi-Axis AO is = Unity, 
and its Excentricity FO ; and, ſuppoſing ADB to 
de a Circle deſcribed about the Ellipfis, let the Arch DH 
expreſs the Sun's Longitude from the Equinoctial Point; 
whoſe Sine (OR) being = s, its Co- line RH will be 


V I = 55, 


But, by the property of the Ellipſis, OD (1) 


00: (VTEF) = REH (VI =): RG = 
* * n Fluxion being 
n 3 


— will 
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WI —ff x _ 


we have . — 
5 $.' T7 Bone 
Vi-g | Mi A b Ee 
. | Ns 3 
= — = the Fluxion of CG, Whence it 


appears that the Fluent of — is truly defined 
| EN 124 ES 
by CG, or CG x AO- „ 
But the Fluent of the other given Fluxion, 3.14 x 
38 | 9 


FO x OD — RH. Therefore the two Fluents, when 
H and G coincide with A, will be to each other as 
CA x AO to ADB KFO: Whereof the Antecedent, 

multiplied by 4, will be as the Heat received at the 

Equator during one whole Vear; and the Conſequent, 


multiplied by 2, as the Heat at the Pole in the ſame 


Time (becauſe the Sun ſhines at the Pole only two 

Quarters of the Year.) Hence the required Ratio, of 
the Heat received at the Equator and Pole, in one 
whole Year, will be That of CA x AO to DA x FO; 
FP: N 2 WY 343+ 5f* 

2.2 2.2.4.4 2.2.4. 4.6.0 


or, in Species, as 1 — 


N fc. to 7; which, in Numbers, is as 959 to 396, or 
as 17 to 7, nearly. | 1 


p RO B. XXXIV, 


4775. Te find when that Part of the Equation 0 
Time, ariſing from the Obliquity of the Ecliptic to 
Eguinoctial, is a Maximum. | . 


In the right-angled ſpherical Triangle ABC let the 
Angle A be that made by the Ecliptic AC, and the 
Equinoctial AB; then the Problem will be, to — 

ä 5 | | whe 


I — * fo 


+ various Kind, 


when the Difference be- : | 
. tween the Baſe AB and a 1 22 
— Hypothenuſe Ac is mY 
ho pen poſſible (the 

e A remaining ina - 
nale) Now (H Art. A: 
254+) we have Co-. BE **; © | 
Jin. C:: Fluxion of AC 
F luxion of AB: Alſo (per Sphere). 8 Sin. C: Co.. A: 22 


Rad.: Cg. BC = fd xa, 


tiplyin the two firſt Terms of the former Proportion 


by theſe equal Quantities, reſpectively, we get this new. 


Proportion, viz.. C. . Ic“: : Co-ſ. A * Radius :: ſo is 
the Fluxion of AC to That of AB.” But, when AC— 
AB is a Maximum, theſe Fluxions become equal and 


conſequently” Co-/. Bol = Co-ſ. A X Rad. From 
which Equation. _ and from N AC, will be 


known. LE... 


The 7 without ee 


476. It will be (per Spherics) Rad. : Co-ſ A: ; Tax: 
AC: Tang. AB; and therefore by Compoſition and 


Diviſion, Rad. + Co-ſ. A: Rad. — Co-f. A: : Tang. 


AC + Tang. AB: Tang. AC —-F, ang. AB *:: Sin. 


AC+AB: Sin. AO — AB, by the Theorem 3 
in Problem 8th: From which, by following the Steps 
there laid down, it appears that, Radius Co- ſ. A: 


Radius — Co-ſ. A :: Radius: Sine of AC—AB, when 


a Maximum Whence (AC + AB beiog then. . 9 
both AC and BC, will be given, . 


 CoroLLary. 


25 477. Since, Rocks + Ge-ſe A Radius — . 
1 : 7 Gong 4 ＋ A: Tang. 3 TY A 1 Ear Tang 


* 


5 a Jia. * 70. and 71, of my . wo 
Nn * 1 There- 


Wbenee, by mul- 
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therefore Radius *: Tang. 2 : Radius: Sint of 
AC — AB, Or, Radius : Tang 


Sine of the greateſt Equation * £ en ſuppoſing the 
Angle A to be 230 29', comes out 2% : 285 : 3% an. 
ſwering, in Time, tog Minutes : 54 8 


PR O B. XXX V. 
478. T determine wh the abſolute rm of 45 


ari, om the Incqua 


7 th the Sun's ap 
tion, and the be 7 _—_— ee, ts 4 


do the whole or Ps GERI; it is evident that En, 
5 vi 


of the Ellipfis : 


"Maximum. 2 — 1 


Let AB 5D be the 
Eltipfis in which the 
| Earth . revolves about 
the Sun in the Focus 
8; let F be the other 
Fecus, and T the 
Place of the Earth in 
its Orbit at the Time 
required. Moreover, 
about 8, as a Center, 
let a Circle GEKI be 
_ deſcribed, whoſe Dia- 
meter GK is a Mean 
Proportional between 
the two Axes AP. and 
B.) of the Ellipſis; fo 
that the Area thereof 
may be equal to That 
And, fu * Sm to be indefinitely 
near to ST, let ESz be a ector of the TINY equal 
to the Area T'Sm. 
Then, the Time in which the Earth moves through 


the Arch Tm — o the Time of one intire Rævo- 


lution, as the Area 
lipſis, or the e _ Circle GEKF; and theſe Areas 


 ESz, and GER 


Sm, or ESz, is to the whole El- 
being in the Ratio of the Arch En 


Tere. # A: the 


require 
Increaſ 
ſmall I 
Ales 

Co-fine 


the Co- 


, variaut Nindi. 
or the Angle ESn, will expreſs the Increaſe of the Mean 
Longitude, In the fareſaid Timepfdeſcribingthe Arch Te 
And that this Angle or Increaſe, by reaſon of the —— 


of the Areas ES a Im, will be to the Angle 
Te l 2 Increafe of the 2 


Longitude, as to SE”, . Therefore, if the former 


be denoted by M, the latter will be roprefented by BE, | 


x M. But now to get a p roper Expreſſion for the 
Value of this Increaſe of 7 125 Longitude, in Al- 
gebraic Terms ; let FT be drawn, and alſo TH, per- 
8 (=CF).= AP: : Puging = 2 er CB. 
2 Cz, d 1 , and me Co- 

ae from its Perikelion (t 8 the Radius 
1) . Then FT being (AP — ST) = 242 — 2 
(by che Praperty of the Ellipſis) and SH=xz (4y Trig.) 
we have FT4ST x FT—ST (23 22 = FS 


x 3CH (ac x a R T) by a known 8 of Tri- 
angles: From which Equation z (8 T) is found = 


— 2 — . - : And this Value; with that of ES* 


a N a +& 


(Seb) being cubdituted in the Increaſe of the TrucLon- | 


gitude, found above, we thence get . X 7 
for the Meaſure of that Increaſe; where 1 denotes 


the Increment of the Mean Marion correſponding. 
bis be — let & w V (in the an- 


nexed Figure nt the Southern gemi-Cirele af 


the Ecliptic, Pt e Place of the Perihelion, .v$ the 
Cir toons, @ the apparent Place of the Sun 


in the Ecliptie, and C © his Declination, at the Time 


required: Then it appears, {from Art. 475.) that the 
Increaſe of the True Longitude = ©, in an indefinitely 
ſmall Particle of Time, will be to That of the Right- 
Aſcenſion , in the ſame Time, as the Square of the 
Co- line of Q © is to a Rectangle under the Radius and 
the 3 of the Angle : Therefore the __ 

being 


$53 


$54 
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— M, the latter is truly 


Ro i Tp 
Mean Motion and Right Aſcenſion) is a Maximum, muſt 


conſequently be equal to (4) the correſponding In- 


a x a T. 


| creaſe of Mean Motion; and therefore ——— 


43h 


But, to obtain the Value of the latter Part of this 


Equation, alſo, in Algebraic Terms, let the Sine and 
Co-ſine of (P) the Diſtance of the Peribelion from 


V, be denoted by m and u 1 then, the 


Co- ſine of PO being (as above) expreſſed by , and 
its Sine by VI, we ſhall thence get nx + 
mV 1 —xx=Co-ſine of G pt Sine of 28 (by the 
Elem. of Trig.) But (putting the Sine of the Angle 
= =p and its Co-fine = 5) we have (per 'Spherics) 
Radius (1): Sine 80 (ax Nn 1—xx :: Pp: pnx + 


pmy 1—xx = Sine of Q >; from whence 'Co-1.Q ©? 
= 1—pnx+pmV i—axl : Which Value, with 


That of the Co- ſine of the Angle , being ſub- 


ſtituted above, we, at length, get 5 — 7 \ bY 


Ordit (or that 


7 
Value of x may be ti 


The foregoing Equation, it may be obſerved, pives 
the Time of the Maximum which precedes the Winter 
Solftice ; but if the Maximum following that Solſtice be 
— z it is but changing the Sign of m, and then you 


will hare a. wa 2 a + af _ 1 — VI — . 
7 


7 
anſwering in this Caſe. And Fre the negative Roots 
of this, and the preceding, Equation, the Times of the 
other Maximg after, and before, the mer Solſtice will. 


alſo be ebtaineds En Ranch FD wh J. 


CoRoLLARY. : 
655 It is 2. that tlie Equation of hs Earth's 


art of the Equation of * ariſin 
from the Inequality of the Sun's apparent Motion) 

be a Maximum, when the Center of the Earth is in the 
Interſection I of the Ellipſis and the Cirele; where the 


Maan Motian and True 3 * — lame 
Celerity. 


4 7 2 


P R 0 B. xxXV1. "= 
80. 75 Lark the Law if of the Denfiy 7 a Pap. 


121 and the Curve diſeribed therein, by Means an 


uniform 1 jo s/o that the it, may, every * 


move with the ſame ,, elecity. 


It appears, from Art. 35 that V 4 2 isag general 


Expreſſion for the Celerity i in the DireQion of the Or- 
dinate PBR; 7 A A. = 'or- its oth, 


* 1 * 
1 « 


F 


I Sts be the true Meaſure of the- ablolute- Ce- 
lerity, 


+Art, 126, Hyp. Log. 1 + ws + 1 2 a X Hyp. Lag · v1 + 


Tie .Refelution of "Problems 
lerity, in the Direction BN: Which beit 
iy, ln (hy Hypotes) its e er 


Kant; at fy wet ? 121 ä eee 6 


+ (Ai) mes. | 

a r thus 

Eee, « 1:3 ꝛ3, or πj ; then i , and, 
e * Hence, 5 being = 


—— nnd: we get y= =a X Arch, whole 


2 3 


# Art, 142, Tangent is « * (and ppb and x = $ ax 


wh Fo 


Therefore, as the Hp. Log. of Vu i = 2, 
the Common Logarithm of Vi + wm will be = 


88 1 and conſequently y=aX Arch, whoſe 


Radius i is Unity, and Log, Secant 8 
Moreover, with reſpect to the Denſity of the Medium; 


. — inthe Den A. | 


— 0 ———— 


at 
n- 


be denoted by Unity, its Efficacy in the Direction BN, 
whereby the Body is accelerated, wilt be expreſied by 
x fx he 8 f ! Han , 8 
25 or its on . Which, as the Velocity 
is ſuppoſed to remain every where the ſame, muſt alſo 
expreſs the Force of the Refiftance, in the oppoſite Di- 
rection, or the true Meaſure of the required Denſity. 
This, therefore, if ¶ be put for the abſolute Number 
whoſe Hyperbolical Logarithm is Unity, may be had in 
= e 1 


3 
Terms of x, and will be 1 F.: Becauſe 
3 K , o » 5 > : P 
| 3 ER. - 
Hyp. Log. Ms (= =) being = Hyp. Log. V 1 T wu 


1 
S 


ve ave Mraz FN . , and 
PT 
conſequenty ee, ee 1 
„ i 
abi. e 0: n e ied ON Comflicict 


without regard to Thickneſs) be ſuppoſed to revolve 
zn nter, with 4 Mo- 


tion regulated according to any given. Lau; whilfl 4 


Ring, or Ball, carried about with it, and tending to the 
Center O with am groen Force, is ſufftred to move or 
ſlide freely coy the ſaid Line or Rod: It is propoſed is 
determine the Velicitiy of the Ring, and its Preſſure upm. 
the Rod, m any poſes Pofation, together with the Nature 
of the Curve ADL deſcribed by means of that compound 
Le ODP be any Pofition of the revolving Line, 
and D the correſponding Poſition of the Body: More 
over, ſuppoſing ACK to be — 0 
. | Circle 


* 


$58 
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Circle. deſcribed from the Center O, through the given 


Point A, let the Meaſure. of the angular Celerity of 
that Line, in the ſaid Circumference ACK, be repre- 


* 


L 


ſented by u; alſo let v denote the Celerity of the Ring 


at D in the Direction DP; and :o the true Meaſure of the 


centripetal Force: Call. OA, a; OD, x; and AC, 


z3 and let the given Values of « and u, at A, be de- 
noted by ö and c reſpectively. Then it will be, as a: 


: (=) the paracentric Velocity of the Body, at 
D; whoſe Square, divided by the Diſtance OD, gives 


1 n. Er, for the true Meaſure of the Centrifugal Force ® 
ariſing from the Revolution of the Rod: From which 


the centripetal Force w being deducted, the Remainder, 


= — w, is the true Force whereby the Velocity in the 


Line OP is accelerated. Therefore (by Art. 218.) we 


ET xu* IT i WOE 
have vv=——=— wx #= — — Wx. REY 


F-4 Moreover, becauſe lhe Fluxion of the Time is ex- 


preſſed either by — or by —» theſe two Values muſh, 
| 5 therefore, 


therefore, ; be equal to each other, and ; conſequently 


5 =: From which, and the preceding Equation 


(when « and t are exhibited in Terms of x or 2) the re- 
_ Relation of v, x and z will alſo become known— 
ut now, in order to determine the Action of the Rod 


upon the Ring; let Od be indefinitely near to ODP, 


interſecting ADL and ACK in d and c; and put Od = 


" 
559 
? £ 
. 
F 


x + x. Then, becauſe a pag ated on by no other 
Force beſides That tending to the Center, about which 


it revolves, deſcribes Areas proportional to the Times , * Art. 26. 


and the angular Celerity of a Ray revolying with t 


Body, is, in that Caſe, as the Square of the Diſtance 


of the Body from the Center, inverſely (vid. Art. 478.) 
it follows, that, if the Rod was to ceaſe to act upon the 


Ning, at the Poſition ODP, the angular Celerity at c, 


eh. . 1 By 
would then be —, *, inſtead of u + 2. There- 


* | 


$ x+x] 
#08 RY | 
/ 2ux 
* * : 
gular-Celerity, at the Diſtance OC, - +> pep the 
Action of the Rod. Therefore it will be, as OC (a): OD 


4 r e ne- hes cru dn . 


; ; 22 5 8 f A . | 
(+) :: the faid-Increaſe to ( 2 4 2 — . 
(x) :: the Wo Nn 0 (s + = r Y% 


the Alteration of the Ring's paracentric Velocity, ariſing 


| 3 5 a 21 * +: ng i o_ 
from the ſame Cauſe, Which, divided by [ ) * 
n Fa IN TH , : 


Time wherein & is produced, gives 7 F — — 
FT . | . . = ax a 


— — —— — — — —— 
— 


——— — 
— — _ — — — — 


———— —N— 


| 


560 5 The naue of a 


giv 65 for the Meafure of the Force, va which 1 


„ 


gene From ene, by fbting f 7 * the 


5 Wa. and negle@ting al che Term ar th tn 


o Art, noi (in order to have the limiting, Ratio 9 we get 


- = + = 5 1 to 


tin pi or as 157 1 _ to Unity, ſo is the Adlon of 


v te Rod upon the Ring, to the (given) A 
PFoorce at A (or the Force 62 would retain a "DEL 
ee ACK, with the FROST 5.) 
| | ä 1. ; 
4182. If the angular Moc en the — 


GG 


From the latter of which, 17 cking the 7 laxion, 


wo hatw's ® = 2 whence (by Sandal — 5 


os — tz, and conſequently Þ — = fen — . 
from the Solution of which, the Relation of x and 2 
"will be given. And then, the Value of v 0 =) being 
| alfoknows, che Action — the Rod. which in this Caſe 


| <1." rand | be 3 en | 
| being 


8 2 / 
W 


bei 


| 8 J par * 561 : 
being to 1 the centrifugal Force in' LG Circle e 


72 


Ack, 2 2 —to haul 
bie i. | 
as 3. But if the Angular Ce elerity be ene I to 


any Power 9 of the Diſtance, and the Centripetal „ 


Force w be, alſo, ſuppoſed to vary according to ſome 


Power () of the ſame Diſtance: Then, putting þ to 
denote the Centripetal, and q the Centrifugal, Force, at 


the given | ro Az the Value bf 10 8 res be ex- 


pounded by= Xþ, and That of u VE — 25. And chere- | 
how the parxcentric Velocity of the Ring at D being = * 


i 10 7 2 r | 
xbx = * (= Ft it will be as = J 


_ 
om & 1 For Ds. 
: q 5 2 the eng f orce at Hence „An 
; 4 > 2 . 1 24 3 
= . . ; hereof the (conetl)F Flu uent | 
——— — ere Gen 


4 
2 
.. 4 


* 


3 — 5 * | 
IS  ambaxu” | rr 2m 


+ =: Fin whince vis found = VP | 
— — | FT 
„ 
A Fen" nn OY" "on 


I Fats . n 1. 4 11% 
nd ( = — = 
i A 1 a"y z | 4 

. „ a 


Auer 4 * 25 11 
— — _— 
Ts 1 a ge 
. 


* 


* 
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Morebver, by ſabſtituting for u, and its Fluxion, we 
get —= — — =m + 2X =. exprefling the Action 
of the Rod upon the Ring: Whith, therefore,*when 41 
m is expounded by — 2, will intirely vaniſh; And, 
In that Cafe, = will become = | 7 


* 
— — 


XK 47 | 88 8 a 2 MW 
exprefling the Nature of the Trajectory deſeribed by = 


j | means of a Ceritripetal Force, yarying according to an 2 
| Power () of the Diſtanee. But this Equation will f 
ä be rendered ſomewhat more commodious, by ſubſtituting m 
the Values of ö and : For, if OQ (perpendicular to ſo 
| the Tangent at A) be denoted by 5, it will be, 4: Ve 
N (AQ) :: & (the Celerity in the Direction AC) of 
= ee ee | os 
=}. * Art. 35. 7 — 2 * 3620 
FEE 3 8 
+ Art. 2 11. Therefore, b being = aq ty we have c = a — 47 75 
vp en 3 wt or 
| — „ 7 aa 8 W 2b T3 will 
| 8 XV 5 * * | 
| 1 1 ＋ 1. 2 u. ; 
| Which Equation is the ſame, in effect, with that given 48 
in Art. 242. by a different Methoo “t. the 
7 Tear MM. 7 o K Bl 
484. If the- Angular Celerity he ſuppoſed uniform, and then 
the Ring to have no other Motion along the Rod than hn 
from 


what it acquires from its Centrifugal Force; then e, m and 7 
p being all of them equal t > Nothing, = will here bes Jicul 


bx ax 


eome, barely 775 = 8 And vity 
5 ä . the ! 
there 


if wahle Tall. 
thinfr . * typ. 1 9 — Hen ce 


| a 


if the Number whats Hyp. Log is 5 be den ored 5 


A, ve hill hive £3 VIES = =x: From n i 


þ-. 36 TT (3. r A 3 
* is fad 2 a N DE N a * is nals bal = = 


* 
LAY 


25 oN = 2 b bee ). Ther- 


2N* 25 N 
fore, it will be 65 Corol. et as Unity i is to ＋ 3 — 
ſo is the Angular Velocity (5) in the Arch ACK to the 


Velocity with which the Body recedes from the Center 
of Motion: And fo, likewiſe, is the Rr Force 


in that mow to half the ty e _ the od—By 


taking z = the whole Periphiery, or == = _ 145 


[275 will. come out = 335.5, 3 * 26 
Fre i, Mill. it appears dr wat th Diſtance of Rt Ri * 


om.th at. the E of one, intire n. | 
1 Sm K 26 if 5 


will be 8 times as wo as at firſt. 


«4 mY 


wa. 4 | CorotLany IV; 


485. 1 « Body be ſuppaſed todeſcend from the Point. C, 
(er the next Fig. ) by the Force of its own Gravity, along 
an.inclin'd Plane OCP; whilſt the e Plane itſelf moyes u 
form Fbout that Point, 7 7 rtf, 
then the Place, and the Preſſure * {the B 


Plane, in any given Poſition OCP; may, 3 n 89 0 | 
from the Equations in Corollary 1. Fe or FA CB (pe er 
n 


qiculax t OH); be put y and let t he Ratio,of 1 
trifug al For 
vity y by Art. 217.) be as r to Unity 5 Then, as 


the Meaſure of the former Force is expreſſed by — 4 


Ooz | T. 


ce in the Circle ECK, to the Force of Gra- 
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f That of the latter muſt be repreſented by 2 5 * 
+ 1 8 Efficacy i in the Direction 'PO, by 


: bb 
on L (== == * GE ==): Which Value being fubſtitated 
for — _ in oa aforeſaid Corollary, we have # — 


4 54 


— = —, But now, in order to the Solution of ihis 
„ AR - ur 


— 
KW 


n 


Mate, © 8 as Radius oc (8) = 1 (hat the Ope- 
ration may oth as ſunple as poſſible) alſo, inſtead of y 


22 
Ar 425. let i its Equal 2 x — — — — * &c, be ſubſli- 


fiited;- - and let x be allumed = 4. + B + Cz? + 


Do WT -- 
Then, by proceeding as is taught i in Art. 267. the 
of . 


I. 
Value of x will come out = 1 9 0 


"as 


| Ade 
2 Z*4+5» 6.7. 


JT ee Whene 


+ 


the Velocity ( =) i in the » Plane, is, als, found, = = 


Þ-. ee: 26 ; 
into —.— EF + TT 2 Which, therefore, is 


0 


Fs 5 y , - * 


A 0 


5 


| which ate the © Qandt laſt found, 8 reſts om 


23 2˙3˙4˙5 


gabe Kinks. 5 . 565 


00 (3) the angular Felodey! of the Plane, in the Arch | 


ECK, 1 2 + SIZE + &e. to 1. 0b 


the Centifugal Force in the ſaid Arch being denoted by 
r (the Force of Gravity being Unity) it 4 likewiſe be 


(by the above-mentioned Corol.) as 1: — Dur: 2 VS = =) 
WT ES . 

7 285 7 7 57. F. 9.70 — 

Poe lutbeient to keep a> Bod? upon the Plane. But. 


the Force of Gravity in a Direction perpendicular to 
the Plane (vhs Bebo ed of the Body being repreſented. 


by Unity) is 80 = 1— - > 2 Ge. From, 


„ A. 425. 


25. 3 uid ; 


* + —_— _- 3 2 cd &c. for the true Preſ- 


ſure of the Body upon the Plane. B By E 22 of Which 


equal to Nothing, z. will be founi 67715; an- 
ſwering to an Angle (EOC) of 47“: 97: Which Angle 
is therefore the Inclination, when: the Force of Gravity 
is no longer ſufficient to keep the Body upon the Plane. 
Though the Value of &, given above, is found by 


an Infinite Series, yet the Sum of that Series is 


exhibited by the Meaſures of Angles and Ratios, F or, 


— N to denote the N umber whoſe oh 
garithen 1 i % „ 
x 2 23 | 

$\r * 

- 3 
| 5 | 
+ 


"I 
3 * * . 
, #" > 


K* ng. 2 | 
iT vo 3 '&fe, = — . 
= + FRED * = 3-4: ; 1 + Art. 424 
Half the Difference of which two Equations is 2 + | 
E hs 25 * as " 27 Z . V 1 | 
2.3.45 TT „ N 


5 O0 3 „„ Poo 
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2 2 : r 


J 


r= Pe 0) 25 
— — 

ſalts (= SIE DTES: 55 9 i, 

= — » for the true Value of Ke Which, if, 
2 IN 

required, wy be cnpretih independent of r ; by puts. 
ting #for op eee through Which a Body, freely, 8 
ng in the {Second ef Pie, and taking b to de- 
e the Velocity of the Plane, (per Second) in the 
ch ECR 5976 then, the Ratio of the Centtifugal 
bree, in "ihe 140 arb, to the F * of Gravity (or 


2 C £ : 
Aft. 217, That of-x to 1 ws as 5 (2 5 to 24 0 5 


2 — have r= 5» ad contquenty "=D x 
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By Computations, not yery a ; Thoſe ne” the 
Motion of the "M6on's ps, 455 and the principal Equa- 
tions of the Eunar Orbit may be exhibited; by means 


of: proper e from . the general. 


Equations in _ 481, But this is a Confideration 
that would require 4 Volume of WI to tre: t it, from 

flirſt Principles, with all the Attention And, pci, 

ſuitable to the Importance of the Suhjeck I 0 con- 
clude this Work with the follbwing Mort Table o 

* Logarithgis, da 5 up and 2 
r ingenious Ffien fd „ Turner : Where 

ſe, in finding Fluefits, wil ſufficiently appear from 

| — foregoing Pages. In thefaid Table we have given the 


Hyperbolical Lo ithms of eyery whole Number and 


hundredth'Part' On from 1 to 10 (which Form 

is beſt adap ted. to the Pur poſes hore weytiondl) b 

Help hereof, and, the. following O 
ä perbolical 
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From which taking = — * 77* . 23.467 


Oc. =); and dividing the remainder 2 27, there * | 


ſeryations the Hye 


of various  Kinide. vu 
perbolical Eoewrihm of any Number, n not exceeding | 


ſeven Places N may be found with 82 ile 
Trouble. * 


the ' Number given 8 10 0 
to fall 5 the Limits of the Table. * ond 1 > (fe 


Fhen take from it the next 8 Number in hy 
Table, and divide the Remainder by the faid inferior 


Number increaſed by half the Remainder; and let the 


Quotient be added to the Logarithm of ng 4 fald. me i 
Number, 580 m will be bt Lo arithm ſought. ” 

Thus. the Hyperbolical I garithm. 71 13 45678 45 
be required; then el Oneration 
wil _ 3-4 ee of 34 0016442; a 
added to 1. 2383742, of 3.45, gi 1. 2400184, 
fos the Logarithm fought... 2 - T5. 140 Y 


* 2. Whenthe Numbir propoſed a 10. 


— the Logarithm thereof, ſuppoſing all the Fi- 
gures after the Fir to be Decimals; then to the Lo- 
garithm, ſo found, let 2.3025851, 4.6051702, or 
6. 0-097 755 22 be added, according as the whole Num- 
of 2, 3, or 4 c. Places: The Sum will 
be 1 Logarithm ſought. . 
Thus, che Hy erbalical. Logarithm of 345. 678 will 
be found to be 5. 845 1886: For That of 3-45678 being 
1. 2400184; the ſame, added to 6051702, gives the 
very Quantity above exhibited. 'Fhe eaſon of which, 
as well as of the Operation in the preceding Caſe, is evi- 
dent from 36 Nature and nn of L e | 
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